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Abstract

In this thesis we explore the different types of singularities that arises in the
ACDM model when dissipative process are considered, in the framework of the
Eckart’s theory. In particular, we study the late-time behavior of ACDM model with
viscous cold dark matter (CDM) and a early-time viscous radiation domination
era with cosmological constant (CC). The fluids are described by the barotropic
equation of state (EoS) p = (v — 1)p, where p is the equilibrium pressure of
the fluid, p their energy density, and ~ is the barotropic index. We explore two
particular cases for the bulk viscosity £, a constant bulk viscosity ¢ = &, and a
bulk viscosity proportional to the energy density of the fluid £ = {,p. Due to some
previous investigations that have explored to describe the behavior of the universe
with a negative CC, we extend our analysis to this case. We found that future
singularities like Big-Rip are allowed but without having a phantom EoS associated
to the DE fluid. Big-Crunch singularities also appears when a negative CC is
present, but also de Sitter and even Big-Rip types are allowed due to the negative
pressure of the viscosity, which opens the possibility of an accelerated expansion
in AdS cosmologies. We also discuss a very particular solution without Big Bang
singularity that arises in the early-time radiation dominant era of our model known
as Soft-Big Bang.

In addition to this, we study an exact solution, which describe the evolution of a
viscous warm ADM model (AWDM) at late times, where the DM component obeys
a polytropic EoS and experiment a dissipation with a bulk viscosity proportional to
its the energy density, leading a behavior very similar to the ACDM model for a
small values of dissipation, evolving also to a de Sitter type expansion at the very
far future. In the present thesis, the study of this solution lies in the fulfillment of
the two following conditions: the near equilibrium condition, that it is assumed in
Eckart’ theory of non-perfect fluids; and the positiveness of the entropy production.

We explore the conditions on the range of parameters of the model that allow



fulfilling the two conditions at the same time, founding that a viscous warm DM
component, its compatible with these two conditions, being in this sense, a viable
model from the thermodynamic point of view, which also behaves very close to the
standard model, with the same asymptotic de Sitter expansion. We also show that
our viscous AWDM model can describe the combined SNe la + OHD data in the
same way as the ACDM, being in this sense a more general model with two more
free parameters, contrary to ACDM which assumes beforehand a CDM describing
like a perfect fluid. Also with the cosmological data constraint, measured at 3o
confidence level, we found an upper limit on the bulk viscosity, to be of the order of

& ~ 10°Pa x s in agreement with some previous investigations.

Keywords: Cosmological constant, Dark Energy, Dark Matter, Eckart theory, near

equilibrium condition, Warm dark matter, ACDM, cosmological data.



Resumen

En esta tesis exploramos los diferentes tipos de singularidades que surgen en el
modelo ACDM cuando se considera el proceso disipativo, en el marco de la teoria
de Eckart. En particular, estudiamos el comportamiento tardio del modelo ACDM
con materia oscura fria viscosa (CDM) y una era de dominacién de radiacién
viscosa temprana con constante cosmolégica (CC). Los fluidos se describen
mediante la ecuacién barotrépica de estado (EoS) p = (v — 1)p, donde p es
la presion de equilibrio del fluido, p su densidad de energia, y v es el indice
barotrépico. Exploramos dos casos particulares para la viscosidad de bulto &,
una viscosidad de bulto constante £ = &, y una viscosidad de bulto proporcional
a la densidad de energia del fluido ¢ = £yp. Debido a algunas investigaciones
previas que se han explorado para describir el comportamiento del universo con
una CC negativa, extendemos nuestro analisis a este caso. Descubrimos que
las singularidades futuras como Big-Rip estan permitidas pero sin tener una EoS
fantasma asociada al fluido DE. Las singularidades big-crunch también aparecen
cuando una CC negativa esta presente, pero también se permiten los tipos de
Sitter e incluso Big-Rip debido a la presidén negativa de la viscosidad, lo que
abre la posibilidad de una expansién acelerada en cosmologia AdS. También
discutimos una solucién muy particular sin singularidad Big Bang, que surge en la
era temprana dominada por radiacién de nuestro modelo, conocida como Soft-Big
Bang.

Ademas de esto, estudiamos una solucién exacta, que describe la evolucion de
un modelo viscoso tibio ADM (AWDM) en épocas tardias, donde la componente
DM obedece a una EoS politrépica y experimentamos una disipacién con una
viscosidad de bulto proporcional a su densidad de energia, llevando un com-
portamiento muy similar al modelo ACDM para pequefios valores de disipacion,
evolucionando también a una expansion tipo de Sitter en un futuro muy lejano.

En el presente trabajo, el estudio de esta solucién radica en el cumplimiento de



las dos condiciones siguientes: la condicion de equilibrio cercano, que se asume
en la teoria de fluidos no perfectos de Eckart; y la positividad de la produccién
de entropia. Exploramos las condiciones en el rango de parametros del modelo
que permiten cumplir las dos condiciones al mismo tiempo, mostrando que una
componente de DM tibia viscosa, es compatible con estas dos condiciones, siendo
en este sentido, un modelo viable desde el punto de vista termodinamico, que
ademas se comporta muy cercano al modelo estandar, con la misma expansién
asintética de Sitter. También mostramos que nuestro modelo viscoso AWDM
puede describir los datos combinados SNe la + OHD de la misma manera que el
ACDM, siendo en este sentido un modelo mas general con dos parametros libres
mas, al contrario de ACDM que asume de antemano una CDM descrito como un
fluido perfecto. También con la restriccion de datos cosmolégicos, medidos a un
nivel de confianza de 30, encontramos un limite superior en la viscosidad de bulto,

del orden de &, ~ 10°Pa x s de acuerdo con algunas investigaciones anteriores.

Palabras clave: constante cosmologica, condicion de equilibrio cercano, ener-
gia oscura, teoria de Eckart ,materia oscura, materia oscura tibia, ACDM, data

cosmologica.
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Introduction

It is well known in current cosmology that the accelerated expansion of the universe
is one of the most fascinating puzzles in physics. This behavior is supported
by the cosmological data coming from measurements of Supernovae type la
(SNe la) [1-3], the observational Hubble parameter data (OHD) [4], the baryonic
acoustic oscillations (BAO) [5], the cosmic microwave background (CMB) [6], and
information from large-scale structures (LSS) formation coming from WMAP [7];
showing also that the universe is spatially flat.

There are different approaches in order to describe this accelerated expansion
of the universe. One of them is to add in the energy-momentum tensor 7, in
the right hand side of the Einstein gravity equation, an exotic fluid with negative
pressure, dubbed dark energy (DE), which can cause an overall repulsive behavior
of the gravity at large cosmological scales (see [8—10] for some excellent reviews).
The other approach is by modifying the left hand side of the Einstein equation,
i.e., the geometry of the space time, that leads to different ideas of modify gravity
(for some theories of modified gravity which involve this idea see [11-14]). For
the first approach, the most simple model is the ACDM model which it is also
the best cosmological model in order to describe the cosmological data [3, 7].
In this model, the current universe is dominated by dark matter (DM) and DE,
representing approximately the 30% and 70% of the total energy density of the
universe, respectively. The DM is described as a pressureless fluid known as cold
DM (CDM), and the DE is given by the cosmological constant (CC) A, which can
be characterized by a barotropic EoS with barotropic index v = 0, causing the
acceleration in the universe expansion [1]. However, this model is not absents of

problems, of which we can highlight:

» The CC problem: the value of the CC predicted from field theoretical esti-

mations is about 60-120 order of magnitude larger than the observed value



[15=17].

» The coincidence problem: current energy densities of DM and DE have the
same order of magnitude, but in the ACDM model, these energy densities
evolves differently, so, it is necessary a fine-tuning between them in the early
universe in order to that both densities match in magnitude at the current

time [17-19].

» The H, tension: measurements of the Hubble parameter at the current time,
H,, shows a discrepancy of 4.40 between the value inferred from Planck

CMB and the locally meassurements obtained by A. G. Riess et al. [20].

« EDGES: most recently, results of the experiment to detect the global EoR
signature (EDGES) detect an excess of radiation that is not predicted by the

ACDM model in the reionization epoch, specifically at za~ 17 [21].

One approach to overcome some of these problems, without going further than
ACDM or modify the gravity, is to consider disipative fluids as a more realistic way of
treating cosmic fluids [22—24]. In this sense, several authors have shown that a bulk
viscous DM in different models without DE can cause the accelerated expansion
of the universe [25-35], due to the negativeness of the viscous pressure, which
allows to alleviate in principle the CC and the coincidence problems. The excess of
radiation predicted by EDGES are explained in [36], where the authors consider a
viscous nature in DM. In [37, 38] the authors address the H, tension problem as a
good chance to construct new cosmological models with viscous/inhomogeneous
fluids in the context of a bulk viscosity. Furthermore, tensions in the measurements
of o5 — Q,, (Where oy is the r.m.s. fluctuations of perturbations at 841 Mpc scale)
and H, — ,, coming from LSS observations and the extrapolated from Planck
CMB parameters using the ACDM model, can be alleviate if one assumes a small
amount of viscosity in the DM [24]. Some authors have also used bulk viscosity in

inflationary phases of the universe [39, 40].



It is important to mention that from Landau and Lifshitz [41] we know that the
bulk viscosity in the cosmic evolution seems to be significant and we can interprete,
from the macroscopic point of view, that is equivalent to the existence of slow
processes restoring equilibrium state. Some authors propos that bulk viscosity of
the cosmic fluid may be the result of non-conserving particle interactions [42] and
others have shown that different cooling rates of the components of the cosmic
medium can produce bulk viscosity [43—45]. Also, for neutralino CDM bulk viscosity
pressure appears in the CDM fluid due to the energy transferred from the CDM
fluid to the radiation fluid [46].

Many observational properties of disk galaxies can be reproduced by a dissipa-
tive DM component, which appears as a residing component in a hidden sector
[47, 48]. On the other hand, at perturbative level, viscous fluid dynamic provides
a simple and accurate framework for extending the description into the nonlinear
regime [49]. In addition, the viscous effect could be the result of the interaction
between DM and DE fluids [50]. In this sense, diffusion in cosmology plays an
important role, since a diffusive exchange of energy between dark energy and
dark matter could occur [51, 52]. Since, up to date it is unknown the nature of the
DM and the dissipative effect in cosmology can not be discarded, it is of physical
interest to explore the behavior of this type of DM in the ACDM model.

In order to study dissipative processes in cosmology it is necessary to develop
a relativistic thermodynamic theory out of equilibrium, being Eckart the first who
developed it [53]. Later, it was discovered that Eckart’s theory was not really
relativistic, since it is a non-causal theory [54, 55]. A causal theory was proposed
by Israel and Stewart [56, 57], but it presents a much greater mathematical
difficulty than the Eckart’s theory, even in scenarios where the bulk viscosity
does not present very exotic forms. Therefore, many authors work in the Eckart’s
formalism in order to have a first approximation of the cosmological behavior with

dissipative fluids [22, 58—62], since the Israel-Stewart’s theory is reduced to the



Eckart’s theory if the relaxation time for transient viscous effects is equal to zero.
[63]

As we mentioned before, in both Eckart’s and Israel-Stewart’s theory it is
possible to describe the accelerated expansion of the universe without the inclusion
of a CC. Nevertheless, as it was previously discussed by Maartens [63], in the
context of dissipative inflation, the condition to have an accelerated expansion due
only to the negativeness of the viscous pressure enters into direct contradiction with
the near equilibrium condition that is assumed in the Eckart’s and Israel-Stewart’s

theory

E'<<1, (1)
p

which means that the viscous stress II must be smaller than the equilibrium
pressure p of the dissipative fluid. So, following this line, it as been proved in
[64, 65] that the inclusion of a positive CC could preserve the near equilibrium
condition (1) in some regime. The price to pay is to abandon the idea of unified
DM models with dissipation as models that can consistently describe the late time
evolution of the universe. It is important to mention that a negative CC can not be
ruled out from study in cosmology [66—74]. For example, a negative CC appears
naturally in superstring theory in the dual space AdSs x S° [75—77]. Some authors
even mentioned the possibility of a transition between a negative CC to a positive
one [67, 78]. Even more, a negative CC has been explored by many authors with
the aim of alleviating the H, tension [68—74].

Works with dissipation where the CC is included have been studied in recent
times, for example the authors in [60] already work in Eckart formalism with CC
and a bulk viscosity proportional to the Hubble parameter, or more interesting
scenarios can be seen in [79] where the authors also include a CC that is variable
in time. On the other hand, some authors have shown that the presence of bulk
viscosity in the DE could cause that their effective barotropic index can be less

than 0 [61, 62]. Fluids with a barotropic index v < 0 are dubbed “phantom" [80] and



can not be ruled out of the current cosmological data. For example, some works
indicated that the barotropic index of the DE is inconsistent with the value of 0 at
2.30 level [7, 81]. The possibility of phantom EoS for the DE open an interesting
scenario known as Big-Rip, in which the scale factor presents a singularity in a
finite future time [82]. Following this line, the authors in [83, 84] have made a
classification of the different singularities obtained in models with phantom DE.

Other interesting issue related to viscous fluid is the possibility of avoid singu-
larities. In the framework of general relativity, many studies found cosmological
scenarios where there are no singularities, corresponding to emergent and bounc-
ing universes [85—-89]. A regular universe without Big Bang was found in [58],
where the viscosity drives the early universe to a phase with a finite space-time
curvature. This regular scenario called “soft Big-Bang" are also discussed in other
contexts [88, 89], describing universes with eternal physical past time, that come
from a static universe with a radius greater than the Planck radius to be far out of
the regime where quantum gravity has to be employed.

Another important possible extension of the standard cosmological model has
also been investigated in recent decades. It is well known that a CDM is capable
to explain the observed structure very well above ~ 1 Mpc, while it has issues
explaining small-scale structure observations [90, 91], such as the missing satellite
problem [92, 93]— this refers to the discrepancy of approximately 10 times more
dwarf galaxies between the values obtained by the numerical simulations based
on the ACDM model and the observed ones in the cluster of galaxies. In this
sense, a warm DM (WDM) can potentially be a good candidate to explain small-
scale structure observations that currently represent a challenge for a CDM model.
Many studies of the number of satellites in the Milky Way, or small halos with
dwarf galaxies, appear to be in better agreement with the observations for a WDM
than they are for a CDM [91, 94, 95]. One of the well-motivated WDM hypotheses

implies an extension of the standard model of particle physics by three sterile



(right-handed, gauge singlet) neutrinos [96—-98], produced via mixing with active
neutrinos in the early universe [96, 99—-103].

On the other hand, from the perturbation point of view, the no-linear effects
make the power spectrum of the WDM look very much similar to a CDM, and LSS
such as filaments, sheets, and a large void suggest that a WDM reproduces the
observed ones well[104]; the WDM is an interesting alternative from the point of
view of cosmology and particle physics.

All the discrepancies mentioned above implies extensions of the ACDM model
like the considerations of dissipative effects in a WDM component, which leads to
taken into account a relativistic thermodynamic theory of non-perfect fluids out of
equilibrium.

The aim of this thesis is to explore exact solutions of a viscous ACDM like
model, looking for the conditions that leads to early and late time singularities,
considering a bulk viscosity term constant and proportional to the energy density of
the dissipative fluid. These two simple cases open up a great variety of behaviors
which will allow us to study different singularity scenarios in the framework of the
Eckart’s theory. We will discuss our results according to the classification given
in [83]. Also, we will investigate solutions which represent regular universes, as it
was found by Murphy in [58], but with the inclusion of a CC. It is important to note
that many authors have studied these type of singularities within the framework
of cosmological models filled with a phantom DE [10, 62, 83, 84, ]. Inour
case, the model can be characterized by an effective EoS that represents the
behavior of the two fluids of the model, the dissipative fluid and the CC, as a
whole. Even more, we will study solutions where the CC can take negative values.
Therefore, in this thesis we will try to give a more complete understanding of the
early and late-time singularities when dissipative process are considered in a
ACDM like cosmological model. We also study an analytical solution obtained

in chapter 3.2 (and it was published in [106]). This solution was obtained using



the expression £ = &yp for the bulk viscosity, where £ > 0 is a bulk viscous
constant, and have the important characteristics that, for a positive CC, behaves
very similarly to the ACDM model for all the cosmic time when &, — 0, without
singularity towards the past in an asymptotic behavior known as “soft-Big Bang”,
and with an asymptotic de Sitter expansion towards the future. This last behavior
is of interest because the solution tends to the de Sitter expansion regardless of
the value of &, and ~, as long as &, < v/3H,. Therefore, we focus our study to
the late-time behavior of this solution assuming that v # 1 but close to 1, which
represents a dissipative AWDM model with the same asymptotic late-time behavior
that the ACDM model. In particular, we study the near equilibrium condition and
the positiveness of entropy production, additionally, we study the mathematical
stability of the Hubble parameter of this solution to find the constraints that these
criteria impose on the model’s free parameters. We focus on the possibility to have
a range of them satisfying all of these conditions, and compare it with the best
fit values obtained from the cosmological constraint with the SNe la + OHD data.
This study leads to obtaining some important clues about the physical behavior
of the analytical solution, which represents a particular extension of the standard
cosmological model. In this model, we have two more free parameters, namely,
~ and &; contrary to the standard cosmological model ACDM, which try to give
a more complete description of the nature of the DM component, suggested by
previous investigation made in the context to alleviate tensions in the standard
cosmological model. Despite the fact that we are not facing in this work none of
the mentioned tensions, our primary intention is to explore if the two extension
made to the standard model present also a consistent relativistic fluid description
and not only a well suitable fit with the cosmological data.

The outline of this thesis is as follow: In chapter 1 the basic aspects of Modern
Cosmology will be discussed, as well as the study of the perfect and non-perfect

fluids, additionally, we describe the non-causal Eckart’s theory for the study of non-



perfect fluids. In Chapter 2 we present the field equations of Eckart’s theory, and
we find the general differential equation to solve. Also, we present the possibility of
de Sitter like solutions that arises from the general differential equation previously
found. In chapter 3.2 we describing the different types of singularity that arises
for a Friedmann—Lemaitre—Robertson—Walker (FLRW) metric, in the context of
geodesic incompleteness. We study the late-time singularities that arises in our
model for a constant dissipation, an a dissipation proportional to the energy density
of the dissipative fluid, for a positive CC. We will do the same for the case of a
negative CC. Also, we discuss early-time singularities for the case of positive CC
and negative CC. Finally, we will finish the chapter discussing an early-time solution
without Big Bang singularity called “soft Big-Bang". In chapter 4 we summarize a
particular solution that was found in 3, and it was published in [106]. We present
general results about the near equilibrium condition, the mathematical stability in
the Hubble parameter, and the entropy production for this particular solution. We
study the solution at late-times, described by a AWDM model, and we constrain
the free parameters of our model with the SNe la and OHD data; we discuss this
results, comparing them with ACDM model, and we study the completeness of
both, the near equilibrium condition, and entropy production for the actual data. In
addition, we find a upper limit for the present value of the bulk viscous constant. In

chapter 5 we present some conclusions and final discussions.



Chapter 1

Basic foundations of cosmology

In this chapter, the fundamental aspects of modern cosmology will be discussed,
starting from the Friedmann equations that will allow us to understand and deepen
both the Standard Model of Cosmology, as well as the recent accelerated expan-
sion of the Universe and its evolution. Then relativistic hydrodynamics for perfect
fluids will be discussed, followed by the case of hydrodynamics for non-perfect

fluids from Eckart’s point of view [53].

1.1 The Friedmann equations

The Friedmann' equations govern the expansion of space in homogeneous and
isotropic models of the universe, within the context of general relativity. Here we
will find these equations, to do this we need to describe briefly the General Theory
of Relativity and the metric for a homogeneous and isotropic universe.

The General Theory of Relativity describes the fundamental interaction of

"Using the Library of Congress transliteration system for Cyrillic, his name would be “Aleksandr
Fridman.” However, in the German scientific journals where he published his main results, he
alternated between the spellings “Friedman” and “Friedmann” for his last name. The two-n spelling

is more popular among historians of science.



gravitation as a result of space-time being curved by matter and energy. They
were first published by Einstein in 1915 [107], the dynamics are described by
Einstein’s field equations, which are a set of ten differential equations,second-
order, nonlinear, not all of them independent, nonlinear, given by the expression

&G

1
R,uu - §Rg,uu - Ag,uz/ - _7T,u1/7 (1 1)

where R, is the Ricci curvature tensor, R the Ricci scalar or curvature scalar, g,
the metric tensor, A is the CC, 7,,, the energy-momentum tensor, G the universal
gravitational constant and ¢ the speed of light. We will consider the natural units
817G =c=1.

In the case of cosmology, the so-called Cosmological Principle is imposed,
which establishes that, at sufficiently large scales, the Universe is homogeneous
and isotropic, an affirmation today supported by observations that indicate that
this principle is valid for scales greater than 100Mpc [108]. In the 1930s, the
physicists Howard Robertson and Arthur Walker asked, “What form can the metric
of spacetime assume if the universe is spatially homogeneous and isotropic at
all time and if distances are allowed to expand or contract as a function of time?”
The metric they derived (independently of each other) is called the Friedmann-
Lemaitre-Robertson-Walker (FLRW) metric, given by

dr?
1 —kr?

ds® = —g"datdz” = dt* — a* (t) ( + 7r2d6? + r* sin? (G)dng) ) (1.2)

where ¢ is the cosmic time, r is the radial comoving coordinate, 6 and ¢ the angular
coordinates, and k describes the type of curvature of the universe, where k = 1 is
a spherical space, k£ = 0 is a flat space, and £ = —1 is a hyperbolic space, here
the function «(t) is the scale factor, equal to one at the present moment ¢ = ¢,
and totally independent of location or direction. The scale factor a(t) tells us how
the expansion (or possibly contraction) of the universe depends on time. With Eq.

(1.2), the left side of the Einstein’s field equations can be solved.
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If we consider also, the energy-momentum tensor of an ideal fluid
" = (p+ p) u'u” + pg"”, (1.3)

where u*, p and p are the four-velocity, energy density an pressure of the cosmic
fluid respectively. We can solved the right-hand side of the Einstein field equations,
and we will get the Friedmann and acceleration equations, and for a perfect fluid
we have the conservation equations (see appendix A, Egs. (A.10), (A.29), (A.33)

for technical details) given respectively, by

.\ 2
2 (G _ptA_F
H _<> _eth & (1.4)
. 1 A
- =H+H>=—- - 1.
- + g (P30 + 3, (1.5)
p+3H (p+p) =0, (1.6)

where the dot represents the derivative with respect to cosmic time and H is
known as the Hubble parameter.lt is important to mention that, from Eq. (1.5),
if the pressure p is positive, then it provides a negative acceleration that is, it
decreases the value of a and reduces the relative velocity of any two points in the
universe, contrary to the sign provided by the CC, whose sign increase the relative
velocity.

This system of equations describe the evolution of the universe, being only two
of them linearly independent, for three unknowns p, p, and a. To close the system,
the energy density of the fluid is related to its pressure by an EoS.

In general, E0S can be dauntingly complicated. But cosmology usually deals
with dilute gases, for which the EoS is simple. For substances of cosmological

importance, the equation of state can be written in a simple linear form
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which corresponds to a barotropic fluid, and v is know as a barotropic index.
Many known fluids can be described by this type of EoS, for example, radiation
can be represented by a barotropic EoS whose barotropic index is v = 4/3, while
in the case of dust, v = 1 (fluid without pressure or non-relativistic). Also, it is
important to note that, the inclusion of the CC in the Friedmann equation (2.2),
tells that this term is equivalent to add a new component to the universe with
energy density py = A. Therefore, if A remains constant in time, then so does its
associated energy density p,. The conservation Eq. (2.6) tells us that to have p,

constant with time, the A term must have a pressure
pr=—pr = —A (1.8)

Thus, we can think of the CC, according to Eq. (1.7), as a component of the

universe that has a negative energy pressure with a barotropic index v = 0.
Another important point to mention is, if we consider a spatially flat universe

(x = 0) contributed only by a CC (A), this it is, with zero energy density 2. For a flat,

lambda-dominated universe, the Friedmann equation Eq. (2.2) takes the form

a? = %a? (1.9)
The solution of this equation is
a(t) = expflot=to), (1.10)

this scale factor shows an expanding universe. Therefore, a spatially flat universe
with nothing but a CC is exponentially expanding.

Since the energy density and pressure for the different components of the
universe are additive, if we assume that p; and ; represent the energy density and

barotropic index of the ith component of the universe, from Eq. (2.6) one gets

pi = pipa", (1.11)
2Such a universe is sometimes called de Sitter universe, after Willem de Sitter, who pioneered
its study in 1917.[109]
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which relates the energy density of each component of the universe with the scale

factor.

1.2 Cosmological standard model

The cosmological standard model, or ACDM model, has a good fit to the currently
available observational data. It is spatially flat, and contains radiation, matter, and
a CC (some of its properties are listed in Table 1.1[3, 5, 7, , D.
Considering (1.11) we can see that the energy density for matter has the
dependence p,, = pmo/a’; for radiation it will be p, = p,o/a*. The evidence
indicates the presence of a CC with energy density py = px o =constant. So, we
consider a universe with contributions from matter (v = 1), radiation (v = 4/3) and
a CC (v = 0). In general the Friedmann equation, (2.2) using Eq. (1.11), takes the

form

Qo Q. Q
H:Ho\/ 0 4 a’°+QA,0+$ (1.12)

CL4

where Q.0 = p,0/3HZ, Qo = pmo/3HZ, Qa0 = pao/3HE, Qpo = —k/3HZ and H,
is the Hubble constant and in the ACDM is assumed the value obtained from
Planck [3] to be H, = 68kms—tMpc~!; additionally, we have the follow Friedmann’s
constraint 1 = .o + Q0 + Qa0 + Qo

TheACDM model has 2 o = 0, and hence is spatially flat. However, although a
perfectly flat universe is consistent with the data, it is not demanded by the data.
Thus many research of investigation [112—114] considering the possibility that the
curvature term in Eq. (1.12), might be nonzero. However, although this line of
research may be interesting, in this thesis we consider a spatially flat Universe.

From (1.1) we can see that the Universe can be divided in three distinct
eras: the era of radiation dominance (before than ¢,,, = 0.050Myr), the era of
matter dominance (before t,,, = 10.2Gyr), and the era of DE domination (after
tma = 10.2Gyr).
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At present times we are in the final transition stage from the era of domination
of matter to the era of domination of DE. Note that, at late times in the evolution
of the Universe, when a — oo , the Hubble constant given by Eq. (1.12) tends
asymptotically to H(t — o0) — Ho\/m, and the integral solution for the scale
factor for this last expression it would be given by Eqg. (1.10), that is, under this
model our Universe tends at late times to an exponential expansion. Backward
in time (¢ — 0), Eq. (1.12) shows that the radiation density predominated over
matter density and DE density.

Our model would be based on the composition of only two fluids: (i) dissipative
matter, and (ii) dark energy modeled as a CC. Therefore, the density components

of each element in our universe are restricted by Friedmann’s constraint
1=Q,, + Q. (1.13)

Note that, in the study of early times of the Universe, radiation is imposed as the
dominant fluid in relation to the value of €2, therefore for an arbitrary very early
radiation time we can consider the value of 2, = 1079, in order to use the exact

solution found, and explore its behavior to the past.
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Table 1.1: Properties of the ACDM model

List of ingredients

Photons: Q,0=535x10"5
Neutrinos: Q0 =3.65x107°
Total radiation: Q.0=9.0x1075
Baryonic matter Qpary,0 = 0.048 x 1075
Nonbaryonic dark matter Qamo = 0.262 x 107°
Total Matter: Qmo=031x1075
Cosmological constant: Qa0 =0.69 x 1075

Important epochs

Radiation—matter equality: pm, = 2.9 x 1074 trm = 0.050Myr
Matter—lambda equality: ama = 0.77 tma = 10.2Gyr
Now: ampa = 1 to = 13.7Gyr

1.3 Perfect and non-perfect fluids

The study of fluids in the context of general relativity is of vital importance to
understand the dynamics of the Universe. We must first understand that, a perfect
fluid is defined as a medium for which at every point there is a locally inertial
Cartesian frame of reference, moving with the fluid, in which the fluid appears the
same in all directions. In such a locally inertial co-moving frame® the components

of the energy-momentum tensor take the following form

T =6, T =Ty =0, T = p, (1.14)

3A co-moving frame being characterized by the condition that at a given point, the velocity

four-vector is u° = 1 and u* = 0.
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where the index i and j run over the three Cartesian coordinate directions 1,2, 3.
(The reason for this index label, is because the non-zero value of 7" and any
term in 7" other than one proportional to d;; would select out special directions in
space, such as the direction of T}y). In a locally inertial Cartesian frame with an
arbitrary velocity, the energy-momentum tensor takes the form ( see appendix A.2
Eq. (A.47) for all technical details)

T = pn™ + (p + p) u®u?, (1.15)

where p and p are defined to be the same as in the co-moving inertial frame, and
u® is a four-vector known as velocity vector, with components in locally Cartesian
co-moving inertial frame vy = 1 and u; = 0, and is normalized so that, in any
inertial frame, n,su®u’® = —1.

It follows that in a general gravitational field the energy-momentum tensor of a

perfect fluid is
T°% = pg®? + (p + p) u®u®, gapuu’® = —1. (1.16)

This formula for T is generally covariant # and it is true in locally inertial
Cartesian coordinate systems. In addition, if the pressure depends on the density
n of some conserved quantity such as baryon number, then we need the equation
of conservation, which in locally inertial Cartesian frames reads (followed by (A.54))

0

p (nu®) =0, (1.17)

thus in a general coordinate system in an arbitrary gravitational field, we have

(nu®)., = 0. (1.18)

M

Here ; accounts for covariant derivative. Let’s go now to the study of non-perfect

4The physical quantities must transform covariantly, that is, under coordinate transformations in

the frame of Lorentz.
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fluid. For this we add a small correction AT*? to T}, in Eq. (1.15) in locally inertial

Cartesian coordinate system. Them

T = pp™ + (p + p) u®u’ + AT, (1.19)

and a small correction AN to the particle current

8;; (nu® 4+ AN®) =0. (1.20)

The scalar p is defined as the energy density observed in a co-moving frame
in which u* = 0, so that in this frame AT = 0. Therefore, in all locally inertial
Cartesian frames u“u°T,5 = 0, since this quantity is a scalar and vanishes in a
co-moving frame. It is important to mention that the scalar n can be defined as the
value of the conserved density observed in such a co-moving frame, and therefore
AN° = 0, so by the same reasoning in all locally inertial Cartesian frames we have
U AN = 0.

The pressure can be defined as a function of p in a static homogeneous fluid.
But the definition of the velocity four-vector «* remains somewhat ambiguous. We
could define v’ to be the velocity of particle transport (this is the option adopted by
C. Eckart [53]). With this definition of velocity, the second law of thermodynamics,
together with the condition ua% = 0 (see appendix A.3 for all technical details)
gives for a bulk viscous fluid, the following expression (Eq. (A.85))

ou”

AT = —¢ (0™ + uu”) pret (1.21)

where ¢ is the coefficient of bulk viscosity and it has to be defined.lt is then, an
immediate consequence of the Equivalence Principle, that in general coordinate

systems in arbitrary gravitational field we have

ATP = —¢ (gaﬁ + uauﬁ) ul. (1.22)
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Therefore, in a general coordinate system v, = du”/dx” + u*T'},, and ussing
Eq. (A.4), we getu] = 3H. Then, Eq. (1.21) tourn out to be

AT*? = —3H¢ (go‘ﬁ + uo‘uﬁ) , (1.23)
and the Eq. (1.19) in a general coordinate systems is
T = (p+ ) g™ + (p + 1 + p) u®u”, (1.24)

where I1 = —3H¢. We can interpret this last result as and effective cosmological
pressure given by P.;; = p + II, and then, the effect of the bulk viscosity is
to produce a negative pressure II that leads to an acceleration in the universe

expansion according to Eq. (1.5).
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Chapter 2

Dissipative Cosmology

In this chapter we study dissipative cosmology in the framework of the Eckart’s
theory. We establish the bases that will be useful in chapter 3.2. The fluids are
described by the barotropic equation of state (EoS) p = (v — 1)p, where p is the
equilibrium pressure of the fluid, p their energy density, and ~ is the barotropic
index. We explore two particular cases for the bulk viscosity ¢: a) A constant bulk
viscosity & = &,,b) A bulk viscosity proportional to the energy density of the fluid
& = &p. Due to some previous investigations that have explored the behavior of

the Universe with a negative CC, we extend our analysis to this case.

2.1 Theory of Eckart with CC

In what follows, we will consider a flat FLRW cosmological spacetime, dominated
by only two matter components: a DE given by A, and a barotropic fluid with EoS
p = (v —1)p, where p is the equilibrium pressure of the fluid, p their energy density
and ~ is the barotropic index that takes the values of v = 1 for CDM and v = 4/3
for radiation.

Only the barotropic fluid experience dissipative processes during their cosmic

evolution, with a bulk viscosity coefficient £ that depends on their energy density
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through the power-law
§=2&p™, & >0, (2.1)

where £, and m are constant parameters, with &, > 0 in order to be consistent with
the second law of thermodynamics [111].

The behavior described by Eq. (2.1) for the viscosity has been widely investi-
gated in the literature as one of the simplest and most natural choices since the
bulk viscosity of fluids depends, particularly, on its temperature and pressure, and
therefore it is physically suitable to take this dependence. Other choices include,
for example, the function ¢ = &, + & H [60], but in this case, and since we are
including a CC, this choice implies that the viscosity of the fluid is a function not
only of its properties but also of the CC.

In the Eckart’s theory, the field equations in presence of bulk viscous are

H? = g + % (2.2)
§:H+H2:—é(p+3Peff)+%, (2.3)
P.;y is an effective pressure given by
Py =p+11, (2.4)
being II the bulk viscous pressure defined in the Eckart’s theory by
Il = —3HE. (2.5)
The conservation equation takes the form
p+3H(p+p+T) =0. (2.6)

Therefore, we can obtain from Egs. (2.1)-(2.6) a single evolution equation for H,

given by (see appendix Eq. (C.9))
2H + 3vH? — 36 H(3H* — A)™ — Ay = 0. (2.7)
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Since we are interested in comparing some solutions of Eq. (2.7) for different
values of m with the standard ACDM model, we display below the solution for H ()
y a(t) with the initial conditions H(t = 0) = H, and a(t = 0) = 1, for the case
without dissipation (¢ = 0) (see appendix C.2, Egs. (C.24) y (C.32))

Ho/Ox << R + 1) eHoVs /Oy 1)

H<t> (\/Q_A+ 1) 63"/Hot\/m + \/Q_A 1 , (28)
_ 37V QA Hot sinh <@> 2
a(t) = (cosh ( 5 ) + N 7 2.9)

where Q, = A/(3HZ). From Eq. (2.8) we can see that H = /A/3 for very late

times, corresponding to the de Sitter behavior.

2.2 The de Sitter like solutions

Before to make a complete integration of Eq. (2.7), we will explore the possibility
of de Sitter like solutions. Knowing this behavior will help us to compare with the
asymptotic behaviors in cases when H # 0. Taking H = Hys with Hys = 0, Eq.

(2.7) reduces to the following algebraic equation
3vHjs — 36 Has(3His — A)™ — Ay = 0. (2.10)
A general solution can be quickly found if the above equation is written as
(3Hjs — M) [y — 3&Has(3Hz5 — A)" '] =0, (2.11)
which indicates that the values of H;g given by

A
Hys = :I:\/;, (2.12)

are two real solutions of Eqg. (2.11), for m > 1 and A > 0. Note that the positive

solution corresponds to the usual de Sitter one, and the contracting solution
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His < 0 it is not of physical interest. The other possible de Sitter solutions are
obtained taking the square bracket of the left-hand side of Eq. (2.11) equals to

zero, for different values of m.

221 Casem =0

In this case, the dissipation of the fluid is constant and Eq. (2.11) becomes a

quadratic equation of the form

€o A

H2. -2 g, = = 2.1
as = - Has =3 0, (2.13)
with a discriminant given by
2
Ay = (@) + % (2.14)
¥ 3

Then, two solutions are allowed for the Hubble constant

Hys+ = w. (2.15)

The above equation depends on the values of &y, v and A, and three types of
solutions are obtained, depending if A, is positive, zero or negative. This last one,
where A < —3¢2/4~2, is discarded because represents a complex Hubble constant

without physical interest. If Ay = 0, the solution reduces to

50 _ 250
2 for A = s (2.16)

Hys =
being the only de Sitter like solution of the model for this case, which is driven
by the dissipative processes. Since £, can be expressed in terms of |A| it is
straightforward to find that in this case H,gs in Eqg. (2.16) can also be expressed as
Hys = \/'TT‘ If Ay > 0, then A > —3¢2/4+2, and the model for this case has only
two de Sitter like solutions, H;s, and H,s_, again directly driven by the dissipative
processes. But, H,s_ only represent an expanding solution when A < 0. But,

H,s_ only represent an expanding solution when A > 0.
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On the other hand, using the Eq. (2.2) it is possible to obtain the energy density
associated to the de Sitter solutions (2.15) and (2.16), given respectively by

pi—i&(%im), (2.17)

=3

p= ;’—i (2.18)
From the above expressions it is possible to see that p, > 0and p > 0, i. e, the
de Sitter like solution given by Egs. (2.15) (positive one) and (2.16) do not have
null fluid energy density, contrary to the usual de Sitter solution (2.12) (positive
one), where p;s = 0 (DE dominant solution). It is important to note that p_ > 0
leads to the constraint A < 0, expression that it's according with the constraint
obtained in order to H,s_ represent an expanding solution. Therefore, the de Sitter

like solutions with physical interest for m = 0 are Hys+ and Hyg.

2.2.2 case m=1

In this case the dissipation is proportional to the energy density of the dissipative
fluid, and the other real solution of Eq. (2.11), besides the positive de Sitter

solution (2.12) when A > 0, is given by
(2.19)

which depends only of the values of v and &, i. e., being a de Sitter like solution
that is a function of the parameters related to the dissipative processes and, in
principle, independent of the values of A. But, using Eq. (2.2), we obtain that the

fluid energy density for this solution is given by

72
=—=—A 2.20
P=3g N (2.20)
expression that, when we impose p > 0, leads to A < ~2/3¢2. Again, this de Sitter

like solution do not have null energy density, contrary to the usual de Sitter solution,
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except when A = +?/3¢2. The same result given by Eq. (2.19) was found in [58]
for the case of a null CC.

A surprising results in both, m = 0 and m = 1 cases, is the possibility of de
Sitter like solutions of physical interest despite the presence of a negative CC. It
will find that the corresponding exact solutions behaves asymptotically like the de

Sitter like evolution found in this section.
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Chapter 3

Study of singularities

A singularity is the region where the curvature and tidal forces are infinite. In
this region the geodesics' cannot be extended beyond that limit [115—117]. Also,
we can have information from the presence of a singularity through the curva-
ture, which is measured by the Riemann tensor, but it is hard to say when a
tensor becomes infinite, since its components are coordinate-dependent. But
from the curvature we can construct various scalar quantities, and since scalars
are coordinate-independent it is significant to say that they become infinite in the
context of singularities.

The more simple scalar is the Ricci scalar, R = ¢""R,,, but we can also
construct higher-order scalars such as R*' R, R"*° R0, Ryuwpe R} RLY, and
so on. If any of these scalars (but not necessarily all of them) goes to infinity as
we approach some point, we regard that point as a singularity of the curvature
[118]. We should also check that the point is not infinitely far away; that is, that it
can be reached by traveling a finite distance along a curve.

In this seance we will study singularities from the point of view of the incom-

pleteness of the geodesic and the divergence of the Ricci scalar in the remainder

'In General Relativity geodesics describe the trajectories and the fate followed by unaccelerated

test particles
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of this chapter.

3.1 Incompleteness of geodesic

One way to explore singularities is to study the incompleteness of the space-time
path that the universe follows during its cosmic evolution. To develop this idea we
must first understand some preliminary concepts.

A metric g,,,(z) is said to be form-invariant under a coordinate transformation
of the type » — 2, when the transformed metric g, (') does not change its shape

relative to the metric g, (x), so it is possible to set the next expression

9w(Y) = 9 (Y)Vy. (3.1)

For a given point with coordinate =, the transformed metric is given by the relation

PR Oz? 0x°
g/u/(x ) = o' wgpa(x% (32)
or, equivalently,
ox'? o' ,
G () = oo (7). (3.3)

When the relation (3.1) is valid, we can replace ¢'(z') by g¢,,(«’) and from this,

we obtain the condition needed for the form invariance of the metric

ox'? 0’7 ,
gwj(.f) = @ngg(l’ ) (34)

Any transformation x — 2’ that satisfies Eq. (3.4) is known as isometry.
In general, the Eq. (3.4) can become a very complex constraint for the func-
tion «’#(x). But a simplified form can be worked out for the special case of an

infinitesimal coordinate transformation

't = ot 4+ e (x) with |e] < 1, (3.5)

26



to first order in e the Eq. (3.4) reduces to

oEn ocv 090
0= 2Dy )+ B0 g ) 1 gy 2 (36)

The latter can be further reduced if we consider that the first 2 terms are related to

the total derivative of the term 9, = 0(g,.,£") as follows

_ 0¢M(x) 0" (x) m o Guo  Gpu
0 = OxP 9uo () + 0x° 9or (@) + () Oxk  xP o |’
_0¢(x) 9¢" ()
0 - c%ﬂ g,tLO’("'U) + 8x" gpl/(‘r) _2€u(‘r)rz¢77 (37)
or written more compactly
0= fa;p + gp;a- (38)
Where the “;" refers to the covariant derivative
a0,
Vgea - W - Fgﬁeu (39)

Any four-vector that satisfies Eq. (3.9) is known as a Killing vector [119] of the
metric g, (z). The problem of determining the infinitesimal isometries for a given
metric is now reduced to the problem of determining all the Killing vectors of the
metric. For a FLRW cosmologies, which is homogeneous and isotropic, the metric
is given by (1.2), and we have a six-dimensional group of isometries generated by
the Killing fields [120]

& = sinfcosgd, 4 B8P, s, (3.10)
T rsin 6

& — sinfsingn, 4 0SNGy, | 080, (3.11)
. rsin 6

& = COS¢@=—$39, (3.12)

(i1 = cos¢0y — cosfsin oy, (3.13)

Co = sin¢dy + cot b cos pdy. (3.14)

G = 0, (3.15)

This is the maximum number of Killing vectors for the metric given by (1.2), and

they are all independent [111]. These Killing vectors yield to six different constants
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of geodesic motion,corresponding to the components of linear momenta and and

components of angular momenta

P o= alt) {r (cos@cosgzﬁé—sin@sin@fb)—|—sin0cosgz§7"}, (3.16)
P o= alt) {r (cosesm &0 + sin 0 cos dxb) + sin sin ¢7'“}, (3.17)
P, = a(t) (cosef—rsmeé>, (3.18)
L = a(t)r? (cosw—sinecosesmqsgzs), (3.19)
Ly = a(t)r? (sm¢é+smecosecos¢¢), (3.20)
Ly = a(t)r’sin® 0, (3.21)

the dots accounts for derivative with respect to proper time 2. We now define
§=—t*+a(t) {'r”Q + 7 (92 + sin? 9(&2) } ; (3.22)

where ¢ is zero for null geodesics and —1 for time-like geodesics. With this

conserved quantities, geodesic equations reduce to first order differential equations

P2

2o .
oD , (3.23)
b Plsm@cosgzﬁ—i-P2s1n€s1ngzﬁ+P;;COSH7 (3.24)
a(t)
. Lycos¢+ Lysing
0 = :
a(t)r? ’ (3.29)
- L
b = —> (3.26)

a(t)r?sin?6’
we can rewrite the previous expression in terms of total linear momentum and

angular momentum

PP=P:+P}+P [P=L1+ L3+ L2 (3.27)

2Proper time is defined as the time as measured by a clock following a time-like geodesic (a
time-like connects two events that are causally connected, that is the second event is in the light

cone of the first even) world line.
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Due to spherical symmetry, every geodesic may be fit in the hypersurface® 6 = Z,
whit L; = L, = 0 = P3, by a suitable choice of the coordinates. Then, we can

simplify our previous differential equations as follows

: p?

p o Plcosqﬁ—l—Pgsin(b7 (3.29)
a(t)

. Ly

o = D) (3.30)

It can be easily noticed that these equations are singular if and only if a(t) has
a zero, which corresponds to either a Big-Bang or Big-Crunch singularity. The
authors in [82, 83, 83, —129] explore different forms of scale factors by viscous
effects, and produce an incompleteness of geodesic equation, finding the following
set of classifications for different singularities (see appendix B for all technical

details) given by [83, 84]:

Type 0A (“Big Bang"): fort — 0, a — 0, p — oo and |p| — oc.

Type 0B (“Big Crunch"): fort — ¢, , a — 0, p — oo and |p| — oc.

« Type | (“Big Rip"): for t — 5, a — o0, p — oo and |p| — oc.

* Type I, (“Little-Rip"): for ¢t — o0, a — 00, p — 0o and |p| — .

Type Il (“Sudden"): for t — t5, a — as, p — ps and |p| — co.

3This is a generalization for surface of a Euclidean space, this definition is used in order to

describe the “surface” of a space than contains the maximun Killing vector.
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« Type lll (“Big freeze") : for t — t5, a — as, p — oo and |p| — oc.

» Type IV (“Generalized Sudden"): for t — t;, a — a5, p — 0 @and |[p| — 0, and

higher derivatives of H diverge.

In the next chapter, we will study the presence of some of these singularities in

our model.

3.2 Singularities in viscous ACDM models

In what follows we will study the solutions that arise from Eq. (2.7), for the particular
cases when m = 0 and m = 1, and we discuss their behavior in terms of the free
parameters &, v and A. The solutions for each case will be compared with the
ACDM model.

We will focus our study in the existence of different types of early and late
time singularities, which can occur for some values of the free parameters of each
model, following the classifications given in section 3.1. These singularities are
typical in the following cosmological scenarios: (i) type | emerges at late times
in phantom DE dominated universes [82, —125]; (i) type Il corresponds to a
sudden future singularity [83, ], also know as a big brake or a big démarrage,
which appear under the conditions p > 0 and p + 3p > 0 (SEC) in an expanding
universe [127]; type lll occurs for models with p = —p — Ap® and the difference
with the Big-rip type | is that here the scale factor has a finite value in a finite time
[83, ]; and (iv) type IV which also appears in the context of phantom DE of the
formp = —p — f(p), explored in [83] with a particular form of f(p) called “32”, and
in the context of quantum cosmology [129].

Since the singularities are characterized by the divergences in the curvature
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scalar, we will use in our study the Ricci scalar, given by the following expression

R:G(%Jrzzgg) :6<H+2H2), (3.31)

The following results were published in [106].

3.2.1 Late-times singularities with A > 0

In this subsection we will study the singularities that arise from the solutions of
Eq. (2.7) for a positive CC when m = 0 and m = 1. In order to compare with
ACDM model, we will set in the general solutions v = 1 (CDM) and 2, = 0.69,
which is the current value given by the cosmological data [3]. From now, all
solutions will be expressed in terms of the dimensionless density parameters 2,
and Q¢ = 3™&H™ !, using the initial conditions H(t = 0) = H, and a(t = 0) = 1,

where ¢t = 0 is the present time.

Cases for m =0

The integration of Eq. (2.7) is straightforward and leads to an integral of the form
[ = -3¢ 4 C,where R = H? — (&/v)H — (A/3) is a polynomial in H.

In principle, three different types of solutions emerge depending if the discrim-
inant Ay, given by Eq. (2.14), is positive, negative or zero. For A > 0 the only
solution is with Ag > 0. The condition (2.14), in terms of dimensionless densities,

takes the form Ay = H2A,, where

~ 0.\ 2
Ay = (75) 140, > 0, (3.32)

and Q¢ = &/H,. The exact solution for this case is (see appendix C.3.1 Egs.
(C.47), (C.55).)

— — 9 _ %
E(T) = % tanh w + arctanh (ﬁ) + ;2—;, (3.33)
0
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- 5 2 5
cosh {37 4A°T+ arctanh ( o] )}

o) =0 (537) ampmmﬁgﬁg A

where E(T) = H(T)/H, and T' = Hyt is a dimensionless time, therefore their
positive values represents future evolution. It is important to note that the Hubble
constant (3.33) does not exhibit a singularity for any time 7" and the scale factor
(3.34) represents a bouncing universe. Even more, the asymptotic behavior of the
Hubble constant for T — oo give us H,, and for T — —oo gives us Hy,_, both

solutions given by Eq. (2.15), being H,s, the de Sitter-like solution of this model.

Caseform =1

In this case the polynomial in H is R = (1 — 3§ H/~)(H?* — A/3) and the solution

takes the dimensionless form (see appendix C.4 Eq. (C.76))

2 QA—1)< QA+E>
(1-00) (7= E) (v v
 Qe/log (o) 78 Eae =)

3\/ QA (’)/2 - QEQA) 3\/ QA (’72 - QEQA) ’

where € = 3¢ Hy. In Fig. 3.1 we have numerically found the behavior of E(T)

(3.35)

given by the above equation. Note that 7' — co, YE when €2 = ~, in other words,
this case represents the de Sitter case given by Eq. (2.19), that is H(t) = Ho, Vt,
as it can be seen from Fig. 3.1.

From Eq. (3.35) a singularity time, T, appears if we take £ — oo, which gives

20 (48 ™ 10 (%)

o 57— )

(3.36)

At this future singularity, from Egs. (2.2), (2.5) and the EoS, we can see that p, p
and II are divergent. If
Qe > 7, (3.37)

32



then the argument of the logarithm in Eq. (3.36) is always positive. Even more,
if Q¢ = ~//Qy > v, the numerator and denominator of the Eq. (3.36) are zero,

however

| (VOx — 1) log (5542 ) - 2y,
lim 7T, = ;
an—\/zTA 6’)/ (QA — QA)

therefore T} is continue for )¢ > v and there are a change of sign in Q¢ = v//2)

(3.38)

for both, the numerator and denominator in Eq. (3.36), yielding that T, is always
positive because when Q¢ > v/4/Q, the argument of the logarithm is lower than
1 (negative numerator) and the denominator is negative, as can be seen in Fig.
3.2, where T, given by Eq. (3.36) is plotted as a function of €. In Fig. 3.1 the
red dashed lines represent two times of singularities according to Eq. (3.36), for
Q: = 1.5 and Q¢ = 1.1, where the time of singularities are 7' = 0.812997, which
is roughly equivalent to 11.6969 Gyrs (0.86 times the lifetime of ACDM universe);
and T' = 2.26375, corresponding to 32.5695 Gyrs (2.4 times the lifetime of ACDM

universe), respectively.
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Figure 3.1: Numerical behavior of E(T), given by Eq. (3.35), for different
values of Q¢ and for the particular values of v = 1 and €2, = 0.69.
We also plotted the ACDM model. The red dashed lines represent
the times of singularities given by Eq. (3.36) for ¢ = 1.5 and
Q¢ = 1.1, respectively.

For €2 < ~, there are no future singularities (no finite time is obtained from Eq.
(3.36)). From Eq. (3.35) we can see that £(T) follows very close the behavior of
standard model, ending with a de Sitter behavior at 7" — +o0, which can be seen
taking £ = 1/, (equivalent to the solution given by Eq. (2.12)) in Eq. (3.35).
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Figure 3.2: Behavior of the time for singularities given by Eq. (3.36) as a

function of €2, for the particular values of v = 1 and 2, = 0.69.

In order to classify these singularities we need to explore the effective EoS of
the models found. From Egs. (2.4), (2.6) and the EoS one obtains in agreement
with [25] that

II
Yerf =7+ 32 (3.39)

and from Eqg. (2.3) it is possible to find an expression for the viscous pressure
given by

Il = —2H — 3yH?, (3.40)
using the above expression, we have (for (3.39))

2H

Yeff = —m, (3-41)

and using Eq. (2.7) in our dimensionless notation we have (see appendix D.3, Eq.
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(D.20))
QO
E E?-

This ~.ss represents the effective EoS of a universe with a DE component modeled

’yeff =7 — QgE + (342)

by a CC and a dissipative component.

The phantom behavior of our solutions can be associated to the global compo-
sition of the universe. Fig. 3.3 shows the behavior of v.;; as a function of T for the
solutions found, for different values of (2.

Let see now the type of singularities that we found in the dissipative CDM
case (y = 1). For the solutions without singularities, i.e., Q¢ < 1, 7.s; evolves to
0, representing the dominance of the CC at very far future times. In the solution
with ¢ > 1, p and p diverges and therefore, from Eq. (2.2) H and « diverges, that
is, these solutions present Big-Rip singularities because ., from Eq. (3.42) is
always phantom, as can be seen from Fig. 3.3. It is important to note that since H
and H go to infinity for this singularity, then the Ricci scalar given by Eq. (3.31)

also diverge.
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Figure 3.3: Behavior of v.¢; given by Eq. (3.42) as a function of T for the
solutions with m = 1, v = 1 and 2, = 0.69, for different values of
Q. We also plotted ~. s for the ACDM model. The red dashed
lines represent the times of singularities given by Eq. (3.36) for

Q¢ = 1.5 and ¢ = 1.1, respectively.

3.2.2 Late-times singularities with A < 0

In this subsection we will study the singularities that arise from the solutions of
Eq. (2.7) for a negative CC when m = 0 and m = 1. In this case, in order to
compare with ACDM model, we will set in the general solutions v = 1 (CDM) and
Q= —0.69. It is important to note from Eq. (2.3) that the model with a negative
CC can still gives an accelerated solution because of the negative pressure due to
the bulk viscosity. Therefore, the election of 2, = —0.69 is the first natural election
in order to a further comparison, because, from Eqgs. (2.2) and (2.6) the usual
Friedmann’s constraint Q2,,, + Q5 = 1 is not already valid and the values of 2, can,

in principle, take any negative value.
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Cases for m =0

In this case we have three different types of solutions depending if the discriminant,
Ay, given by Eq. (2.14) is greater, equal, or lower than zero.

(i) Case A, > 0. In this case the constraint for the values of a negative CC is

Q 2
- (_f> <y <0, (3.43)
2y

We already have explained that this solution does not present any kind of singularity
due to its bouncing behavior and the solution was already found in Eq. (3.33) (for
the Hubble constant) and in Eq. (3.34) (for the scale factor).

It is interesting to mention that, despite having a negative CC, this solution
does not present Big-Crunch singularity, and at late times displays a de Sitter like
expansion.

(ii) Case A, = 0. In this case the CC takes the particular value

Oy = — (%)2, (3.44)
and the solution for E(T") takes the form (see appendix C.3.2, Eq.(C.61))

4+ 3Q0:(1 — 27
T) = el Q”) . (3.45)
446v(1—32)T

2y

The corresponding scale factor is given by (see appendix C.3.2, Eq.(C.68))

_ Qe 37 Qe 5
a(t) = exp {27T} [ 5 T(1— 27) +1| . (3.46)

It is straightforward to see from Eq. (3.45) that for Q)¢ = 2, E = 1 for all time,

corresponding to our de Sitter like solution given by (2.16) . If Q. > 2+, £/ goes to

zero in a future time T, given by

T,=——— - >0, (3.47)
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which indicates that the scale factor takes a maximum value at this time and, from

Eq. (3.46), goes to zero at a time given by

T % oo (3.48)

I

From Eq. (3.45) we can see that at the above time £ — —oo, which means, from

Eq. (2.2), that p diverge and, from the EoS, p diverge, indicating that in this case

the future singularity corresponds to a Big-Crunch (Type OB singularity). It is

important to note that since # and H go to minus infinity for this singularity, then
the Ricci scalar given by Eq. (3.31) also diverge.

On the other hand, if Q2 < 2v, then E > 0 for all time and goes to the value

Q¢ /2y when T" — +o0. Therefore, this solution asymptotically takes a de Sitter like

behavior given by Eqg. (2.16). Note that for (2, < 2+ effectively we can drive the

acceleration expansion of the universe when a negative CC is considered in our

model, due only to the negativeness of the viscous pressure.
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Figure 3.4: Behavior of E(T), given by Eq. (3.45) for different values of €
and for the particular value of v = 1. Q, is given by Eq. (3.44).
We also plotted the ACDM model. The red dashed line represent
the singularity time given by Eq. (3.48) for Q¢ = 3.

In Fig. 3.4 we display the behavior of the Hubble constant (3.45) for v = 1.
The Big-Crunch singularity appears for the particular values of v =1 and e = 3
evaluated in Eq. (3.48), and leads to T, = 4/3, which is roughly equivalent to 19.18
Gyrs (1.45 times the lifetime of the ACDM universe).

From Eq. (3.41) the effective barotropic index for this solution is

Qe [Qaly
Teff =7~ F + T (3.49)

and from the solution given by Eq. (3.45), we have (see appendix D.1, Eq. (D.15))
Q 2
1oy (3¢ 1)

(4- 307 (3 - ))2

Note that, if we substitute Eq. (3.47) (where E=0 and a takes his maximum value)

Verf = (3.50)

in Eq. (3.50), we will get 7.,y — 400, and if we substitute Eq. (3.48) (Big Crunch
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time) we will get 1., = v (according to Eq. 3.49). The behavior of this 7./ is
presented in the Fig. (3.5).

Ye
20, . .
E < r
15 ! !
! ! — Q¢=1
E E Q¢=2
............ 10,:I Q 3
Te > | =
! ! — ACDM
0.5 X :
\& :
. , _— ! -
-0.5 0.0 0.5 1.0 1.5 2.0

Figure 3.5: Behavior of ., given by Eq. (3.50) as a function of T for the
solution with m = 0 and A = 0, for the particular value of v =1
and for 25 given by Eq. (3.44), for different values of Q. T,
and T are given by (3.47) and Eq. (3.48), respectively. We also
plotted the . for the ACDM model.

It is important to mention that as the viscosity increases, the value of 2, also
increases, which can be seen from Eq. (3.44); also the time T,, where the scale
factor takes its maximum value, occurs after the current time.

(iii) Case A, < 0. In this case the dimensionless density parameter associated
to the negative CC satisfied the following inequality

2
sn<—<%), (3.51)
2y
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and the exact solution takes the following form (see appendix C.3.3, Eq. (C.69))

BN R =
E(T) = - 5 tan 1 — arctan | ——=
A0

LS (3.52)

with a scale factor given by (see appendix C.3.3, Eqg. (C.70))

2

= _Q E
QO CoS [37 4|A0’T—arctan(2‘ |>}

a(T) = exp (—gT) i

22 ’
cos |arctan L
etan (375

In order to explore the possibility of future singularities, we found from Eq.

Q‘m

>

(3.53)

(3.52) T" as a function of F, obtaining

A L p 9 _ Sk
T(E) = ————— x | arctan [ = + arctan 1 . (3.54)
3’7\/ |A0’ ‘Ao‘ ‘A()’

From this equation we can notice that £ is zero in a time given by

T.= ———— x | arctan x + arctan i , (3.55)
3/7\/ |A0| ‘Ao‘ ‘Ag‘

which indicates that the scale factor takes a maximum value at this time and goes

to zero when E — —oo, as can be seen from Eq. (3.54), in a time given by

4 2- %

- _
T,= ———— x | = + arctan x , (3.56)
V1%l (2 ( }Ao))

i. e, a — 0, as can be shown if we substitute the time given in Eq. (3.56) in

(3.53). So, from Eq. (2.2) p diverge and from the EoS equation p also diverge.
Therefore, at this time occurs a Big-Crunch singularity (Type 0B). It is important
to note that since H and H go to minus infinity for this singularity, then the Ricci

scalar given by Eq. (3.31) also diverge. This is the only scenario that we have

42



for this solution and a de Sitter asymptotic expansion is not possible, as it can be
check from Eq. (2.15). In Fig. 3.6 we present the behavior for £ as a function
of T, given by Eq.(3.52). The value of time of singularity shown in this figure is
T = 0.609495, which is roughly equivalent to 8.76906Gyrs (0.64 times the life of
the ACDM universe).

m
=

ar

— Q=3
ACDM

|
T
|
|
|
|
|
|
|
|

4

Figure 3.6: Behavior of E(T") given by Eq. (3.52), for different values of §2¢ and
for the particular values v = 1, 2, = —4 and Q¢ = 3, according
to restriction (3.51). We also plotted the ACDM model. The red
dashed line represent the singularity time given by Eq. (3.56).

For the solution given by Eq. (3.52) we have, from Eq. (8.49), that (see
appendix D.1 Eq. (D.18))

Q 2
vy ‘AO‘ sec (%7 {AO{T — arctan ( 2_|j|))
Yeff = ° (357)

— _ o 2
4 (g—j — ’2A0| tan (%%/|AO|T — arctan < \/A%))))

Note that, if we substitute Eq. (3.55) (where £E=0) in Eq. (3.57) we will get

Yerf — +00, and if we substitute Eq. (3.56) we will get ~.;; = v (according to Eq.
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3.49). The behavior of the above expression is presented in Fig. 3.7.

— Qf=3
ACDM

Figure 3.7: Behavior of ~.;¢(T'), given by Eq. (3.52), for the solution with
m = 0 and Ag < 0, for the particular values of vy = 1 and Q, = —4.
We use €2 = 3 according to restriction (3.51). T and T} are given
by (3.55) and Eq. (3.56), respectively. We also plotted . for
the ACDM model.

Casesform =1

In this case the solution is given by (see appendix C, Eq. (C.5))

(14192412 (= EQe) L) g
— 2Qe+/ Q4| log ((E2+|QA|)5(7—95)> N 27y (arctan <—,_|QA|> arctan (—’_|QA|)>3 5
3v/[0u] (72 + 2[4 ]) 3v/194] (42 + Q204 h

Note that 7" — oo, VE when 2 = ~, in other words, this case represents the de

Sitter case given by Eq. (2.19), that is H(t) = H,, Vt, as it can be seen from Fig.
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3.8.1f Qs <, E=1atT =0 and goes to zero in a future time 7, given by

1
(1422 (9) 1
- 2Q+/|Q4 | log <(\/Q_A|)(’YQ§)) . 27y <arctan (M))
) 3v/1[ (72 + Q) 3v/12] (72 + QZ|)’

indicating that the scale factor takes a maximum value at this time, and goes to

zero when ' — —oo at a time given by

- 2Q¢ log ((1 Nk (752_&)) . 2y (arctan (\/|1sz_A|) i %)
sl — 3 (72 + Qg’QAD 3 /|QA| (’72 + leQAD .

Therefore, if a — 0 and since £ — —oo, from Eq. (2.2) p diverge and from the Eos

p also diverge, so this solution represents a universe with a Big-Crunch type future
singularity (Type 0B) and ., from (3.42) goes to infinity. It is important to note that
since H and H go to minus infinity for this singularity, then the Ricci scalar given
by Eq. (3.31) also diverge. In Fig. 3.8 we have numerically found the behavior of
E as a function of T', given by Eq. (3.58). The value of time of singularity show in
this figure is T,; = 1.79003, which is roughly equivalent to 25.7539Gyrs (1.87 times
the life of the ACDM universe).

If Qe > ~, £ > 0 for all time and goes to infinite in a finite time given by

20 log [ (1414 ]) 2 ;Qf oy ((arctan [ —L_)_x
O G 53) B G R R T

As in the case of a positive CC, Eq. (3.59) is always positive for any value of 2 > ~.
Now, if we substitute v = 1 (dust case) and if we use 2, = —0.69 (to compare with
the case of positive CC), then for €2c > 1, p and p diverges and therefore, from Eq.
(2.2) H and « diverges, i. e., these solutions present Big-Rip singularities because
vers from (3.42) is always phantom, as can be seen from Fig. 3.9. In this figure
for Q. = 1.5, we have a Big Rip singularity time of 7" = 0.315246, which is roughly
equivalent to 4.53558Gyrs (0.33 times the life of the ACDM universe). It is important
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to note that since H and H go to infinity for this singularity, then the Ricci scalar

given by Eq. (3.31) also diverge.

- [0
- Tg1

— ACDM
Q;=0.15
Q=15

— Q=1

M

05 1.0

Figure 3.8: Numerical behavior of E(T), given by Eq. (3.58), for different
values of €)¢ and for the particular values of v = 1 and 2, = —0.69.
We also plotted the ACDM model. The red dashed line represent
Ts1 and Ty given by Eq. (3.59) and Eq. (3.59) respectively.
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Figure 3.9: Behavior of 4.¢; given by Eq. (3.42) as a function of 7" for the
solutions with m = 1, for the particular values of v = 1 and
Qx = —0.69, and different values of €2¢. We also plotted . for
the ACDM model. T,, Ts; and T, are given by Eq. (3.59), Eq.
(3.59) and Eq. (3.59) respectively.

3.2.3 Early-Time singularities for the case of A > 0

In the case of early-singularities we explore the behavior of our exact solutions
backward in time, taking v = 4/3 (radiation) or even v < 2 (cuasi stiff fluid),
assuming that some kind of dissipation is possible at these very early stages. As
an initial condition for our solutions, we will assume that €2,.,4iati0n takes values very
close to one, which is reasonable to assume during the radiation dominant era. In
order to make comparisons we will consider an early evolution stage of the ACDM
model. Our model is based on the composition of only two fluids, (i) dissipative
matter (ii) dark energy modeled as a CC. According to our previous discussion,
radiation is imposed as the dominant fluid in relation to the value of 2, therefore

from Eq. (4) for an arbitrary very early radiation time we can consider the value
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of Q, = 1079, in order to use the exact solution found and explore its behavior to
the past. On the contrary, during the current DE era the actual value of radiation
density, according to observation, is Q,4giation = 9.72 x 107° [7, ]

The below discussion correspond to the case of a dissipative radiation fluid.
The initial condition chosen, T'= Hyt = 0, represents the arbitrary moment during
the radiation dominance when Q, = 107% and 1 — Q) = Q,.qdiation IS Very close
to one. Here H, and ay = 1 are the Hubble constant and the scale factor at
this arbitrary moment and we keep the definition for E(7T"). Clarifying these new
particular initial conditions, we can use the solutions previously found looking their
behavior backward in time. The value of Q. represents then the dimensionless

density of dissipation at this initial time chosen above.

Case form =0

We have found that the only solution for a positive CC is given, in this case, when
the discriminant of Eq. (2.14) is positive, but this solution presents a bouncing
behavior as it was discussed in section 3.2.1, so this solution describe a regular

universe without an early singularity.

Caseform =1

The general solution for an arbitrary ~ for this case corresponds to the expression
(3.35). The expression (3.36) corresponds a time when the energy density and
E tends to infinity, which are the same conditions required to have an early Type
OA (Big-Bang) singularity, with the difference that, in this case, the scale factor
tends to zero. We already have discussed analytically and graphically (see Fig.
3.2) Eq. (3.36), showing that is strictly positive, so this universe does not have
early singularities. We will later discuss in detail in section 3.3 the behavior of this

solution at early times.
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3.2.4 Early time singularity for the case of A < 0
Cases for m =0

For this case the only solutions that present a singularities are those with a
discriminant equal or less than zero; recall when A, > 0 the solution has a
Bouncing-type behavior given by (3.34).

(i) Case Ay = 0. We consider the behavior backwards in time of expression
E(T) and a(T') given by (3.45) and (3.46), respectively. Even more, for this solution
the time for singularity is given by (3.48), resulting in a scale factor of null value,
and since H and H go to infinity for this singularity, then the Ricci scalar given by
Eq. (3.31) also diverge. To get a early singularity we have a restriction for €2 from
(3.48) given by €2 < 8/3 for the case of radiation. In this sense, p and p diverges,
so we will get a Type 0A singularity (Big-Bang). From the value of the CC, Eq.
(38.44) leads to Q¢ = 7 x 107%. In Fig. 3.10 we present the behavior for E as a
function of 7', given by Eq.(3.52).
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Figure 3.10: Behavior of E(T), given by Eq. (3.45) for v = 4/3, Q, = —10°.
()¢ is restricted by Eq. (3.44). We also plotted the ACDM model.
The red dashed line represent the singularity time given by Eq.
(3.48)

(if) Case A, < 0. We consider the behavior backwards in time of expression
E(T) and a(T) given by Egs. (3.52) and (3.53), respectively. Even more, for this
solution the time for singularity is given by (3.56), resulting in a scale factor of null
value, and since H and H go to infinity for this singularity, then the Ricci scalar
given by Eq. (3.31) also diverge. For early time singularity we need to considered,

from (3.54), E — +o0o to get

Qe

4 T -
Ty = —F— —— + arctan = . 3.60
/18] X ( 5 + arcta ( |AO|)) ( )

From the previous expression p and p diverges, so this is a type 0A singularity
(Big-Bang). The value of Q, = —107° leads to Q¢ < 3 x 1072 from Eq. (3.51). In

Fig. 3.11 we present the behavior for £ as a function of 7', given by Eq.(3.52).
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Figure 3.11: Behavior of E(T") given by Eq. (3.52), for the particular values
v =4/3,Q, =—-10"%and Qe =2x 10~3, according to restriction
(3.51). We also plotted the ACDM model. The red dashed line
represent the singularity time given by Eq. (3.60).

casem =1

We discuss in seccion 3.2.2 that the time for singularity is given by (3.59) and is
strictly positive, so this solution as in the case of positive CC does not have a
singularity in early stages either. A detailed discussion about this behavior will be

done in section 3.3

3.3 Soft-Big Bang

As we have discussed in section 3.2.3, the solution given by Eq. (3.35) (case with
m = 1and Q, > 0), when € < ~, describe a universe without initial singularity.

In this particular solution, when T — —oo, we obtain that the Hubble constant
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is given by Eq. (2.19), and the same behaviour is obtained if we considered a

negative CC as can be seen in Eq.(3.58) . In Fig. 3.12 we show this behavior.

E[T]

Big-Bang e

0f  — ACDM
Q;=0.15

Figure 3.12: Numerical behavior for E(T) given by Eq. (3.35) for m = 1,
Qa = 107% and v = 4/3. We also plotted the behaviour of the
ACDM model.

Note that taking the limit 2 — 0 in Eq. (2.19) we obtain that £ — oo, which
is the behavior corresponding to a Big Bang singularity in the past. Hence, this
solution turns into aACDM model with a Big-Bang singularity when dissipation is

neglected. The behavior of the scale factor is shown in Fig. 3.13.
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Figure 3.13: Behavior of numerical integration from Eq. (3.35) to get a(T') for
m =1, =107% and v = 4/3. We also plotted the behaviour
of the ACDM model.

At T — —oo, H — ~v/(3&) and H — 0, so the Ricci scalar given by Eq. (3.31)

takes the value

_ A
= 3
indicating that there is no curvature singularity in this solution. In the infinity past

R (3.61)

a = 0 and H takes a constant value. If {;, — 0 the behavior of the standard model
is recovered with R — oo when a = 0 in some finite time in the past. The inclusion
of dissipation without a CC led to these soft-Big Bang scenarios [58].

This solution is different from the soft-Big Bang studied in [88, 89] or from
other singularity-free models these suggested by Israel & Rosen [131], or by
Blome & Priester [132] where the universe begin from either by a tiny bubble
in a homogeneous and isotropic quantum state with the diameter of a Planck
length as an initial condition, or start from an Einstein static universe, with a radius

determined by the value of A, before entering a never-ending period of de Sitter
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expansion. The solution discussed in [88] has the particularity of having a finite

scale factor in the infinite past.
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Chapter 4

Study of a viscous AWDM model:
Near equilibrium condition,
mathematical stability, entropy
production, an cosmological

constraints

In previous chapters, we explore the presence of singularity in viscous cosmology,
and since the nature of the DM is unknown up to date, and dissipative effect
can not be discarded[133], it is of physical interest to explore how a viscous DM
behaves in the ACDM model.

The following results were recently published in [134]. In order to motivate the
beginning of this second investigation, it is important to mention that in Eckart’s
and Israel Stewart theories, the bulk viscous pressure II has to be lower than the

equilibrium pressure p of the dissipative fluid, according to the Eq.(1), we define
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the following quantity

<1, (4.1)
p

which is known as the near-equilibrium condition, and represents the assumption

IT
=[5

that the fluid is close to thermodynamic equilibrium.

According to Maartens, in the context of dissipative inflation [63], the condition
to have an accelerated expansion due only to the negativeness of the viscous
pressure 11 in Eckart’s and IS theories enters into direct contradiction with the
near-equilibrium condition given by Equation (4.1). In this sense, as it has been
proposed in [64, 65], if a positive CC is considered in these theories, then the
near-equilibrium condition could be preserved in some regimes. In addition, it
was shown by J. Hua and H. Hu [60] that a dissipative DM in Eckart’s theory
with CC has a significantly better fit with the cosmological data than the ACDM
model, which indicates that this model is competitive to fit the combined SNe
la + CMB + BAO + OHD data. Nevertheless, the inclusion of the CC implies aban-
doning the idea of unified DM models with dissipation, whose advantage is to avoid
the CC problem, but that leads to reinfor the proposal of extending the standard
model, keeping a DE component modeled by a CC.

Another important point of the near-equilibrium condition given by Equation
(4.1) is that we need a non-zero equilibrium pressure for the dissipative fluid dis-
carding the possibility of a CDM component. In this sense, a relativistic approach to
dissipative fluids is consistent with a WDM component [20, 95, 96, , —137]
in order to satisfy the near-equilibrium condition.

It is important to mention that, for cosmologies with perfect fluids, there is no
entropy production because these fluids are in equilibrium and their thermodynamic
are reversible.

However, for cosmologies with non-perfect fluids, where irreversible process
exists, there is a positive entropy production during the cosmic evolution [34,

, —140]. The near-equilibrium condition and entropy production has been
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previously discussed in the literature. The near-equilibrium condition was studied,
for example, in [79] for the IS theory with gravitational constant G and A that vary
over time; while in [141], it was studied in Eckart’s and IS theories for the case
of a dissipative Boltzmann gas and without the inclusion of a CC. The entropy
production was studied in [138] in Eckart’s and IS theories for a dissipative DE;
while in [34], the authors studied the entropy production in the full IS theory
with a matter content represented by one dissipative fluid component, and the
kinematics and thermodynamics properties of the solutions are discussed (the
entropy production in cosmological viscous fluids has been more widely studied,

and more references can be found in [142—147]).

4.1 An Exact analytical solution in Eckart’s theory
with CC

In this section we briefly resume a de Sitter-like solution and an analytical solution
found in chapter 2 and published in [106].

For a flat FLRW universe composed with a dissipative DM which obeys the
barotropic EoS p = (v — 1)p, with a bulk viscosity of the form ¢ = £,p™, and DE
given by the CC, it is possible to obtain, in the framework of the Eckart’s theory, a
single evolution equation for the Hubble constant H = a/a, where « is the scale
factor and “dot” accounts for the derivative with respect to the cosmic time ¢, which

is given by Eq. (2.7)
2H + 3vH? — 36 H(3H?* — A)™ — Ay = 0. (4.2)

The results were compared with the ACDM model and, for this purpose, the

differential equation (2.7) is solved for &, = 0 with the initial conditions H(t = 0) =
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Hy and a(t = 0) = 1, which leads to Egs. (2.8) and (2.9)

HO\/QAO (( QAO + 1) 63"/Hot,/QAO _ /QAO + 1)

H(t) =
( QAo + 1) eB'yHot, /g + QAO -1

: (4.3)

2
3y QAOHOt) 3y

o (/P Hot
by (7
a(t) = cosh( ] 2A° . ) + ) (4.4)

Q)

0

where Q,, = A/(3H?). Note that Eq.(4.3) tends asymptotically at very late times
(t — o0) to the de Sitter solution Hus = Hyv/x,-
We are particularly interested in the case of m = 1 of Eq. (4.2) with a positive

CC, where the following de Sitter-like solution (H = 0) is (Eq. (2.12))

EdS = vV QAo? (45)

with £ = H(t)/H,. It is important to note that Eq. (4.5) is the usual de Sitter
solution, written in its dimensionless form, and naturally appears in this dissipative
scenario. On the other hand, the exact analytical solution (H # 0) found, takes the

following form in terms of the dimensionless parameters (Eq. (3.35) ')

T 1os [ (- 249) (=B o (voro 1) (v/Pre+7)
S feo Vo g((EQQ?\o)(”QsoP) + ! g((\/ QAo“) (\/ QAo*E) (4.6)
- 34/, (VLQEOQAO) 34/, (ytﬂgo Q) ) )

obtained with the boundary condition H(t = 0) = H,. Here Q¢ = 3¢ H,, and
T = tH, are the dimensionless bulk viscous constant and cosmic time, respectively.
The above solution is an implicit relation of E(7). Eq. (4.6) presents a future
singularity in a finite time known as Big-Rip [62, 82—-84] when Q¢ > ~. At this
singularity we have an infinite a, p and p, and, therefore, the Ricci scalar diverges.

Also, is discussed that one interesting behavior of this solution can be obtained if

'We change the notation for dimensionless time T — 7 in order to not confuse with temperature

symbol T" using in this chapter
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we considered the opposite condition, i.e.,
Q&) <7 (4.7)

which leads to a universe with a behavior very similar to the ACDM model, which
coincide as ¢, — 0, as can be seen in Fig. 4.1, where we have numerically
found the behavior of E as a function of 7 from Eq. (4.6), taking into account the
condition (4.7) with v = 1.002, ¢, = 0.001 and Q,, = 0.69. For a comparison, we
also plotted the ACDM model.

Note that the solution (4.6) tends asymptotically, for 7 — oo, to the usual de
Sitter solution (4.5), which can be seen in the Fig. 4.1. Therefore, for the condition
given by Eq. (4.7) and for ~ # 1, but close to 1, solution (4.6) represents a viscous
AWDM model with a late-time behaviour very similar to the ACDM model and with

the same asymptotic de Sitter expansion.

1.00\

— ACDM
Q,=0.15

0.95!
0.90}

0.85!

00 05 10 15 20

Figure 4.1: Numerical behavior of E(7) obtained from Eq. (4.6) at late times,
for Q, = 0.69, ¢, = 0.001 and v = 1.002. For a comparison, we
also plotted the ACDM model obtained from Eq. (4.3).
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4.2 Near equilibrium condition, mathematical sta-

bility and entropy production

In what follows we found the main expressions in terms of v, and the dimensionless
quantities E, €, and ,,, that arises from the near equilibrium condition, the

mathematical stability and the entropy production.

4.2.1 Near equilibrium condition

As it was previously discussed, in the Eckart’s theory it is necessary to fulfill the
near equilibrium condition (1). Following Maartens [63],and according to Equations
(2.3) and (2.4)

Sz—é[ﬂ+3(p+ﬂ)]+%- (4.8)

From the above expression, the condition to have an accelerated expansion
driven only by the negativeness of the bulk viscous pressure II, (hamely, @ > 0
and taking A = 0), is

P

This last result implies that the viscous stress is greater than the equilibrium
pressure p of the fluid, i.e., the near equilibrium condition is not fulfilled because in
order to obtain an accelerated expansion the fluid has to be far from equilibrium.
This situation could change if a positive CC is included [64, 65]. In this case the
condition @ > 0 in EqQ. (4.8) leads to

—H>_TQA+p+§, (4.10)
i.e., the near equilibrium condition could be fulfilled in some regime, because
from Eq. (4.10) the viscous stress not necessarily is greater than the equilibrium
pressure p. The near equilibrium condition given by Eq. (1) can be rewritten in

terms of the dimensionless parameters, using the expression I = —3H¢, which is
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the viscous pressure in the Eckart’s theory [53], and the EoS of the DM component,

obtaining

E
E) %, <1 (4.11)
v—1

From the above equation is clear that, for a CDM component with v =1, it is

l:

not possible to satisfy the near equilibrium condition, and only for some kind of
WDM with v > 1 it is possible to find some constraints for the parameters of the
models that can fulfill this condition. On the other hand, note that in the above
expression the solution given by E(t) drives the behavior of [ as a function of the
cosmic time ¢. In this sense, and since E(t) is a decreasing function of time, the

constraints on ), are more restrictive as we look forward.

4.2.2 Mathematical stability

In this section we explore the mathematical stability of the solution in order to find
possible new constraint upon the main free parameters of the model. To do so, we

investigate the behavior of a perturbed solution of the form
Es(t) = E(1)+ h(7), |h(7)] < 1, (4.12)

where E(7) corresponds to the unperturbed solution and () is a small perturba-
tion function. Introducing Eq. (4.12) in Eq. (4.2), we obtain the following differential
equation, in our dimensionless notation, for h(7) (see appendix E Eq. (E.2))

. 9QE 2y Qa
h— == (p?_- L p_— 0 = 0. 4.1
2 ( BQEO 3 ) =0 ( 3)

The above expression is a differential equation for the perturbation function A(t)
and must satisfy, in order to the solution H(¢) be mathematically stable, that » — 0

when ¢t — oo.
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4.2.3 Entropy production

The First law of thermodynamics is
TdS = dU + pdV, (4.14)

where T, S, U, V are the temperature, entropy, the total thermal energy, and the
three dimensional volume of the cosmic fluid. The total thermal energy of the fluid
and the physical three dimensional volume of the Universe are given respectively
by U = pV and V = Vja® (where Vj is the volume at the present time). For a
DM, the energy density is given by p = n (mc® + 3kgT), and for the particular
case of CDM, the energy density is associated with the rest mass of DM given

by p = nmc?, in full units. With these, we get from Eq. (4.14) the Gibbs equation
[140]

__(pEp ap
ds = (Tn2 > dn + =, (4.15)

where n = N/V is the number of particle density. The following integrability

condition must hold on the thermodynamical variables p and n

HDIREHGIR w10

then, we considered the thermodynamic assumption in which the temperature is

a function of the number of particles density and the energy density, i.e., T'(n, p).

With this, the above integrability condition become in [138, ]
oT oT dp

We study the case of a perfect fluid and a viscous fluid separately in order to
compare our result with the model without viscosity.
For a perfect fluid the particle 4-current is taken to be n, = 0, which, together

with the conservation equation, gives the expressions for the particle density and
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the energy density, respectively

N
y+3Hn = — = 4.1
n+3Hn N 0, (4.18)

p+3H(p+p) = 0. (4.19)

Assuming that the energy density depends on the temperature and the volume,
i.e., p(T,V) [138], we have the following relation:

Y]

da 0T da ' a OV (4.20)

Using Egs. (4.19), (4.20), and the EoS, it can be shown (as in [138]) that the

barotropic temperature from (4.17) is given by

y—1

This last expression was previously found by Marteens in [140], using the
method of characteristics. Additional to this, from Eq. (4.15), together with Egs.
(4.18), (4.19), and the EoS, we have dS = 0 or, consequently, dS/dt = 0, which
imply that there is no entropy production in the cosmic expansion, i.e. the fluid is
adiabatic.

For a viscous fluid an average 4-velocity is chosen in which there is no particle
flux [111]; so, in this frame, the particle 4-current is taking again as ng, = 0 and
the equation (4.18) is still valid. On the other hand, from Eckart’s theory, we have
the conservation Eq. (2.6), which together with the Eq. (4.18) and the EoS, Eq.
(4.15) give us the follow expression for the entropy production [138, ], written

in a dimensionless form,

@ . BEQQ&]p
dr  nT
written in a dimensionless form. Therefore, the entropy production in the viscous

(4.22)

expanding universe is always positive and we recovered the behavior of a perfect
fluid when Q¢ = 0.
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4.3 Study of the exact solution

In this section we study the exact solution (4.6) under the condition (4.7) in terms
of the fulfillment of the near equilibrium condition, the mathematical stability, and
the positiveness of the entropy production at the same time.

For that end, we focus our analysis in two defined late-time epochs of validity
for the solution: (i) the actual time 7 = 0 for which £ = 1, and (ii) the very late-times
T — oo for which E = /Q,,. We will extend the analysis for 0 < 7 < co and for
7 < 0. It is important to mention that the asymptotic behaviour of the solution
(4.6), given by the de Sitter solution (4.5) when the condition (4.7) holds, leads
to a universe dominated only by the CC in which the dissipative WDM is diluted
due to the universe expansion, as can be seen by evaluating the Eq. (4.5) in the
Friedmann equation Eq. (2.2), which leads to p = 0. Therefore, in this asymptotic
behaviour we do not have a dissipative fluid to study the near equilibrium condition
and the entropy production. Nevertheless, we can study these two conditions as

an asymptotic regime of the solution while p — 0.

4.3.1 Near equilibrium condition of the exact solution

Note that the near equilibrium condition (4.11), considering that 1 < v < 2, can be

rewritten as

v—1 vy 1
E(T) < = — — — (4.23)
Qio Qﬁo Qﬁo

expression that tells us that, as a long as £ = H/H, be much smaller than
(v —1)/Q¢,, the solution must be near the thermodynamic equilibrium. This, opens
the possibility that the solution is able to fulfill this condition considering that E(t),
given by Eq. (4.6), decrease asymptotically to the de Sitter solution (4.5) as 7 — ~

under the condition (4.7), as we can be seen in Fig. 4.1. Furthermore, at the
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actual time 7 = 0, the condition (4.23) leads to
Qe <7 —1, (4.24)
and for the very late times 7 — oo leads to

v—1 y 1
0 = - 4.2
A K 0. " 0. o (4.25)

The fulfillment of the condition (4.24) implies the fulfillment of the condition
(4.25), because 0 < Q4, < 1 and from the condition (4.24) we get 1 < (7 —1)/,.
Also, note that, the fulfiiment of the condition (4.24) implies the fulfilment of the
condition (3.37).

In Summary, the fulfillment of the condition (4.24) implies the fulfillment of the
near equilibrium condition from 0 < 7 < oo and the condition (3.37) for which the
solutions (3.35) behave as the de Sitter solution at very late times. It is important to
note that, the fulfilment of the near equilibrium condition depends only on the values
of v and Q, and not in the values of €2,,, with the characteristic that for a value of
~ more closer to 1 (CDM) a smaller value of 2, must be considered. Even more,
for 1 <~y <2 we can see that €¢, < 1. On the other hand, the condition (4.24) is
independent of the behaviour of the solution because the election E(r =0) =1is
arbitrary, but, this not implies that the condition (4.25) be always fulfilled because
this condition depends on the behaviour of the solution. In this sense note that,
if we do not satisfy the condition (3.37) in Eq. (4.11), then E diverges and the
solution will be far from near equilibrium in a finite time in the Big-Rip scenario.

For 7 < 0, it is still possible to fulfill the near equilibrium condition (4.23), as we
mentioned above, while £ be much smaller than (v — 1)/€),. In Fig. 4.2 we depict
the near equilibrium condition (4.11) as a function of 3¢, and £ for the fixed values
of Q,, = 0.69 and v = 1.002. The red zone represents the values for which we are
far from the near equilibrium and the green line represents the near equilibrium
condition when Q,, = 0.001. Note that for these last values we are far from the

equilibrium when Q¢, > 0.002 (I > 1) for all £, and for €2, = 0.001 we are far from
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the near equilibrium when £ > 2,i. e., we are far from the near equilibrium from
atime 7 = —0.6001 which is roughly equivalent to 8.63389 Gyrs backward in time
(0.630211 times the life of theACDM universe), according to the Eq. (4.6).

From Fig. 4.2 we can see that when E grows, we can make )¢, more closer
to zero in order to fulfill the near equilibrium condition. For the solution (4.6)
under the condition (4.7) this means that for 7 < oo, for which E grows, we can
stay in the near equilibrium while €2, be small enough to satisfy the condition
(4.23). This is due to the election of the dissipation of the form & = yp, because
the dissipate pressure I = —3H¢ behaves as p?/? and the equilibrium pressure
behaves as p and, therefore, considering that in this case p grows to the past, then
the dissipative pressure grows more quickly than the equilibrium pressure and &,

acts as a modulator of this growth.
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Figure 4.2: Behavior of /, given by Eq. (4.11), for 0 < ¢, < 0.02 and /€2y, <
E < 4. We also consider the fixed values of 2, = 0.69 and
~ = 1.002. The green line represent the near equilibrium condition
when €Q¢, = 0.001 and the red zone represent the values for which

we are far from the near equilibrium condition (I > 1).

4.3.2 Mathematical stability of the exact solution

To analyze the mathematical stability we use the Egs. (4.2) and (4.13), changing
the integration variable from ¢ to £, obtaining in our dimensional notation the
expression (see appendix E, Eq. (E.8))

dh (o Qe + 27E — 3E°Q¢,) h

B~ (B2 —6,) (7~ BOg,) (426
whose integration leads to (see appendix E, Eq. (E.14))
h(E)=C (y— EQg) (E* — Q) , (4.27)
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being C' and integration constant. From this equation we can see that the the
perturbation function is zero when £ = £,/ , and when E = ~/Q¢,. Furthermore,

using the second derivative criteria we can see that

v = /7 39Z Q,
Emin = ) (428)

3%,

v+ /7 30
Emam -

3, ’
are the points where the function (4.27) have a relative minimum and maximum,

and

(4.29)

respectively. Note that the argument in the square root of Eqgs. (4.28) and (4.29)
are always positive. Therefore, the perturbation function & is a decreasing function
when —© < F < E,;, and E,.. < E < oo, and an increasing function when
Enin < B < Enag-

Considering that the solution (4.6) is a decreasing function with the time, which
tends to v/, when 7 — —oo [106] and to \/Q_AO when 7 — oo, this last one as
a long as we fulfill the condition (4.7), we can conclude that for €2, # 0, value for
which the point £,,;, given by the Eq. (4.28) is negative, the perturbative function
is bounded above by h(E,,..) and is zero when 7 — +o0, i. €., the solution (4.6) is

mathematically stable. On the other hand, when €, — 0, the Eq. (4.27) becomes
hE) — Cy (E* = Qy,) . (4.30)

function that has only a relative minimum for £ = \/Q_AO Therefore, in this case
the perturbation function & is stable only for £ — \/Q_Ao i. e., forT — oo (very
late-times) and unstable for £ — oo. This is an expected behavior because the
solution (4.6) in this case tends to a solution with a singularity towards the past

very similar to the ACDM model, which coincides when ~ = 1.
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2.0

Figure 4.3: Behavior of h, given by Eq. (4.27), for 0 < Q¢, < 0.1 and /€2y, <
E < 10. We also consider the fixed values of 25, = 0.69 and
~v = 1.002. The green point represent the value for h(Emax) for

the particular case of ¢, = 0.003

The behaviour in which the exact solution (4.6) becomes mathematically unsta-
ble when ¢, — 0 seems to be not compatible with the near equilibrium condition
(4.23). In particular, for £ = 1 (7 = 0) from equation (4.27) we can see that
h(E) > 1 for a certain values of C and §2,,, because from the condition (4.24)
1 < v —Qg,. Despite this fact we can always ensure the mathematically stability
and the fulfillment of the near equilibrium condition for this solution at late times
because the fulfilment of the condition (4.24) implies the fulfillment of the con-
dition (4.7), therefore, the solution (4.6) tends to the de Sitter solution (4.5) for
which the perturbation function (4.27) tends to zero. Even more, as a long as
Q¢, # 0, then the perturbation function remains bounded above and the solution is
mathematically stable.

It is important to note that if we do not fulfill the condition (4.7), then we have a
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Big Rip singularity in a future finite time which is mathematically unstable.

In Fig. 4.3 we present the behavior of perturbation function h, given by Eq.
(4.27), as a function of E and (,, for the particular values of v = 1.002 and
Q, = 0.69. We use as a initial condition the arbitrary value of h(F =1) =1 x 107?,
for which C =1 x 1075 /((y — Qg ) (1 — Qa,))-

4.3.3 Entropy production of the exact solution

In order to obtain the entropy production of the dissipative fluid from the Eq. (4.22),
we need to find their temperature from the Eq. (4.17). Rewriting the conservation
Eqg. (2.6) in the form

dp _3p
°F — 4.31
o= (1 3H&), (4.31)
we can rewrite Eq. (4.20) as
__adpdl _Op

Then, from Eq. (4.17), remembering that in the Eckart’s theory p — p + I1 [53],

we have
oT
0

”a—T +p(y —3HE) ; =T [(7 —1) = 3H& — 350,0%—];[} ; (4.33)

on

expression with together Eq. (4.32) leads to
oH
= —3— { v —3HE&) — 1 — 3 p— o ] (4.34)

Thus, using Egs. (2.2) and (4.31) we get, from Eq. (4.34), the following
expression (see appendix F , Eq. (F.8))

ar @{1 (V3071 + er) ]
VEITERN CERVEI PR Y

(4.35)
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which has the following solution in our dimensionless notation (see appendix F,
Eq. (F19))

Qngm arctanh < ZAO > —arctanh( QAO):l
TORIOR “
,71n(%>+[’y(2+'y)7§2/\09§0] In (%)

7=,
(72 7QA0 Q?o )

(4.36)

On the other hand, integrating Eq. (4.31) with the help of Eq. (2.2), we obtain

in our dimensionless notation the expression (see apendix F, Eq. (F.25))

20,/ [arctanh ( ¥ ZAO) — arctanh (\/QAO)]
(7 = %)
i () + 20 ()
(72 = %) |

Ina® =

+

(4.37)

from which we can express the Eq. (4.36) in terms of the scale factor as follows:

In (£> =In (ﬁ) +In (7_—EQ§O) +Ina®. (4.38)
TO Lo Y= Q&)
Hence, the temperature of the dissipative fluid as a function of the scale factor
is given by
T=T, (ﬁ) <ﬂ) o, (4.39)
Po Y= Q€0

which reduced to the expression for the temperature of a perfect fluid (4.21) when
Qg = 0.

Note that it is possible to obtain an expression for the temperature of the
dissipative fluid that do not depends explicitly on p, by combining the Egs. (4.37)
and (4.39), which leads to

(ng QAO>

Y

3
T = Tyas (7" % 20) <7 — EQ&’)
7 =

) ()

(4.40)
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and from which we can see that the temperature is always positive in two cases:
(i) when v — EQ¢, > 0 and v — Qg, > 0 or (ii) when v — EQ,, < 0and vy — {2, < 0.
Therefore, if we fulfill the near equilibrium condition (4.23), then we obtain a
positive expression for the temperature, since the condition (i), and from the same
condition, we also fulfill the condition (4.7) from which the solution (4.6) tends
asymptotically to the future at the usual de Sitter solution. Note that the condition
(i) implies that the fluid is far from the near equilibrium and the solution (4.6) has
a Big-Rip singularity.

On the other hand, considering that the solution (4.6) is a decreasing function
with time when the condition (4.7) holds, then the cubic term in the Eq. (4.40)
is also a decreasing function; thus, considering that E(7 — oco) — /Q4,, @
decreasing temperature with time requires that

a% (7772 +Q§0 Qa9 )

— 0, (4.41)

)
(- vay\
which is only possible, considering that a(7 — co) — oo, when the exponent of the

power law for the scale factor is negative, i. e., if

v (v—1)
L 4.42
2, < Qe, Qe (4.42)

which is always true because 0 < €2,, < 1 and the fulfilment of the condition (3.37)
implies that 1 < v/, as well as the fulfillment of the condition (4.24) implies that
1 < (7 —1)/Qg,. Itis important to note that for CDM,which means that, if v = 1,
then the exponent of the power law for the scale factor is always positive and the
temperature is an increasing function with time, which represents a contradictory
behavior for an expanding universe.

In the Fig. 4.4 we present the numerical behaviour of the temperature T' of
the dissipative fluid, given by the Eq. (4.39), as a function of the scale factor a.
We rewrite E' as a function of the energy density p from Eq. (2.2) and we use

the expression for p given by the Eq. (F.25). For the free parameters we use
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the values of T, = 1, ¢, = 0.001, Q,, = 0.69, and v = 1.002. We also present
the behaviour of the temperature when v = 1. It is important to mention that the
difference between the initial value of the temperature for WDM case and his final
value is 0.0102895 for a scale factor that is 3.6 times more bigger than the actual
size of the universe, this is the result to be close to the near equilibrium condition,

that makes that temperature decrease very slowly to zero.

— y=1.002
y=1

0.5 1.0 1.5 2.0 2.5 3.0 3.5

Figure 4.4: Numerical behavior of T', given by Eq. (4.39), for 0.5 < a < 3.5.
We also consider the fixed values of Ty = 1, ¢, = 0.001, and
Qp, = 0.69.

Now, with the temperature of the dissipative fluid given by Eq. (4.39), we can
calculate the entropy from Eq. (4.22), which in our dimensionless notation, and
using also that from Eq. (4.18) n = nya—2, takes the following form:

ﬁ — SEzQEOIO _ 3E2pOQ§0 (7 - QEO) (4 43)
dr nd noT(] (’Y — EQEO) . .

The positiveness of the entropy production depends on the same cases as the
positiveness of the temperature of the dissipative fluid, therefore, the fulfillment

of the near equilibrium condition (which is only compatible for WDM component),
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implies the positiveness of the entropy production. Note that, for the asymptotic de
Sitter solution the entropy production goes to a constant but, in this case, p — 0
(which implies a null €2¢,) and then we have a null entropy production. On the other
hand, as well as the temperature of the dissipative fluid, the entropy production
goes to infinity when we do not satisfy the condition (3.37) in a finite time in the
Big-Rip singularity.

In Fig. 4.5 we show the numerical behaviour of the entropy production, given
by the Eq. (4.43) as a function of time 7 for Q¢, = 0.001, 2,, = 0.69, and v = 1.002.
We also show the behavior of the entropy production when €, = 2.4. For this last
one value, the near equilibrium condition is not satisfied, since this value enter in
to contradiction with Eq. (3.37), and the entropy production diverge in a finite time
given by Eq. (3.36)

1-./Q 20 ://Q 1/ _Q
2950 log [(1+\/Q_22) o0 Ao (1 _ QA0)2 (ﬁ)]
3 (’72 — QEOQAU) ’

(4.44)

Ty =

which according to our parameters, this is equal to 7, = 0.346571, which is roughly

equivalent to 4.98626Gyrs from the present time.
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Figure 4.5: Numerical behavior of dS/dr, given by Eq. (4.43), for —0.4 <
7 < 0.4. We also consider the fixed values of 25, = 0.69 and
~v = 1.002. The red dashed line represent the time 75, given by Eq.
(3.36), in which the Big-Rip singularity occurs.

In summary, the condition given by Eq. (4.24) together with the condition
¢, < 1, for the present time, describe a viscous WDM model that is compatible
with the near equilibrium condition, and presents a proper physical behavior of the
temperature (a decreasing function with the scale factor), and entropy production
(without future Big-Rip singularity).

In this sense, all this previous thermodynamics analysis will help us to define
the best prior definition for our cosmological parameters v and €2, in order to
constraints with the cosmological data. Accordingly, our model has two more free
parameters than the standard ACDM model, which appear from the possibility of a
more general model of the DM component, that takes into account a warm nature

with a non-perfect fluid description.
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4.3.4 Cosmological constraints

In this section, we shall constraint the free parameters of the viscous AWDM model
studied in this paper with the type la supernovae (SNe la) data coming from the
Pantheon sample [148], which consists in 1048 data points in the redshift range
0.01 < z < 2.3; and the observational Hubble parameter data (OHD) compiled
by Magana et al. [149], which consists in 51 data points in the redshift range
0.07 < z < 2.36. To do so, we compute the best-fit parameters and their respective
confidence regions with the affine-invariant Markov Chain Monte Carlo (MCMC)
method [150], implemented in the pure-Python code emcee [151], by setting 30
chains or “walkers”.

As a convergence test, we compute every 50 steps the autocorrelation time of
the chains 7., provided by the emcee module. If the current step is larger than
507.0rr, @nd if the values of 7.,,.. changed by less than 1%, then we will consider
that the chains are converged and the code is stopped. The first 57, steps are
discarded as “burn-in” steps. This convergence test is complemented with the
mean acceptance fraction, which should be between 0.2 and 0.5 [151], and can be
modified by the stretch move provided by the emcee module.

Since we are implementing a Bayesian statistical analysis, we need to construct
the Gaussian likelihood

L =N exp (—X?%) (4.45)

Here, NV is a normalization constant, which does not influence in the MCMC

analysis, and x? is the merit function, where I stands for each data set considered,

namely, SNe la, OHD, and their joint analysis in which x?,,., = x&y. + X&up-
The merit function for the OHD data is constructed as

51 2
Hi —H Ziy 0
Gap =3 { il >] , (4.46)

e
i=1 Hy

where H; is the observational Hubble parameter at redshift z; with an associated

error o ;, all of them provided by the OHD sample, Hy, is the theoretical Hubble
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parameter at the same redshift, and § encompasses the free parameters of the
model under study. It is important to mention that in our MCMC analysis we

consider the value of the Hubble parameter at the current time, Hy, as a free

km/s
Mpc

parameter, which is written as Hy = 100 h, with h dimensionless and for which

we consider the Gaussian prior G(0.7403,0.0142), according to the value of H,

obtained by A. G. Riess et al. [20].

On the other hand, the merit function for the SNe la data is constructed as
=Y i lzt) ) (4.47)
i=1 O psi

where 1; is the observational distance modulus of each SNe la at redshift z; with

an associated error o, ;, 11, is the theoretical distance modulus for each SNe la at

the same redshift, and § encompasses the free parameters of the model under

study. Following this line, the theoretical distance modulus can be obtained, for a

flat FLRW space-time, from the expression

d Ziy 0 _
tun(2i,0) = 5logyg { L]&pc )] + [, (4.48)

where i = 5 [logy, (¢) + 5], ¢ is the speed of light given in units of km/s, and d;, is

the luminosity distance given by

hent) = (1+2) [ (4.49)

In the Pantheon sample the distance estimator is obtained using a modified
version of the Tripp’s formula [152], with two nuisance parameters calibrated to
zero with the BEAMS whit Bias Correction (BBC) method [153]. Hence, the

observational distance modulus for each SNe la is given by
pi =mp; — M, (4.50)

where mp; is the corrected apparent B-band magnitude of a fiducial SNe la at
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redshift z;, all of them provided by the pantheon sample 2, and M is a nuisance
parameter which must be jointly estimated with the free parameters ¢ of the model
under study. Therefore, we can rewrite the merit function (4.47) in matrix notation

(denoted by bold symbols) as
Xéne = M(z,0, M)'CT'M(z, 0, M), (4.51)

where [M(z, 0, M)]; = mp,; — pun(z,0) — M, and C = Dy, + C,,, is the total un-

certainties covariance matrix, being D...; = diag(c?, _ ;) the statistical uncertainties

mp,i

of mp and C,,, the systematic uncertainties in the BBC approach 3.

Finally, to marginalize over the nuisance parameters i and M, we define

M = i+ M, and the merit function (4.51) is expanded as [154]

X%Ne = A(Z7 9) o 23(27 G)M + CMQv (452)
where
A(z,0) = M(2,0, M =0)'C'M(z,0, M = 0), (4.53)
B(z,0) = M(z,0, M = 0)'C™'1, (4.54)
C=1C'1. (4.55)

Therefore, by minimizing the expanded merit function (4.52) with respect to M,

it is obtained M = B(z,0)/C, and the expanded merit function reduced to

B(z,0)?
X%Ne = A(Zv 8) - (C ) ) (456)

2Currently available online in the 2022 GitHub repository https./github.com/dscolnic/Pantheon.
The corrected apparent B-band magnitude m s ; for each SNe la with their respective redshifts z;

and errors o, , ; are available in the document Icparam_full_long.txt.
3Currently available online in the 2022 GitHub repository httos./github.com/dscolnic/Pantheon

in the document sys_full_long.txt.
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which depends only on the free parameters of the model under study.

It is important to mention that the expanded and minimized merit function
(4.56) provides the same information as the merit function (4.51) since the best-fit
parameters minimize the merit function, and their corresponding value can be
used as an indicator of the goodness of the fit independently of the data set used:
the smaller the value of x2,, is, the better is the fit. In this sense, in principle the
value of x2 . obtained for the best fit parameters can be reduced by adding free
parameters to the model under study, resulting in overfitting.

Hence, we compute the Bayesian criterion information (BIC) [155] to compare
the goodness of the fit statistically. This criterion adds a penalization in the value
of x2,.,, that depends on the total number of free parameters of the model, 6y,

according to the expression
BIC = 0xIn (n) + X2, (4.57)

where n is the total number of data points in the corresponding data sample. So,
when two different models are compared, the one most favored by the observations
statistically corresponds to the one with the smallest value of BIC. In general, a
difference of 2—6 in BIC is evidence against the model with higher BIC, a difference
of 6 — 10 is strong evidence, and a difference > 10 is very strong evidence.

Since in the merit function of the two data sets, the respective model is consid-
ered thought the Hubble parameter as a function of the redshift (see Eqgs. (4.46)
and (4.49)), then we numerically integrate Eq. (2.7) with m = 1, which can be

rewritten, considering that 2 = —(1 + 2)H, as

a1 3vH — 3% (3H* — A)

dz  2(1+2)

. (4.58)

using as initial condition H(z = 0) = Hy = 100%!1, and taking into account that

&o = Q¢ /(3Hp) and A = 3HZ(1 — Q,,0); this last one derived from Eq. (2.2), which

leads to 2,0 + Qa9 = 1. Even more, for a further comparison, we also constraint
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the free parameters of the ACDM model, whose respective Hubble parameter as

a function of the redshift is given by

km/s
H(z)=1
(z) =100 i

A/ Qumo(1+ 2)3 + 1 — Qpo. (4.59)

pc

Therefore, the free parameters of the viscous AWDM model are 6 = {h, .0, Q¢,, 7},
and the free parameters of the ACDM model are 6 = {h,,,0}. For the free
parameters Q,,, {l,, and v we consider the following priors: ,,, € F(0,1),
v € G(1.00,0.02), and 0 < ¢, < v — 1; where F stands for flat prior, and the prior
for €1, is derived from the constraint given by Eq. (4.24).

In Table 4.1 we present the total steps, the mean acceptance fraction (MAF),
and the autocorrelation time 7., of each free parameter, obtained when the
convergence test is fulfilled during our MCMC analysis for both, the viscous
AWDM and ACDM, models. The values of the MAF are obtained for a value of the
stretch move of a = 7 for the ACDM model, and a value of a = 3 for the viscous
AWDM model.

4.3.5 Results and discussion

The best-fit values of the ACDM and viscous AWDM models, obtained for the SNe
la data, OHD, and in their joint analysis, as well as their corresponding goodness of
fit criteria, are presented in Table 4.2. The uncertainties presented correspond to
10(68.3%), 20(95.5%), and 30(99.7%) of confidence level (CL). In Figures 4.6 and
4.7 we depict the joint and marginalized credible regions of the free parameters
space of the ACDM and viscous AWDM model, respectively. The admissible
regions presented in the joint regions correspond to 10(68.3%), 20(95.5%), and
30(99.7%) of confidence level (CL).

From the best-fit parameters presented in Table 4.2 it is possible to see that
there is no remarkable differences between the best-fit values of A and Q,,

obtained for the ACDM model and the viscous AWDM model. This is an expected
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Table 4.1: Final values of the total number of steps, mean acceptance fraction

(MAF), and autocorrelation time 7., for each model free param-

eters, obtained when the convergence test described in Section

4.3.4 is fulfilled for a MCMC analysis with 30 chains or “walkers”.

The values of the MAF are obtained for a value of the stretch move

of a = 7 for the ACDM model, and a value of a = 3 for the viscous

AWDM model.
TCOTT
Data Total steps MAF A Q.0 Qg v
ACDM model

SNe la 1050 0.370 16.5 17.5

OHD 1000 0.367 149 171
SNe la+OHD 800 0.364 15.8 154

viscous AWDM model

SNe la 2700 0.385 45.8 44.3 496 51.9

OHD 2450 0.377 39.6 455 48.2 4R8.9
SNe la+OHD 2700 0.379 43.0 45.9 50.5 53.3
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Figure 4.6: Joint and marginalized regions of the free parameters h and Q,,,0
for the ACDM model, obtained in the MCMC analysis described
in the Section 4.3.4. The admissible regions presented in the joint
regions correspond to 10(68.3%), 2¢(95.5%), and 30(99.7%) of
confidence level (CL), respectively. The best-fit values for each

model free parameter are shown in Table 4.2.

83




I SNe la

[ [ mmm OHD
B SNela + OHD
0.35}
|II J| II.I-
[=] D3D' § ,", l;
E ) III .Ill
0.25¢ \ e
0.20} | J )\
0.06/ -
- 0.04}
0.02}
/l S
1.06] | . N
> 1.04} | ] N
1.02} ] | ] J AN
i ) ! A \ { \ L e R
070 0.75 02 03 001 005 1.04 1.07
h ng QED Y

Figure 4.7: Joint and marginalized regions of the free parameters h, Q,,0,
Q¢,, and  for the viscous AWDM model, obtained in the MCMC

analysis described in the Section 4.3.4. The admissible regions

presented in the joint regions correspond to 10(68.3%), 20(95.5%),
and 30(99.7%) of confidence level (CL), respectively. The best-fit

values for each model free parameter are shown in Table 4.2.
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behavior due to the similarity between the two models at late-times, as well to the
past, considering the best-fit values obtained for €2¢,. From the point of view of the
goodness of fit criteria, we can conclude that the two models are able to describe
the SNe la, OHD, and SNe la+OHD data, with very similar values of x2,.., again
due to the similarity of the behavior of the two models, especially at late times.

A remarkable result is that the viscous AWDM model exhibits a slightly lower
value of x2 ., for the SNe la+OHD data than the ACDM model, despite the fact that
the AWDM model has a greater value of BIC than the ACDM model. This translate
into a better fit for the AWDM model because the two extra free parameters of the
viscous AWDM model are a consequence of a more general description of the
DM component, which takes into account a warm nature and a non-perfect fluid
description, suggest by previous investigations that use this alternatives to face
tensions of the standard model, and they are not been added by hand in order to
force a better fit.

Even more, the ACDM model assumes beforehand a CDM (one less free
parameter) and all their matter components are describes as perfect fluids (another
less free parameter) which leads to a good fit of the combined SNe la+OHD data
with less free parameters but, the price to pay is the problems mentioned above
that the ACDM model experience today. Therefore, we have an alternative model
which goes beyond to the standard ACDM model by considering a dissipative
WDM, which has the capability to describe the SNe la and OHD data in the same
way as the ACDM model, together with a more general description of DM nature.

By the other hand, the best fit values contrasted with the combined SNe la +
OHD data, for v and Q)¢ are given by 1.0255570 05151 and 0.016331 01555 respectively
at 30 CL. Note that, both deviations around the mean value satisfy the near
equilibrium condition Eq. (4.24), which means, that these values are compatible
with our previous theoretical thermodynamics conclusion (£2¢, < 1 and v # 1). For

the small values of ¢, and ~ given by the data, we are far from near equilibrium
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condition at H = Hy21.61855 according to Eq. (4.11) , which means that, we are far
from near equilibrium at a redshift of = = 11.63228 according to Eq. (4.58), by then,
we can ensure the near equilibrium condition for the actual data measurement at
z ~ 2.3.

Also, is important to mention that, with the data measurement we can obtain
the actual size of dissipation for our AWDM model. Note that, according to our
dimensionless expression, ), = 3£ Hy, & has dimension of time, and the bulk
viscosity is given by ¢ = &yp, which writing in dimensionless full (¢ # 1), is given
by ¢ = &¢, being ¢ the energy density of matter (that has the same dimension of
pressure according to the EoS), then ¢ would have the viscous units of Pa X s.
Follow the cosmological constraint, the maximum value for 2, leads to consider
¢, < 0.05818 (a generalization of our theoretical constraint (2¢, < 1), by then,

using the definition of ¢, we have the follow constraint on bulk viscosity

0.05818
. 4.60
E<ex o (4.60)
If we introduce the critical density given by ¢, = ﬁ—gg and since our best
fit values for the Hubble parameter and matter density are H, = 70.9238‘;\,%/03 =

(4.3507 x 10'7s)~" and €, = 0.26073, respectively, then the restriction over the

upper limit of bulk viscosity would be
¢ < 1.87082 x 10°Pa x s. (4.61)

For this particular case of values, if we consider the deviation around the mean
values the upper limits remains of the order of ¢ < 10°Pa x s. Note that from the
previous thermodynamic analysis (€2, < 1) and using the value of H, and (2,

given by [3, 20] we will find that
£ < 3.628 x 10" Pa x s, (4.62)

which is a similar value with respect to the previous value found by B. D. Normann

and . Brevik in [156], where they consider a model with a viscous DM component
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with bulk viscosity of the form ¢ = &p2, and DE component given by the CC,
they also suggest (see also [157]) that a value & ~ 10°Pa x s for the present
viscosity is reasonable.Furthermore, other investigations suggest the same orders

of magnitude [147, —158], but since these models are not identical, some
discrepancies are expected with our results.
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Chapter 5

Conclusions and final discussions

We have discussed throughout this work the late and early times behavior of the
exact solutions of viscousACDM models,looking for the first part of the investigation
the conditions to have future and past singularities, following the classification given
in [83, 84], and we have also found the possibility of solutions describing regular
universes. In the late time model we consider a universe filled with dissipative
CDM and CC and in the early time model we consider a universe filled with
dissipative radiation and CC, taking into consideration two different expression for
the dissipation, a constant bulk viscosity and a bulk viscosity proportional to the
energy density.

We extend this study for a dissipative fluid model with a negative CC. In the
Table 5.3 we summarize the early and late time singalirities obtained in each
solutions and in Table 5.1 we summarize the asymptotic early and late behaviour
without singularities found for these models.

For a positive CC in the late time behaviour a remarkable result of the solution
with m = 1 and €2 < 1 is that the solution behaves at late times like the de Sitter
model, regardless of the viscosity value. In this sense this solution is suitable
to constraint with the cosmological data, knowing that it evolves very close to
the ACDM model.
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For a negative CC in the late time behaviour a remarkable result for the solution
with m = 1 is that the dissipation in the DM component can drive the accelerated
expansion and even a future Big-rip singularity, avoiding the big crunch singularity,
that occurs for a flat DM filed universe with negative CC.

It is important to mention that within the context of singularities in phantom
DE, the little rip singularity are discussed in the literature [105, , ] under
the context of having a universe in which the DE density increases without bound
and the universe never reaches a finite-time for singularity. In our work these type
of singularities don’t appear because we are not considering phantom DE and
unlike this we have asymptotic de Sitter-like behaviors with values of £ = 1 as
can be seen the Table (5.1). In the same way, let us note that our Big-rip Type
| singularities also occurs with phantom-like behavior with a parameter of state
given by Eq. (3.42), but this type of phantom occur in the context of our total
fluid composed of dissipative DM and CC. Our results show that it is possible to
extend the classification of Big-rip singularity to models where the phantom EoS is
effective and not necessarily appears in phantom DE models.

For a positive CC in the early time behavior a remarkable result is that we
only have universes without singularities. A special case appears for the solution
with m = 1 which represents scenarios without singularity as we discussed in
section 3.3. For this particular solution, beyond not having singularity, is that it's
behaviour is very similar to the standard model for very small values of viscosity,
in addition to being different from other singularity-free models [88, 89, , ]
This behaviour is independent of the sign of the CC. In [58] a similar behaviour
was obtained without the inclusion of the CC. In our solution a CC is considered
and the soft Big-bang is characterized by having a zero scale factor at a very past
time, which is different from the obtained in [88].

For a negative CC in the early time behaviour a remarkable result is that the

singularities only appears in the case with m = 0, and the constraints in the

89



parameters show that the singularity required values of (2 that depend on the
values of the CC. So, despite the fact that in early times its contribution it is very
small, its presence is required for the existence of this singularity.

Our results indicate that the inclusion of dissipation in theACDM model leads
to solutions where the Big Rip singularities appears without a phantom DE and
the avoidance of Big Bang singularities is also possible. Therefore, the dissipation
mechanism, which is a more realistic description of cosmic fluid, can alleviate
the theoretical problems of phantom DE and initial singularities, and also we can

obtain solutions whose behaviour is very similar to the standard ACDM model.

Table 5.1: Classification of the asymptotic behaviour for early and late times

m =20

Solution Late-Time Early-Time Condition

m=0and Ay >0

Q A 0.\ 2
LAO 1<7<2,Q,>0,—(=2] <y <0
2 2y
&_,/A Q 2
2] 0 1<7<2,Q,>0,—(=2] <y <0
2 2y
m=0 and A, = 0 Eaqs =1 Egs =1 Qe =279,y = —1

Eds =

w] 2

2
QE <2,0p0=— <g§>
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Table 5.2: Classification of the asymptotic behaviour for early and late times

m=1
Solution Late-Time Early-Time Condition
Eis =1 Egs =1 95:1
m=1and Q, >0 Egs = /Oa Qe <1

Soft-Big-Bang

4
Eds = @ 4
Qe < =
€3
Edszl Eds:1 Q‘f:l
Soft-Big-
m=1 and Qr <0
Bang
Eas = 50~ 4
3 [9) < =
€3
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Table 5.3: Classification of the early and late times singularities.

Solution Late-Time Early-Time Condition
Type 0B o
(Big-Crunch) Qe > 2,0y = — (;) .
m=0
and Type 0A
Ag=0 (Big-Bang)
8 30\
Q< 5,00 = - (8>
m=0 Type 0B o
and (Big-Crunch) Oy < — (25) ’
Ay <0
Type 0A
(Big-Bang)

m=1and Q) >0

Type | (Big-Rip)

QE > 1, Yef f <0

m=1
and
Qr <0

Type 0B
(Big-Crunch)

Type |
(Big-Rip)

Q§<1.

Qe > 1,7e55 <0.
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We also have discussed throughout this work the near equilibrium condition,
entropy production, and cosmological constraint of a cosmological model filled with
a dissipative WDM for the second part of this research, where the bulk viscosity is
proportional to the energy density, and a positive CC, which is described by an
exact solution previously published in [106].

As an additional comment, it is important to mention that the analysis of this
same solution for early times where viscosity is present in the radiation fluid, is
available in [161] and is currently under review; this third investigation shows that
the universe without initial singularity has a temperature that becomes infinite in an
infinite time contrary to the standard ACMD model where the temperature grows
to infinity in a finite time, additionally, the entropy becomes constant in this viscous
universe as long it becomes infinitely hot and is compressed into the infinite past.

Assuming the condition given by Eq. (4.7) this solution behaves very similar to
the standard cosmological model for small values of (2, as we can see in Fig. 4.1,
avoiding the appearance of a future singularity in a finite time (Big-Rip).

We have shown that the presence of the CC together with a small viscosity
from the expression (4.11), and considering the condition given by the Eq. (4.7),
leads to a near equilibrium regime for the WDM component.

The WDM component has a temperature which decreases very slowly with
the cosmic expansion as a result of being close to the near equilibrium condition,
contrary to the non physically behavior found for the dust case (y = 1), where
the temperature increase with the scale factor. Besides, we have shown that the
second law of thermodynamics is fulfilled as long we satisfied the conditions (4.7)
and (4.23) (near equilibrium condition). On the contrary, the entropy production
would diverge in a finite time if a Big-Rip singularity occurs.

To fulfill the two criteria discussed in this thesis, we need to have then ), <1
and a WDM component with a EoS satisfying the constraint given in Eq.(4.24).

It is important to mention that in our WDM model we need to have Q,, < v — 1.
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For small values of 2, (in particularly 2¢, = 0.001), the model enter into agreement
with some previous results found, for example in [162], where cosmological bounds
on the EoS for the DM were found, and the inclusion of the CC is considered. The
bounds for a constant EoS are —1.50 x 107% < w < 1.13 x 107 (w = v — 1) if there
is no entropy production and —8.78 x 1072 < w < 1.86 x 10~ if the adiabatic speed
of sound vanishes, both at 30 of confidence level. Another example can be found
in [163] where, using WMAP+BAO+HO observations, the EoS at the present time
is given by w = 0.00067+3:999LL.

Highlighting again we have to mention that the asymptotic behavior of the exact
solution at the infinite future, given by (4.5), corresponds to the usual de Sitter
solution, which indicates that this solution describes a dissipative WDM that could
reproduce the same asymptotic behavior of the standard model. As long as the
exact solution tends to this value, the near equilibrium condition Eq. (4.1) can be
satisfied. Of course, the de Sitter solution has a constant temperature, according
to Eq. (4.17) and, since in this case we have a null density and null pressure of
the fluid, the entropy production is zero, according to Eq. (4.22)

We have shown in this thesis that, previously to any constraining from the
cosmological data, the study of thermodynamics consistences required by the
Eckart approach, such as the near equilibrium condition and entropy production,
leads to important constraints on the cosmological parameter, such as the given
one by Eq. (4.24), which implies the necessity of WDM, in agreement with some
previous results found in [162—164]. On the other hand, the constrain (4.7) tells us
that Big-Rip singularities are avoided at late times, if the near equilibrium condition
is preserved. Even though, the exact solution explored behaves very similar to
the standard model, and open the possibility of a more realistic fluid description
of the DM containing dissipation processes, within the Eckart’s framework, giving
us physically important clues about the EoS of this component (v) and the size of

dissipation involved (€,).
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In this sense, this thermodynamics analysis had the aim of finding a model
that satisfies the near equilibrium condition, together with a proper behavior of the
temperature and entropy production, helping us to find the best prior definition for
the cosmological constraints discussed in Sec.4.3.4 .

The result of the cosmological constraint are shown in Table 4.2, as well as their
corresponding goodness of fit criteria and the joint analysis for the SNe la and OHD
data. The difference in the BIC value of 12.6 between the two models is a reflection
of considering a more general theory with two more free parameters (y and
(2, ), than the standard ACDM model (v fixed to 1 and a perfect DM component),
obtaining also a slightly better fit for the combined SNe la + OHD data for the
AWDM model, being in this sense a more realistic model that describes in the
same way the SNe la and OHD data like the standard cosmological model does.

With the cosmological values (), and v at 30 CL obtained with the combined
SNe la + OHD data, we can conclude that the near equilibrium condition is full
satisfies even for a redshift of = = 11 according to Eq. (4.58), and then, and proper
physical behavior of the temperature (decreasing function with the scale factor),
and entropy production (without future Big-Rip singularity), is obtained. Even more,
our data analysis suggest that the actual value of bulk viscosity has an upper limit
of the order of 10°Pa x s in agreement with some previous investigation. It is also
important to mention that, the model theoretically (and even from the cosmological
data) does not rule out values smaller than this, since the space of values obtained
from the theoretical ground at the present time is given by 0 < Q¢, < 1, and allows
in principle, get smaller values, that can be more acceptable from the viscous
hydrodynamic point of view.

Finally, the main contribution of this second study is to show that the inclusion of
a CC allows to fulfill the near equilibrium condition of a dissipative WDM component,
which is not possible if the accelerated expansion is due only to the negativeness

of the bulk pressure, renouncing to a unified DM model but gaining a solution which
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behaves very close to the standard model, with the same asymptotic behavior, and
also describing the combined SNe la + OHD data in the same way as the ACDM.
Besides, the fulfillment of the near equilibrium condition implies a positive entropy
production. Therefore, our exact solution describes a physically viable model for
a dissipative WDM component, which is supported by many investigations that
have extended the possibilities for the DM nature to face tensions of the standard

model.

96



Bibliography

[1]

[2]

[3]

[4]

[5]

[6]

[7]

Adam G. Riess et al. Observational evidence from supernovae for an accel-
erating universe and a cosmological constant. The Astronomical Journal,
Volume 116, Issue 3, pp. 1009-1038, 1998.

S. Perlmutter et al. Measurements of w and A from 42 high-redshift super-
novae. Astrophys.J.517:565-586, 1999.

N. Aghanim et al. Planck 2018 results. vi. cosmological parameters. A&A
641, A6 (2020), .

Shulei Cao, Joseph Ryan, and Bharat Ratra. Using pantheon and des super-
nova, baryon acoustic oscillation, and hubble parameter data to constrain
the hubble constant, dark energy dynamics, and spatial curvature. MNRAS,
504, 300-310 (2021).

Shadab Alam et al. The clustering of galaxies in the completed sdss-iii
baryon oscillationspectroscopic survey: cosmological analysis of the dr12
galaxy sample. Mon.Not.Roy.Astron.Soc. 470 (2017) 3, 2617-2652, .

M. Tegmark et al. Cosmological parameters from SDSS and WMAP.
Phys.Rev.D69:103501, 2004.

G. Hinshaw et al. Nine-year wilkinson microwave anisotropy probe (wmap)

observations: Cosmological parameter results. Astrophys.J.Suppl. 208

(2013) 19, .

97



[8] Martiros Khurshudyan. On the phenomenology of an accelerated large-scale

universe. Symmetry 8 12, 110, 2016.

[9] Varun Sahni. Dark matter and dark energy. Lect.NotesPhys.653:141-180,
2004.

[10] Kazuharu Bamba, Salvatore Capozziello, Shin’ichi Nojiri, and Sergei D.
Odintsov. Dark energy cosmology: the equivalent description via differ-
ent theoretical models and cosmography tests. Astrophysics and Space
Science 342:155-228, 2012.

[11] Shin’ichi Nojiri and Sergei D. Odintsov. Introduction to modified gravity
and gravitational alternative for dark energy. eConf C0602061 (2006) 06,
Int.J.Geom.Meth.Mod.Phys. 4 (2007) 115-146.

[12] Austin Joyce, Lucas Lombriser, and Fabian Schmidt. Dark energy versus
modified gravity. Annu. Rev. Nucl. Part. Sci. 66:95-122, 2016.

[13] Timothy Clifton, Pedro G. Ferreira, Antonio Padilla, and Constantinos Sko-
rdis. Modified gravity and cosmology. Phys.Rept. 513 (2012) 1-189.

[14] S. Nojiri, S.D. Odintsov, and V.K. Oikonomou. Modified gravity theories on a
nutshell: Inflation, bounce and late-time evolution. Phys.Rept. 692 (2017)
1-104.

[15] Sean M. Carroll, William H. Press, and Edwin L. Turner. The cosmological
constant. Annual Rev. Astron. Astrophys., Vol. 30, p. 499-542, 1992.

[16] Steven Weinberg. The cosmological constant problem. Rev.Mod.Phys. 61

(1989) 1-23.

[17] Ivaylo Zlatev, Li-Min Wang, and Paul J. Steinhardt. Quintessence, cos-
mic coincidence, and the cosmological constant. Phys.Rev.Lett. 82 (1999)
896-899.

98



[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

H.E.S. Velten, R.F. vom Marttens, and W. Zimdahl. Aspects of the cosmo-
logical "coincidence problem". Eur.Phys.J. C74 11, 3160, 2014.

H.Mohseni Sadjadi(Tehran U.) and M. Alimohammadi(Tehran U.). Cosmo-
logical coincidence problem in interactive dark energy models. Phys.Rev.D
74 (2006) 103007.

Adam G. Riess, Stefano Casertano, Wenlong Yuan, Lucas M. Macri, and
Dan Scolnic. Large Magellanic Cloud Cepheid Standards Provide a 1%
Foundation for the Determination of the Hubble Constant and Stronger
Evidence for Physics beyond ACDM. Astrophys. J., 876(1):85, 2019. doi:
10.3847/1538-4357/ab1422.

Judd D. Bowman, Alan E. E. Rogers, Raul A. Monsalve, Thomas J. Mozdzen,
and Nivedita Mahesh. An absorption profile centred at 78 megahertz in the

sky-averaged spectrum. Nature volume 555, pages67-70 (2018).

James R. Wilson, Grant J. Mathews, and George M. Fuller.
Bulk viscosity, decaying dark matter, and the cosmic acceleration.
Phys.Rev.D75:043521,2007.

C. M. S. Barbosa, H. Velten, J. C. Fabris, and Rudnei O. Ramos. Assessing
the impact of bulk and shear viscosities on large scale structure formation.
Phys. Rev. D 96, 023527, 2017.

Sampurn Anand, Prakrut Chaubal, Arindam Mazumdar, and Subhendra
Mohanty. Cosmic viscosity as a remedy for tension between planck and Iss
data. JCAP 11 005, 2017.

Miguel Cruz, Norman Cruz, and Samuel Lepe. Accelerated and decelerated
expansion in a causal dissipative cosmology. Phys. Rev. D 96, 124020,
2017.

99



[26] J.C. Fabris, S.V.B. Goncalves, and R. de Sa Ribeiro. Bulk viscosity driving
the acceleration of the universe. Gen.Rel.Grav.38:495-506, 2006.

[27] Baojiu Li and John D. Barrow. Does bulk viscosity create a viable unified
dark matter model? Phys.Rev.D79:103521, 2009.

[28] W.S. Hipdlito-Ricaldi, H.E.S. Velten, and W. Zimdahl. Viscous dark fluid
universe. Phys.Rev.D82:063507, 2010.

[29] Arturo Avelino and Ulises Nucamendi. Can a matter-dominated model with
constant bulk viscosity drive the accelerated expansion of the universe?
JCAP 0904:006, 2009.

[30] Arturo Avelino and Ulises Nucamendi. Exploring a matter-dominated model
with bulk viscosity to drive the accelerated expansion of the universe. JCAP
1008:009, 2010.

[31] Athira Sasidharan and Titus K. Mathew. Bulk viscous matter and recent
acceleration of the universe. EPJ C 75 348, 2015.

[32] Athira Sasidharan and Titus K Mathew. Phase space analysis of bulk viscous
matter dominated universe. JHEP 1606 138, 2016.

[33] Jerin Mohan N D, Athira Sasidharan, and Titus K Mathew. Bulk viscous
matter and recent acceleration of the universe based on causal viscous
theory. The European Physical Journal C volume 77, Article number: 849,
2017.

[34] Norman Cruz, Esteban Gonzalez, and Guillermo Palma. Exact analytical

solution for an israel-stewart cosmology. Gen.Rel.Grav. 52 (2020) 6, 62, .

[35] Norman Cruz, Esteban Gonzalez, and Guillermo Palma. Testing dissipative
dark matter in causal thermodynamics. Mod.Phys.Lett.A 36 (2021) 06,

2150032, .

100



[36] Jitesh R. Bhatt, Arvind Kumar Mishra, and Alekha C. Nayak. Viscous dark
matter and 21 cm cosmology. Phys. Rev. D 100, 063539 (2019).

[37] Sergei D. Odintsov Emilio Elizalde, Martiros Khurshudyan and Ratbay Myrza-
kulov. An analysis of the &, tension problem in a universe with a viscous
dark fluid. Phys.Rev.D 102 (2020) 12, 123501.

[38] Ben David Normann and lver Hakon Brevik. Could the hubble tension be
resolved by bulk viscosity? arXiv:2107.13533 [gr-qc], .

[39] Iver Brevik, Oyvind Gron, Jaume de Haro, Sergei D. Odintsov, and Em-
manuel N. Saridakis. Viscous cosmology for early- and late-time universe.
Int.J.Mod.Phys. D26 (2017) 1730024, .

[40] John D. Barrow. String-driven inflationary and deflationary cosmological
models. Nucl.Phys.B 310 (1988) 743-763, .

[41] L. D. Landau and E. M. Lifshitz. Fluctuations in fluid dynamics, 1959.

[42] Winfried Zimdahl and Diego Pavén. Cosmology with adiabatic matter cre-
ation. Int.J.Mod.Phys.D 3 327-330, 1994.

[43] M. A. Schweizer. Transient and transport coefficients for radiative fluids.
Astrophysical Journal, Part 1, vol. 258, July 15, 1982, p. 798-811, 1982.

[44] N. Udey and W. Israel. General relativistic radiative transfer: the 14-moment
approximation. Monthly Notices of the Royal Astronomical Society 199(4)
1137-1147, 1982.

[45] Winfried Zimdahl. ‘understanding’ cosmological bulk viscosity.
Mon.Not.Roy.Astron.Soc. 280 1239, 1996.

[46] Stefan Hofmann, Dominik J Schwarz, and Horst Stoecker. Damping scales
of neutralino cold dark matter. Physical Review D, 64(8):083507, 2001.

101



[47] R Foot and S Vagnozzi. Dissipative hidden sector dark matter. Physical
Review D, 91(2):023512, 2015.

[48] Robert Foot and Sunny Vagnozzi. Solving the small-scale structure puz-
zles with dissipative dark matter. Journal of Cosmology and Astropatrticle
Physics, 2016(07):013, 2016.

[49] Diego Blas, Stefan Floerchinger, Mathias Garny, Nikolaos Tetradis, and
Urs Achim Wiedemann. Large scale structure from viscous dark matter.
Journal of Cosmology and Astroparticle Physics, 2015(11):049, 2015.

[50] Simone Calogero and Hermano Velten. Cosmology with matter diffusion.
JCAP, 11:025, 2013. doi: 10.1088/1475-7516/2013/11/025.

[51] David Benisty and E. |I. Guendelman. Interacting Diffusive Unified Dark
Energy and Dark Matter from Scalar Fields. Eur. Phys. J. C, 77(6):396,
2017. doi: 10.1140/epjc/s10052-017-4939-x.

[52] David Benisty, Eduardo Guendelman, and Zbigniew Haba. Unification of
dark energy and dark matter from diffusive cosmology. Phys. Rev. D, 99(12):
123521, 2019. doi: 10.1103/PhysRevD.99.123521. [Erratum: Phys.Rev.D
101, 049901 (2020)].

[53] Carl Eckart. The thermodynamics of irreversible processes. iii. relativistic
theory of the simple fluid. Phys. Rev. 58, 919, 1940.

[54] Werner Israel. Nonstationary irreversible thermodynamics: A causal rela-
tivistic theory. Annals Phys. 100 310-331, 1976.

[55] Ingo Muller. Zum paradoxon der warmeleitungstheorie. Z.Phys. 198
329-344, 1967.

[56] W. Israel and J. M. Stewart. Transient relativistic thermodynamics and kinetic
theory. Annals Phys. 118 341-372, 1979.

102



[57] W. Israel and J. M. Stewart. On transient relativistic thermodynamics and
kinetic theory. ii. R. Soc. Lond. A. 357,59-75, 1979.

[58] George L. Murphy. Big-bang model without singularities. Phys.Rev.D 8
4231-4233, 1973.

[59] A. Hernandez-Almada. Cosmological test on viscous bulk models using
hubble parameter measurements and type ia supernovae data. Eur.Phys.J.C
79 (2019) 9, 751.

[60] Jinwen Hu and Huan Hu. Viscous universe with cosmological constant.
Eur.Phys.J.Plus 135 9, 718, 2020.

[61] Mauricio Cataldo, Norman Cruz, and Samuel Lepe. Viscous dark energy
and phantom evolution. Phys.Lett.B619:5-10,2005.

[62] I. Brevik and O. Gorbunova. Dark energy and viscous cosmology.
Gen.Rel.Grav. 37 2039-2045, 2005.

[63] R. Maartens. Dissipative cosmology. Class.Quant.Grav. 12 1455-1465,
1995.

[64] Norman Cruz, Esteban Gonzalez, Samuel Lepe, and Diego Saez-Chillén
Gdémez. Analysing dissipative effects in the A\cdm model. JCAP 12 017,
2018.

[65] L. Herrera-Zamorano, A. Hernandez-Almada, and Miguel A. Garcia-Aspeitia.
Constraints and cosmography of Acdm in presence of viscosity. EPJC 80,
637, 2020.

[66] Rodrigo Calderén, Radouane Gannouiji, Benjamin LHuillier, and David Po-
larski. Negative cosmological constant in the dark sector? Phys. Rev. D
103, 023526, 2021.

103



[67]

[68]

[69]

[70]

[71]

[72]

[73]

[74]

[75]

Ozgiir Akarsu, John D. Barrow, Luis A. Escamilla, and J. Alberto Vazquez.
Graduated dark energy: Observational hints of a spontaneous sign switch
in the cosmological constant. Phys. Rev. D 101, 063528, 2020.

Luca Visinelli, Sunny Vagnozzi, and Ulf Danielsson. Revisiting a negative

cosmological constant from low-redshift data. Symmetry 11 (2019) 8, 1035.

Edvard Mortsell and Suhail Dhawan. Does the hubble constant tension call
for new physics? JCAP 09 (2018) 025.

Yuting Wang, Levon Pogosian, Gong-Bo Zhao, and Alex Zucca. Evolution

of dark energy reconstructed from the latest observations. Astrophys.J.Lett.

869 (2018) L8.

Koushik Dutta, Anirban Roy, Ruchika, Anjan A. Sen, and M. M. Sheikh-
Jabbari. Beyond Acdm with low and high redshift data: implications for dark
energy. Gen.Rel.Grav. 52 (2020) 2, 15.

Abdolali Banihashemi, Nima Khosravi, and Amir H. Shirazi. Ups and downs
in dark energy: phase transition in dark sector as a proposal to lessen
cosmological tensions. Phys. Rev. D 101, 123521 (2020), .

Abdolali Banihashemi, Nima Khosravi, and Amir H. Shirazi. Ginzburg-
landau theory of dark energy: A framework to study bothtemporal and

spatial cosmological tensions simultaneously. Phys. Rev. D 99, 083509

(2019), .

Gen Ye and Yun-Song Piao. Is the hubble tension a hint of ads phase around
recombination? Phys.Rev.D 101 (2020) 8, 083507.

losif Bena, Joseph Polchinski, and Radu Roiban. Hidden symmetries of the
ads(5) x s**5 superstring. Phys.Rev.D 69 (2004) 046002.

104



[76]

[77]

[78]

[79]

[80]

[81]

[82]

[83]

[84]

R.R. Metsaev and Arkady A. Tseytlin. Type iib superstring action in ads(5) x
s**5 background. Nucl.Phys.B 533 (1998) 109-126.

Romuald A. Janik. The ads(5) x s**5 superstring worldsheet s-matrix and
crossing symmetry. Phys.Rev.D 73 (2006) 086006.

C")zg[Jr Akarsu, Suresh Kumar, Emre Ozulker, and J. Alberto Vazquez. Re-
laxing cosmological tensions with a sign switching cosmological constant.
Phys. Rev. D 104, 123512 (2021).

O. Cornejo-Pérez and J. A. Belinchdn. Exact solutions of a flat full causal
bulk viscous frw cosmological model through factorization. International
Journal of Modern Physics D, Vol. 22, No. 6 1350031, 2013.

R. R. Caldwell. A phantom menace? cosmological consequences
of a dark energy component with super-negative equation of state.
Phys.Lett.B545:23-29, 2002.

A. Rest et al. Cosmological constraints from measurements of type ia
supernovae discovered during the first 1.5 yr of the pan-starrs1 survey.
Astrophys.J. 795 (2014) 1, 44, .

Brett Mclnnes. The ds/cft correspondence and the big smash. JHEP

0208:029, 2002.

Shin’ichi Nojiri, Sergei D. Odintsov, and Shinji Tsujikawa. Properties of
singularities in (phantom) dark energy universe. Phys.Rev.D71:063004,
2005.

Mariam Bouhmadi-Lépez, Claus Kiefer, and Prado Martin-Moruno. Phantom
singularities and their quantum fate: general relativity and beyond—a cantata
cost action topic. Gen.Rel.Grav. 51 (2019) 10, 135, .

105



[85] Felipe Contreras, Norman Cruz, and Esteban Gonzalez. Generalized equa-
tions of state and regular universes. J.Phys.Conf.Ser. 720 (2016) 1, 012014,

[86] Felipe Contreras, Norman Cruz, Emilio Elizalde, Esteban Gonzalez, and
Sergei Odintsov. Linking little rip cosmologies with regular early universes.
Phys.Rev.D 98 (2018) 12, 123520, .

[87] George F.R. Ellis, Jeff Murugan, and Christos G. Tsagas. The emergent

universe: An explicit construction. Class.Quant.Grav.21:233-250,2004.

[88] E. Rebhan. 'soft bang’ instead of 'big bang’: Model of an inflationary universe

without singularities and with eternal physical past time. Astron.Astrophys.

353 (2000) 1-9.

[89] M. Novello and E. Elbaz. Soft big bang model induced by nonminimal
coupling. Nuovo Cim.B 109 (1994) 741-746.

[90] Paul Bode and Jeremiah P. Ostriker. Halo formation in warm dark matter
models. Astrophys.d. 556 (2001) 93-107.

[91] H. J. de Vega and N. G. Sanchez. Warm dark matter in the galax-
ies:theoretical and observational progresses. highlights and conclusions of

the chalonge meudon workshop 2011. [astro-ph/1109.3187].

[92] Anatoly Klypin, Andrey V. Kravtsov, Octavio Valenzuela, and Francisco
Prada. Where are the missing galactic satellites? Astrophys.d. 522 (1999)
82-92.

[93] B. Moore, S. Ghigna, F. Governato, G. Lake, Thomas R. Quinn, J. Stadel,

and P. Tozzi. Dark matter substructure within galactic halos. Astrophys.J.Lett.

524 (1999) L19-L22.

106



[94] Oliver Newton, Matteo Leo, Marius Cautun, Adrian Jenkins, and Carlos S.
Frenk. Constraints on the properties of warm dark matter using the satellite
galaxies of the milky way. JCAP 08 (2021) 062.

[95] Matteo Viel, Julien Lesgourgues, Martin G. Haehnelt, Sabino Matarrese,
and Antonio Riotto. Constraining warm dark matter candidates including
sterile neutrinos and light gravitinos with wmap and the lyman-alpha forest.
Phys.Rev.D 71 (2005) 063534, .

[96] Alexey Boyarsky, Julien Lesgourgues, Oleg Ruchayskiy, and Matteo Viel.
Lyman-alpha constraints on warm and on warm-plus-cold dark matter mod-
els. JCAP 05 (2009) 012.

[97] T. Asaka, S. Blanchet, and M. Shaposhnikov. The vmsm, dark matter and
neutrino masses. Phys. Lett. B631 (2005) 151-156 [hep-ph/0503065], .

[98] T. Asaka and M. Shaposhnikov. The vmsm, dark matter and baryon asym-
metry of the universe [rapid communication]. Phys. Lett. B 620 (July,2005)
17-26 [arXiv:hep-ph/0505013].

[99] S. Dodelson and L. M. Widrow. Sterile-neutrinos as dark matter. Phys. Rev.
Lett. 72 (1994) 17-20 [hep-ph/9303287].

[100] X. d. Shiand G. M. Fuller. A new dark matter candidate: Non-thermal sterile
neutrinos. Phys. Rev. Lett. 82 (1999) 2832—2835 [astro-ph/9810076].

[101] K. Abazajian, G. M. Fuller, and M. Patel. Sterile neutrino hot, warm, and
cold dark matter. Phys. Rev. D 64 (2001) 023501 [astro-ph/0101524].

[102] T. Asaka, M. Laine, and M. Shaposhnikov. Lightest sterile neutrino abun-
dance within the numsm. JHEP 01 (2007) 091 [hep-ph/0612182]., .

[103] M. Laine and M. Shaposhnikov. Sterile neutrino dark matter as a conse-

quence of ymsm-induced lepton asymmetry. JCAP 0806:031,2008.

107



[104] Stephane Colombi, Scott Dodelson, and Lawrence M. Widrow. Large scale

structure tests of warm dark matter. Astrophys.J. 458 (1996) 1.

[105] I. Brevik, E. Elizalde, S. Nojiri, and S.D. Odintsov. Viscous little rip cosmology.
Phys.Rev.D 84 (2011) 103508, .

[106] Norman Cruz, Esteban Gonzalez, and José Jovel. Singularities and soft-big
bang in a viscous A\cdm model. Phys. Rev. D 105, 024047, .

[107] Albert  Einstein. The field equations of gravitation.
Sitzungsber.Preuss.Akad.Wiss.Berlin (Math.Phys.) 1915 (1915).

[108] V. Mukhanov. Physical foundations of cosmology. Cambridge University
Press, 2005.

[109] W. de Sitter. Einstein’s theory of gravitation and its astronomical conse-
quences, third paper. Mon.Not.Roy.Astron.Soc. 78 (1917) 3-28.

[110] Barbara Ryden. Introduction to cosmology. Addison-Wesley, 2003.

[111] Steven Weinberg and R. H. Dicke. Gravitation and Cosmology: Principles

and Applications of the General Theory of Relativity. 1973. ISBN
9780471925675, 9780471925675.

[112] Hiroki Matsui, Fuminobu Takahashi, and Takahiro Terada. Non-singular
bouncing cosmology with positive spatial curvature and flat scalar potential.
Phys.Lett.B 795 (2019) 152-159.

[113] Peter W. Graham, Bart Horn, Shamit Kachru, Surjeet Rajendran, and
Gonzalo Torroba. A simple harmonic universe. JHEP 02, 029 (2014),

arXiv:1109.0282 [hepth].

108



[114] Oyvind Gron and Steinar Johannesen. Frw universe models in confor-
mally flat spacetime coordinates. iii: Universe models with positive spatial
curvature. Eur.Phys.J.Plus 126 (2011) 30.

[115] Hawking SW and Penrose R. The singularities of gravitational collapse and
cosmology. Proceedings of the Royal Society of London. A. Mathematical
and Physical Sciences. 1970;314(1519):529.

[116] Geroch R. What is a singularity in general relativity? Annals of physics.
1968;48(3):526.

[117] Ellis G. Singular space-times. Gen. Relativ. Gravit. 1977;8:915.

[118] Sean M. Carrol. An introduction to general relativity, space time and geome-
try. ISBN 978-1-108-48839-9 Hardback.

[119] L. P. Eisenhart. Continuous groups of transformations. corrected ed. Dover

Publications, New york, 1961.

[120] L. Ferndndez-dambrina and Ruth Lazkoz. Geodesic behavior of sudden
future singularities. Phys.Rev. D70 (2004) 121503.

[121] Robert R. Caldwell, Marc Kamionkowski, and Nevin N. Weinberg. Phantom
energy and cosmic doomsday. Phys.Rev.Lett. 91 (2003) 071301.

[122] Pedro F. Gonzéalez-Diaz. k-essential phantom energy: doomsday around
the corner? Phys.Lett. B586 (2004) 1-4.

[123] M. Sami and Alexey Toporensky. Phantom field and the fate of universe.
Mod.Phys.Lett.A19:1509,2004.

[124] Luis P. Chimento and Ruth Lazkoz. On big rip singularities. Mod.Phys.Lett.

A19 (2004) 2479-2484.

109



[125] Robert J. Scherrer. Phantom dark energy, cosmic doomsday, and the
coincidence problem. Phys.Rev. D71 (2005) 063519.

[126] John D. Barrow. Sudden future singularities.
Class.Quant.Grav.21:L.79-1.82,2004, .

[127] Mariam Bouhmadi-Lépez, Claus Kiefer, Barbara Sandhdéfer, and Paulo Var-
gas Moniz. On the quantum fate of singularities in a dark-energy dominated
universe. Phys.Rev.D79:124035,2009, .

[128] Hrvoje Stefancic. "expansion" around the vacuum equation of state - sudden

future singularities and asymptotic behavior. Phys.Rev.D71:084024,2005.

[129] Mariam Bouhmadi-Lopez, Claus Kiefer, and Manuel Kramer. Resolution of

type iv singularities in quantum cosmology. Phys. Rev. D 89, 064016 (2014),

[130] P. A. R. Ade et. al. Planck 2013 results. xvi. cosmological parameters.
Astron.Astrophys. 571 (2014) A16.

[131] Israelit M. and Rosen N. A singularity-free cosmological model in general
relativity. Astrophys. J. 342, 627 (1989).

[132] Blome H.J. and Priester W. Big bounce in the very early universe. Astron.
Astrophys. 250, 43 (1991).

[133] Iver Brevik, @yvind Grgn, Jaume de Haro, Sergei D. Odintsov, and Em-
manuel N. Saridakis. Viscous cosmology for early- and late-time universe.
Int.J.Mod.Phys.D 26 (2017) 14, 1730024, .

[134] N. Cruz, E. Gonzalez, and J. Jovel. Study of a viscous A\wdm model: Near
equilibrium condition, entropy production, and cosmological constraints.
Symmetry 2022, 14, 1866, .

110



[135] Matteo Viel, George D. Becker, James S. Bolton, and Martin G. Haehnelt.
Warm dark matter as a solution to the small scale crisis: New constraints
from high redshift lyman-a forest data. Phys.Rev.D 88 (2013) 043502, .

[136] Takehiko Asaka, Mikhail Shaposhnikov, and Alexander Kusenko. Opening a
new window for warm dark matter. Phys.Lett.B 638 (2006) 401-4086, .

[137] Arturo Avelino, Norman Cruz, and Ulises Nucamendi. Testing the eos of

dark matter with cosmological observations. arXiv:1211.4633.

[138] David Tamayo. Thermodynamics of viscous dark energy. arXiv:2006.14153
[gr-gc].

[139] Miguel Cruz, Norman Cruz, and Samuel Lepe. Phantom solution in a
non-linear israel-stewart theory. Phys. Lett. B 769, 159 (2017), .

[140] Roy Maartens. Causal thermodynamics in relativity. astro-ph/9609119.

[141] W.A. Hiscock and J. Salmonson. Dissipative boltzmann-robertson-walker
cosmologies. Phys.Rev.D 43 (1991) 3249-3258.

[142] Miguel Cruz, Samuel Lepe, and Sergei D. Odintsov. Thermodynamically
allowed phantom cosmology with viscous fluid. Phys. Rev. D 98, 083515

(2018), .

[143] N.D. Jerin Mohan, P.B. Krishna, Athira Sasidharan, and Titus K. Mathew.
Dynamical system analysis and thermal evolution of the causal dissipative
model. arXiv:1807.04041 [gr-qc].

[144] Titus K Mathew, Aswathy M B, and Manoj M. Cosmology and thermodynam-
ics of flrw universe with bulk viscous stiff fluid. Eur.Phys.J.C 74 (2014) 99,
3188.

111



[145] |. Brevik and A. V. Timoshkin. Thermodynamic aspects of entropic cosmol-
ogy with viscosity. Int. J. Mod. Phys. D 30, 2150008 (2021).

[146] Jerin Mohan N D and Titus K Mathew. On the feasibility of truncated israel-
stewart model in the context of late acceleration. Class.Quant.Grav. 38
(2021) 14, 145016.

[147] Iver Brevik. Viscosity-induced crossing of the phantom barrier. Entropy, Vol.
17, pp. 6318-6328 (2015), .

[148] D. M. Scolnic, D. O. Jones, A. Rest, Y. C. Pan, R. Chornock, R. J. Foley,
M. E. Huber, R. Kessler, G. Narayan, A. G. Riess, S. Rodney, E. Berger,
D. J. Brout, P. J. Challis, M. Drout, D. Finkbeiner, R. Lunnan, R. P. Kirshner,
N. E. Sand ers, E. Schlafly, S. Smartt, C. W. Stubbs, J. Tonry, W. M. Wood-
Vasey, M. Foley, J. Hand, E. Johnson, W. S. Burgett, K. C. Chambers,
P. W. Draper, K. W. Hodapp, N. Kaiser, R. P. Kudritzki, E. A. Magnier,
N. Metcalfe, F. Bresolin, E. Gall, R. Kotak, M. McCrum, and K. W. Smith.
The Complete Light-curve Sample of Spectroscopically Confirmed SNe
la from Pan-STARRS1 and Cosmological Constraints from the Combined
Pantheon Sample. Astrophys. J., 859(2):101, Jun 2018. doi: 10.3847/
1538-4357/aab9bb.

[149] Juan Magana, Mario H. Amante, Miguel A. Garcia-Aspeitia, and V. Motta.
The Cardassian expansion revisited: constraints from updated Hubble pa-
rameter measurements and type la supernova data. Mon. Not. Roy. Astron.
Soc., 476(1):1036, May 2018. doi: 10.1093/mnras/sty260.

[150] Jonathan Goodman and Jonathan Weare. Ensemble samplers with affine
invariance. Commun. Appl. Math. Comput. Sci., 5(1):65-80, Jan 2010. doi:
10.2140/camcos.2010.5.65.

112



[151]

[152]

[153]

[154]

[155]

[156]

[157]

Daniel Foreman-Mackey, Alex Conley, Will Meierjurgen Farr, David W. Hogg,
Dustin Lang, Phil Marshall, Adrian Price-Whelan, Jeremy Sanders, and Joe
Zuntz. emcee: The MCMC Hammer. Publ. Astron. Soc. Pac., 125(925):306,
Mar 2013. doi: 10.1086/670067.

Robert Tripp. A two-parameter luminosity correction for Type |A supernovae.
Astron. Astrophys., 331:815, Mar 1998.

R. Kessler and D. Scolnic. Correcting Type la Supernova Distances for
Selection Biases and Contamination in Photometrically Identified Samples.
Astrophys. J., 836(1):56, Feb 2017. doi: 10.3847/1538-4357/836/1/56.

R. Lazkoz, S. Nesseris, and L. Perivolaropoulos. Exploring cosmological
expansion parametrizations with the gold Snla data set. JCAP, 2005(11):
010, Nov 2005. doi: 10.1088/1475-7516/2005/11/010.

Gideon Schwarz. Estimating the Dimension of a Model. Annals of Statistics,
6(2):461, Jul 1978. doi: 10.1214/a0s/1176344136.

Ben David Normann and Iver Brevik. Characteristic properties of two differ-
ent viscous cosmology models for the future universe. Mod. Phys. Lett. A,
Vol. 32, No. 4 (2017) 1750026, .

Ben David Normann and Iver Brevik. General bulk-viscous solutions and

estimates of bulk viscosity in the cosmic fluid. Entropy 2016, 18(6), 215, .

[158] Iver Brevik. Temperature variation in the dark cosmic fluid in the late universe.

Mod. Phys. Lett. A, Vol. 31, No. 8 (2016), .

[159] Paul H. Frampton, Kevin J. Ludwick, and Robert J. Scherrer. The little rip.

Phys.Rev.D84:063003,2011, .

113



[160] Paul H. Frampton, Kevin J. Ludwick, Shin’ichi Nojiri, Sergei D. Odintsov, and
Robert J. Scherrer. Models for little rip dark energy. Phys.Lett.B 708 (2012)
204-211, .

[161] Norman Cruz, Esteban Gonzalez, and Jose Jovel. A non-singular early-time

viscous cosmological model. arXiv:2207.14244v2, .

[162] Christian M. Mueller. Cosmological bounds on the equation of state of dark
matter. Phys.Rev. D71 (2005) 047302.

[163] Suresh Kumar and Lixin Xu. Observational constraints on variable equation
of state parameters of dark matter and dark energy after planck. Physics
Letters B 737 (2014) 244-247.

[164] Daniel Boyanovsky. Sterile neutrinos as dark matter: Alternative production

mechanisms in the early universe. Universe 7 (2021) 8, 264.

[165] L. D. Landau and E. M. Lifshitz. Fluid mechanics, trans. by j. b. sykes and w.

h. reid (pergamon presss, london. 1959.

114



Appendices

115



Appendix A

Friedmann equations and study of

perfect and non-perfect fluids

A.1 Friedmann equations

From Friedman Robertson-Walker metric Eq. (1.2), we can write the components

of g, as .
xta?

1 — kx?

The affine connection is defined as I'%,.

gy = a* (% +k ) gio =0 goo = —1. (A.1)

1 ag)\u ag)\,‘i agun
® = Zght* _
ve = 99 [6:17"“ M Ty
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we calculate the non-zero components of the affine connection and we will have

o — lgoo {8901‘ 9o, agij:| +1 Ok |:agki Ogr;  0gij
ij

) oxi ' Oxt 020 29 oxJ oxi  Oxk |’

_ 1 00 {8901‘ ang _ agi;}

29 100 T ozt 9a0
_ 18913
— Ox0 o
, ka'x?
= aa {(5@- + 1_—]@(2} s
= aaji;. (A.3)

Where g;; is defined as the purely spatial metric and g% is the reciprocal of the
3 x 3 matrix g;; which in general is different from the components i;j of the 4 x 4

reciprocal matrix g, .

; 1 ;010905  9Og0;  Ogo; 1 w1090k Ogr;  Ogo,
. — = i0 J ) ) = ik J J
0j = 99 {&ci T T 90| 729 900 T a0 T a0 |
_ lgik dgor X agkj _ agog'
2 ozl 0z  Ozk |’
1 .
= §glk2ad§zja
1, 5 -
= 5 (a 293) 2aag;;,
a
= —0;;. A4
%5, (A4)

i L [9%m 09 00|
i = 27 ox! * oxi  Oxm| Lo (A-5)

In this last expression re, represent the purely spatial component of the con-
nection. Now, from the momentum energy equation for an ideal fluid given by
(A.47) we have

T = p(t), T% =0, TV = §(x)a2(t)p(t). (A.6)
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We must verify the momentum conservation law 7"#;u = 0, for the case
T 11 is automatically satisfied since the FRW metric is invariant under Lorentz

transformations, therefore the term to verify is

O 8T0H 0 I w0y
0 =T ;M:W_I_FIWT +FMVT y (A7)
o1 y ‘
0 = ——+THT7 +TT™, (A.8)
(A.9)
where we will have
d 3a
d—i+;(p—i—,0)=0. (A.10)
We consider the Einstein field equations given by
1 811G
Ry — R — Mgy = —— T, (A.11)
2 c
where R, is the Ricci tensor given by
ory, ar,, ” ,
Ry, = c’):cAVV _ 895/; + 15,10, =15, (A.12)

The expression (A.11) has ten independent components, considering that each
index goes from 0 to 4. But given the freedom of choice, we have of the four
coordinates of space-time, the independent equations are reduced in number to
six. These equations are the basis of the mathematical formulation of general
relativity. Also, R is known as the Ricci curvature scalar, where if we consider the
contraction over the two indices of Eqg. (A.11) we find that the curvature scalar is
related to the trace of the momentum energy tensor and the CC by

3—23—4/\:—@1 (A.13)
C
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from this last relationship, we can isolate R and we can write the expression (A.11)

equivalently as

8rG 1
RNV + Agl“/ = —C—4 (Tul/ - EgMVT;\) . (A14)

Previously we showed that the affine connection with two or three time-like

indices are zero, so the no null-components of the Ricci tensor Eq. (A.12) are

ore. ory. 3F?-
Rz’j = m { (NS J

K K l K I ) !
0 |9 T ot ]+[P0r + D500, + T =[O, + TG (A15)

ik 50 ik gl J

ory,
ot
Now we use the non-zero equations of the connection to order (A.3)-(A.5), in

Ry = + 19,13, (A.16)

order to obtain the components of the Ricci tensor, in this way the elements we

need are

o S =gy d (ad),

0 o~ .9
« I = gija,

® F%Fél = 3§Z]a2

=3 (2)

« 19,19 =3(%).

a

With these last results we can rewrite the equations (A.15) and (A.16) as

follows

Ry = Ry —2d°gy — aigy, (A7)
d . . 2 .

Row = 39-%43 (9> — 32 (A.18)
dta a a
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where I%Z-j represents the purely spatial part of the Ricci tensor given by

. o) B
_ o ol B A R AN (A.19)

) Ord o ik gl iy Kkl

The purely spatial part of the affine connection it can be obtained from (A.5)

giving us I';; = kx"g;;, with this the expression (A.19) will be

L ory o,

YT 9gi Ol
note that the spatial part of the metric g;; is just ¢;; so the above can be written as

= kéw — Skéw = —2/{5(52']', (A20)

Ri; = —2kgi;. (A.21)

And in this way we will finally have for (A.17) the following expression

Rij = — [2k + 24° + ail], (A.22)

then, we only need to develop the right-hand side of Einstein’s equation (A.14), to

do so we will again use our definitions given by Eq. (A.6) of the form
Too=p, Tio=0 Ti; = G2p§z’j, (A.23)

with this we calculate the right-hand side of (A.14) and we will get

1. . 1 5. 1 -
T - Egija2 (TF +17) = a®pgi; — §a2gij (Bp—p) = B (p = p) @*Gij- (A.24)
The purely temporary part will be
L, o 1 1
T00+§(Tk +TO)P+§(3P—P):§(P+3P)- (A.25)

Finally we will obtain from Einstein field equation, the pure spacial and time

solutions given respectively by

4rGa?
— [2k +20° + ai]] + Aa® = — 7T04a (p—0p), (A.26)
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4G
1

3% —A=-—"Z(3p+p), (A.27)

we rearrange the previous expressions a bit and we will have

% + 242 + 2% = 4”G“ (p—p) + Ad?, (A.28)
a e A
a_ _ o A.2

The equation (A.29) is known as the acceleration equation and the equation

(A.28) can be divided by the scale factor a and we get

2k 24 d_47rG

(p—p)+A, (A.30)

a? a? a

we can now substitute the expression (A.29) into (A.30), which gives us

2k 242 47TG A 4An@G

ek 3 —=

(p—p) + A, (A.31)

finally we order the previous expression

a? ArG 3p p 2k A
2 T 2 (P “3—5)“‘?—5’
242 47TG
@ -
a? 87TG A k
a2  3c P 3 a? (A.32)

Where we now define a*/a* = H(t) which is known as the Hubble constant, in

this way we will finally have

G
3ct

| =

H? =

+
w| =

(A.33)

[\

a .
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A.2 Energy momentum tensor for a perfect fluid

First suppose that we are in a frame of reference (distinguished by a tilde) in which

the fluid is at rest at some particular position and time. At this space-time point,

the perfect fluid hypothesis tells us that the energy-momentum tensor takes the

form characteristic of spherical symmetry

7
TiO

TOO

— 7%=, (A.35)
— (A.36)

The coefficients p and p are called the pressure and the proper energy density,

respectively. If we go into a reference frame at rest in the laboratory, and suppose

that the fluid in this frame appears to be moving (at the given space-time point)

with velocity . The connection between the comoving coordinates #° and the lab

coordinates z“ is then

:EOL

with A(v) the “boost” ” defined by [

= A§(v)z”, (A.37)

]:

A =7, (A.38)
A = (A.39)
i y—1
Aj = 51']' + ’Ui’UjT, (A40)
A? = v, (A.41)
where
=127 (A.42)

T8 is a tensor, so in the lab frame it is

T = A2(v)Aj (v)T7°,
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or explicitly

TV = poy+(p+p)—ts, (A44)
11—
0 V;
= _ A4
+ p) v?

To check that this is a tensor, we note that Eqgs. (A.44)-(A.46) can be integrated
into a single equation
T = pn®” + (p + p) u*u”, (A.47)

where u® is the velocity four-vector

dx _1
u = E = (1 — U2) 2 v, (A48)
dt 1
0 — = (1—02) 2 A.4
u o ( v ) , (A.49)
normalized so that
uu® = —1. (A.50)

Apart from energy and momentum, a fluid will in general carry one or more
conserved quantities, such as the charge, the number of baryons minus the
number of anti-baryons. Let us consider one such conserved quantity, and refer
to it for brevity as the “particle number”. If n is the particle number density in a
Lorentz frame that moves with the fluid at a given space-time point, then in this

frame the particle current four-vector at this point is
N’ =n N =0. (A.51)

In any other Lorentz frame, in which the fluid at this point moves with velocity

v, the particle current is related to Eq. (A.51) by the “boost” A(v)

[NIES
~

N' = A4(v)N? = A{N° = (1 — %) 2 v'n, (A.52)

N = AY(v)N? = AN = (1 —v%) 7, (A.53)

N
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or more directly
N® = nu®. (A.54)

A.3 Energy momentum tensor for a non-perfect flu-
ids

We suppose that the presence of weak space-time gradients in an non-perfect
fluid has the effect of modifying the energy-momentum tensor and particle current
vector by terms AT*? and AN, which are of first order in these gradients. Instead
of (A.47) and (A.54), we then have

T = pn*® + (p+ p)u®u® + AT, (A.55)

N® = nu®+ AN (A.56)

Once we allow such correction terms, the general practice is to define p and n

as the total energy density and particle number density in a comoving frame

™ = (A.57)
N = n (A.58)

It is necessary in a relativistic fluid to specify whether «“ is the velocity of
energy transport or particle transport. In the approach of Landau and Lifshitz
[165] u® is taken to be the velocity of energy transport, so that 7°° vanishes in
a comoving frame. In the approach of Eckart [53], u® is taken to be the velocity
of particle transport, so that it is V! that vanishes in a comoving frame. The two

approaches are pefectly equivalent, therefore considering the Eckart’s approach
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we have for a comoving frame

N =0. (A.59)

A comparison of (A.57)-(A.59) with (A.55) and (A.56) shows that in a comoving

frame, the dissipative terms AT’ and AN are subject to the constraints

AT = AN = AN' =0, (A.60)

and therefore, in a general Lorentz frame

wuP AT, = 0, (A.61)
AN® = 0. (A.62)

All effects of dissipation thus show up as contributions to AT*%. Our task is
now to construct the most general possible dissipative tensor AT** allowed by Eq.
(A.61) and by the second law of thermodynamics.

To this end, let us calculate the entropy produced by the fluid motions, we start
by contracting (which means doing a sum over repeated indices) the conservation

law of energy and momentum for a perfect fluid Eq. (A.47)

0 Op 0
_ aB( a, B
0= 557" @) = 5=+ 55 (o +p)ue’], (A.63)
with u,, and using the relation
0 N ou”
0= @ (uau ) 2uaw, (A64)
we get '
oT8
0= g
dp 0
_ B _ 8
0 = u 5~ Baf [(p+p)u’]. (A.65)

'A term of the form u, 45w + uauag%ﬁi appears, and then, by Eq. (A.64) the first term is zero,

and a minus sing appear from the second term according to restriction Eqg. (A.50)
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From Eq. (A.55) together with Eq. (A.62) we get also the follow conservation
equation
ON® 0

0= W a[L‘O‘ (TLU ) (A66)

with this we can express Eq. (A.65) as

Op 0 (p+p
— B _
0 = u [8:1:5 naxﬁ( - )], (A.67)

0 = —nu’ {p% (%) + % (5)] . (A.68)

The Second law of thermodynamics tells us that the pressure p, the energy

density p, and the volume per particle 1/n may be expressed as functions of the

temperature T and the entropy per particle ox, in such a way that

kTdo = pd <%) +d (5) ;

do 0o (1 a (p
—— d? = L B
i Poes ( )d t 528 ( ) dz
do 0 (1 a (p
Lo = Porp (5) + a0 (7). (A-69)
where « is the Boltzmann’s constant. If we substitute Eq. (A.69) in Eq. (A.67) we
get
do
0 =— Ti (nou®) (A.70)
= KR axa nou ). .

where in the last step we use the conservation Eq. (A.66). By therefore, from

(A.65) we can write the general result

0
af a, B _ -
Uas 5 [pn? + (p + p) uu’] = KTax (nou®). (A.71)

By therefore, if we consider a first correction term in the energy momentum

0

tensor, in order to satisfy Eq. (A.65) the following expression must be satisfy

0 N 1 0 N
e (nou®) = KTUQWAT g (A.72)
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or equivalent

05« 1 du 1 0T
- __ @ af |~ 7 ap
I e AT + = 507 U AT, (A.73)
where
S = nrou® — T~ ug AT, (A.74)

The entropy density in a comoving frame is nxo = s°, so we may interpret S
as the entropy current four-vector, and Eq. (A.73) thus gives the rate of entropy
production per unit volume. The second law of thermodynamics then requires
that AT% be a linear combination of velocity and temperature gradients, such that
the right-hand side of (A.73) is positive for all possible fluid configurations. Note
that this is only possible because we have included the second term in Eq. (A.74)
without this term, 05*/9z* would not be simply quadratic in first derivatives, and
hence could not be positive for all fluid configurations.

It is convenient at this point to go over to a comoving frame, in which «* is given
by v* = 1 and »’ = 0 at a given space-time point P. From (A.67), it follows that
in this frame, all gradients of «° vanish at P. Setting u*,0u’/0z® and AT equal
to zero in Eq. (A.73), we find that in a Lorentz frame comoving at P, the rate of

entropy production per unit volume at P is

== (?Uz 4 :Faxz‘) AT — S AT, (A.75)

This last expression has to be positive for all possible fluid configurations, then

we must define

AT = —y (ar + TUZ> : (A.76)
ox’
y ou; Ou; 2
i v J _ IV -wds ) — C WO
AT n (8967 + prs 3V u51]> EV - ud;;. (A.77)
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with positive coefficients

x>0, n>0, £>0, (A.78)
so that (A.75) reads
ZS = % (VT +Tu)’ (A.79)
xa
n ou; 81@_2 o ou; 8uj_g B
T (axa‘ Tow 30V ) \Gw T w30 Ve) (A80)
+ %(Vu)z > (. (A.81)

Except for the relativistic correction 7T in (A.76), the form of (A.76) and (A.77)
is the same as in the nonrelativistic theory of non-perfect fluid [165], and we
therefore may identify y,7 and £ as the coefficients of heat conduction, shear
viscosity, and bulk viscosity.

It now only remains to translate our results from the forms of the four velocity
and Egs. (A.60), (A.76), (A.77), which are valid only in comoving frames, to forms

valid in general Lorentz frames. To do so, let us define a shear tensor

= — + 2 — —pug—o, A.82
Was 818 | oze 3710 ( )
a heat-flow vector
or ou
= 4+ T7—4u A.

QCM axa + amﬁu’ Y ( 83)

and a projection tensor on the hyperplane normal to u®
Hag = Nap T+ UaUg. (A84)

It is straightforward to check that in a comoving Lorentz frame, our Egs.
(A.60),(A.76),(A.77) for AT*? are satisfied by the tensor

ﬁ&ﬂ.

AT = —nH* " H* W5 — x (H*’ + H ') Q. — EH® o
T

(A.85)
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Since this expression is Lorentz-invariant, and valid in a comoving Lorentz
frame, it is valid in all Lorentz frames. In general the coefficients x7T' , n, and &
might be expected on dimensional grounds to be of the order of the pressure, or

the thermal energy density, times some sort of mean free time.
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Appendix B

Singularities for a cosmological
model with inhomogeneous

equation of state

In this part of the appendix, we will present a model discussed in [83], with the
aim of complete the discussion of the different types of singularities discussed in
chapter 3.2. In [83] it is shown that, dealing with nonlinear equations of state one
can see that other kind of singularities appears. The following notation corresponds
to the original notation of the authors, where is consider the simple case of a linear
EoS for matter content given by p = wp, then, for a non-phantom fluid (w > —1)
one obtains a Big Bang singularity, while for a phantom fluid w < —1 the singularity
is a future Type | (Big Rip). Hence, in order to obtain the other type of singularities
the authors consider phantom fluids modeled by non-linear equations of state
given by

p=—p—f(p), (B.1)

where f is a positive function, and has the the following form f(p) = Ap* with A > 0.
In this case, from the conservation equation 'p = —3H(p + p) and the Friedmann

equation H? = xp/3, where xk = 87, one obtains the following dynamical equation
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p=3rAp*tz, (B.2)
whose solution is
ERA (4 g0) (1—20) +p2 | whena #£1,

poeY/3rAt=to) when o = 2

ol

The authors, integrate the conservation equation , to obtain the scale factor using

Eq. (B.3), resulting in

ﬁ (po - P(l)fa)] when a # 1,

—ap <p_p0) ’ when a = 1.
Then, we have the following different situations (see also [39]):

1. When % < a < 1,0ne has future1 Type | singularities, since in this case p, p
H _ 2
and a diverge at t, =ty — e 1 5= > Lo

2. When a < 0 we have a past singularity of Type I, since the energy density

2

vanishes for ¢, = t, — T3nA o

< to, implying that the pressure diverges at
t =t

3. When a > 1, the energy density and the pressure diverge but the scale factor

remains finite at ¢t = ¢,, implying that we have a future Type Ill singularity.
4. When 0 < a < 1 there are two different cases:

(a) =5 is not a natural number. One has a past Type IV singularity at

1

7704

ts =10 — \ﬁAl 200

> to, , Since higher derivatives of H diverge at ¢t = ¢,

(b) - is a natural number. In that case there are not any singularites and

—

the dynamics is defined from ¢, = t; — \/327A ﬁ“_m > to, , Since higher

derivatives of H diverge att =t¢,t0t — oo
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Appendix C

Exact solutions

C.1 Differential equation for H ()

In Eckart’s theory the field equations in the presence of bulk viscosity are

9 a2 p A
(=L 2 N
H (a) 3+3’ (C1)
a . 1 A
S H4+H=—= Pep) + 75 C.2
» + G (Pt 3P ) + 3 (C.2)

where the “point” represents a derivative with respect to cosmic time ¢, a is the

scale factor, H is the Hubble constant, and P, is an effective pressure given by
Pepp = p+ 11, (C.3)
here viscous pressure is defined as
II = —3H¢. (C.4)
The conservation equation is given by

p+3H(p+p+1I) =0. (C.5)
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We insert (C.1) into (C.2) and we will get

- p AN -1 A
H+ly2 -2 Po) + 2, C6
tgtg =+ 3hyy) 3 (C.6)

we use (C.3) and we will get

Hel = L3,
B4l = (o430 -3HE),
Fel = LD 3HEm,
H+§+g = —%(p—i%Héopm),
: HEgp™
H+g _ _(7—21)P+3H§0P 7
2H + p+(y—1)p— SHG™ (C.7)
From the equation (C.1) we have
p=3H*—A (C.8)
we substitute this previous result in (C.7) and we will get
2H + 3vH? — 3§ H(3H* — A)™ — Ay = 0. (C.9)

We write this differential equation in a dimensionless way as follows, we divide

(C.9) between 3H, and we will obtain

2F

= VE? — 3 H" T E (E? — Qpy)" — Qv =0, (C.10)
where we have adopted the following definitions
_ H@
E = T(), (C.11)
A
T = Hgt. (C.13)
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It is important to mention that, the “dot" here represents a derivative with

respect to 7' = H,t. If we define the following expression

Qe = 3"EHT (C.14)

then, we can write (C.10) as follows

25 m
? + ’}/E2 — Q{OE (E2 — QAO) — QAO"}/ = 0. (015)

C.2 Solution to the viscosity-free model, ACMD

Since we are interested in comparing our solutions of the equation (2.7) for different
values of m with the standard model ACDM, we show below the solution for H (t)
and «a(t) with the initial conditions H(t = 0) = Hy and a(t = 0) = 1, for the case
without dissipation (¢ = 0). Therefore, we will obtain by solving the differential

equation (2.7)

2H +3vH?> — Ay = 0,

2H = ~A—3yH?

2 dH
;/A_—gm = trc
2 dH

To solve the integral (C.16) we make the following change of variable

\/%H = tanh @, (C.17)

dH = \/g sech® (6) d), (C.18)

with which we have
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we substitute in Eq. (C.16) and we get
/ sech” 0d6
— = t+C
3A / 1 — tanh?6 T
\/ N /d9 =t+C,
\/ 3A0 =t+C.

we use (C.17) in (C.19) and we will get

2 /1 /3
—\/ = h —H| =
e arctan < A ) t+C,

arctanh <\/7H> = W 7 2/\07

we can write the above in a dimensionless way and we will obtain

E\ 7T3\/_9A+73\/_QAC
Vo) 2 2

then, we will have from (C.21)

arctanh (

E = /Q, tanh {SW\Z/Q_A (T + C)] .

(C.19)

(C.20)

(C.21)

(C.22)

We calculate the constant C' imposing as boundary condition that in 7" = 0 we

have £ = 1 and with this we will obtain from (C.22) the follows expression

v/ tanh {%] ,

2 arctanh ( ! ) =C
RORVALIN VAN ’
substituting this into (C.22) we will get

E = +/Q tanh (37 5 + arctanh (

7))
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The next step is to find the scale factor from the previous expression, for this we
remember the definition of £ and we will have

_H(t)_(%)_da 1 _ da 1\ dal
E= Hy, Hy, dt\a-Hy) dt-Hy\a) dTa’ (C.25)

then by substituting this in (C.24) we will have

a T /
/1 % = /0 v/ Q4 tanh {w + arctanh <\/§2_A)] drT, (C.26)

to solve the right-hand integral we make the following change of variable (the

integral on the left side is trivial)

u= ST + arctanh ( ! , (C.27)
2 VA
du DY OT
2
2du
=T, C.28
WO (C.28)

We substitute this into (C.26) and we get

Ina— /OT /Ox tanh (u) (372%) |

o (T

Ina = —/ tanh(u)du,
37 Jo
2

Ina = 3 <ln (coshu)|0T> ,

a2 (o (o (YT s (1)) - et (s (1))

9 (1 (cosh (@ + arctanh ( \/slT)
n

()

o(T) = ( <cosh (@ + arctanh < 51)A>>)) " ' (C.29)

1
cosh (arctanh (x/TT)

>

lna =

3

We can write in a simpler way if we rename
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_ VAT VQQAT, (C.30)
y = arctanh (\/LQ_A) (C.31)

and we will have from Eq. (C.29)

o(T) = (cosh(a:er))?’z’Y’

coshy

o(T) = (coshx -coshy + sinh z - sinhy) & |
coshy

a(T) = (coshz + sinh z - tanh y)% :

o) = (o (@) +sinh (W) tanh (aretant (- )))

2

o) = (o BV ¢ (VY (s (1))

finally we will have

ol sinh (38T %
a(T) = (cosh (M> + < : > ) . (C.32)
2 Qp
C.3 Exact solution m =0
From Eq. (2.7), for the case m = 0 we will have
2H + 3vH? — 36H — Ay = 0, (C.33)
we divide by 3y and we will have
2 g S A (C.34)
3y vy 3

From here, we solve the integral, for three different cases where (2.14) is

greater than, equal to, and less than zero.
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C31 Ay>0

From Eq. (C.34) we will have

dH —37t
/HQ_M_AZ 2 O (©.35)
o 3
we will complete squares in the denominator
dH -3t
/ > _@H _ A, & _ & 27 +C (C-36)
B =Sr =5t —ap

we regroup terms and we will have
dH =t

/i(%+(%)2)+<1{5_2>2 2

We observe that in the first factor the discriminant expression (2.14) is formed,

+C. (C.37)

we can also make the following change of variable v = H — &,/2~ and we will have

du =0t
/_%JFUQ— 9 +C, (C.38)
now, we factor by —4A,
—1 du =37t
4Ao/ _%— 5 + C, (C.39)

we do a trigonometric substitution

u = 1/%tanh9, (C.40)
du = \/%sechQQdé. (C.41)

With this we will have from Eq. (C.39)

_4\/A0 sech? df =t LC
2A¢ J 1—tanh?9 2 ’
-2 —3t
ad = ——+C
NS y T
—2 =3t
0 = —+C,
VDo >

(C.42)
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using (C.40) we will have

-2 2 —3t
—— arctanh . ﬁ

VA, VA, 2
We use our definition of u = H — £,/2~v and we will have
~ 2H-g)
2 arctanh ( ) St +C,

V&g N 2

2 (H - 5‘3) 3vv/Aot
——= - tan( o O) , (C.44)

from the previous result, we obtain an expression for H

\/QA_Otanh (3%/_ ) 4 & (C.45)

+C. (C.43)

Aot
C
4 + 27’

H =

we calculate the constant C', considering that in t = 0 we have H = H, and we get

VA
Hy, = 5 % tanh (

€o
+C)+27,
2H, — &
C = arctanh T , (C.46)
0

our exact solution will finally be

VA, VA, 2H, — &
7= Y20 (2B 4oarctanh | —— 2 | ) + o
2 4 AV AO 2*}/

(C.47)

We will obtain the scale factor remembering that # = a/a and we will have

da o AV AO 3’7\/ Aot 2H0 - 570 60
/; = / ( 5 tanh ( 1 -+ arctanh W + % dt, (C.48)

to solve the right-hand integral we make the following change of variable (the

integral on the left side is trivial)

VAg 2H, —
w = 2 4A0t—|—arctanh (%) (C.49)
du = 37\?“@. (C.50)
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And so we will have from Eq. (C.48)
Ina = AO( 1 )/tanhudu—l—%%—a
i

2 3")/\/ Ao
Ina = o ( 1 )/tanhudu—l—@vLC,
2 37V Ag 2y
2 t
Ina = —lncoshu—l—gl—l—C, (C.51)
37 2y

using (C.49) and canceling the logarithms we will have from the previous expres-

sion
N 2H, — 2\ \ ¥ /
a = cosh (37 1 %" + arctanh (ﬁ)) exp (%) C. (C.52)
We find the constant C' considering that in ¢ = 0 we will have a = 1 and with this,

the result will be

2Hy — £\ \®
1 = cosh | arctanh T C, (C.53)
0
2H, — £ 5
C = cosh [ arctanh A : (C.54)
Therefore the scale factor for this solution, will be from Eq. (C.51)
_% 3y
cot cosh (?”Tm + arctanh (H\I;E)” ))
a = exp (2—) p— : (C.55)
7 cosh (arctanh (ﬁ))

C32 Ay=0

The case in which the discriminant is equal to zero implies a very particular value

for the CC, from (2.14) we will have

A 2
3= —45—72. (C.56)

From (C.35), we substitute this last expression and we will have
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dH —3vt
/ 2 = —7+C7

H
HE -S54+ 3 ’
/ dH B —37t+0
fH &-2 - I
H? — 2l 4 2
dH —3t
[ St C57)
CE
2y

we make the change of variable v = H — §,/2v and we will have from Eq. (C.57)

15 B % ¢
(%)

50) 1
H—-—=>—) = C.58
( 27y %+C’ ( )

C=—" . (C.59)

H — 2y 2y 2
3yt ’
Bt (H - g_o) +1
H, + 3t&o (H §0>
H = il , (C.60)

then, we will have the following solution for the Hubble parameter

 4H) + 3G (HO — g—g)t

H—
69t (Ho— §2) +4

(C.61)
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From Eq. (C.61) we calculate the scale factor
4H0+3§0< 0—£—°>t
Gyt (HO . ) +4

da / (4Ho + 3¢ (Ho— &) t) . e

| -

We do partial fractions on the right side and we will have

o 4-%)
Ina = / (% + o (H i“’g_g) t) dt, (C.63)

the first integral on the right hand side is trivial and for the second factor we make

the following change of variable

u = 4+6vy <H - 2%) t, (C.64)
v _ g (C.65)
6y (H - )
with this we will have from Eq. (C.63)
_ &, d_u

Ina = 2 t+ 37 + C,

Ina = @t+—ln(4+6fy([-[ 50) >+C (C.66)
2y 3y 2y

For the constant C' we consider that in ¢ = 0 we will have « = 1 and in this way

we will have C' = —In 4, then the previous results becomes in

50 3y o

Finally we cancel the logarithms and we will obtain
a = exp {@} {% (H 50) + 1] " (C.68)
2y 2 2y
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C.33 A() <0

It is possible to develop the integral (C.35) again, but now considering that the

discriminant given by the expression (2.14) is negative, however it is easier if from

Eq. (C.47) we make the following change Ay — —A( and we will get

2H, — &

y

V1]

5 — ~VIA
2

37/ | Aot
tan (% — arctan (

§o

)+

2y

(C.69)

From Eq. (C.55), we will have a scale factor given by

ik

A 3
cos 2yl 0|T — arctan : =
Qe ! | Ao
a(T) = exp ZT —o

)

cos |arctan 2—f
|20

C.4 Exact solutionm =1with A >0

From the equation (2.7) we will have for the case m =1

2H + 3yH? — 3&H (3H* — A) — Ay
2H + v (3H? — A) — 3&H (3H? — A)
20 + (3H? — A) (v — 3&H)

2H + 3 (H2 — é) (1 — 3€—OH)
3 gl

: (C.70)

(C.71)

From this last result, we obtain the following integral to be solved

3ty
2

/ dH
(H2—4) (1-32H) N

+C,

(C.72)

We focus on the left-hand side and rewrite using partial fractions we get
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e |

3H2 — A

9¢2ydH / 3v2dH
v —3H¢&)
9¢2vdH B 3_72

(7? —311\ ()% [/(

OH~EdH
(3H2 — A)} ’

OHedH

(C.73)

/ dH n
v — 3H&) A —?’Aﬂ

3H2 — A)

We have 3 integrals to solve so we will make some changes of variables

described below

first integral

second integral

third integral

u = v—3H¢

H = \/gtanhﬁ

ZdH = sech?0db

v = 3H?>-—A
dv
— = HdH
6

Table C.1: Changes of variables for the solution (C.73)
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We substitute these changes of variables in (C.73) and we will obtain

oL | % [ / s 08 gen, IE
2 (72 - 3A€2) 3¢ 1 — tanh”6) 6 v |’
3t 1 sech? 0df 3507
_2n = | —3&In( l
2 ¢ (72 — 3AE?) 3607 In{u \/> / sech? @ 2 n(v)
37t 1 3807, 2
- - - H?>— A
5 +C CEETYE) 3¢ yIn (v —3HE)) — /9039 + ——In(3 ),
3t 1 72 HY | 3% >
- +C = m —3&yIn (v —3HE) — F arctanh <§) + In(3H*—A) |,
L 3
t+C ! 6% In (7 — 3HE) + 2—— arctanh [ 21 ) — 3¢, (302 — A)
= 1% n(y— —= arcta - | — - .
37-3Ag) | L
3

(C.74)

We will write this expression in a dimensionless way, we will use the definition
Q¢, = 3¢ H,, which corresponds to the case m = 1 from (C.14). The constant C

can be fixed considering that in ¢ = 0 we have H(0) =

2Q,v/ 2 In <“f QgE) g, v/ In < —QA) N 2y arctanh(\/%To) 27y arctanh(\/éTo)

H, and we will obtain

t =

3Hyy/ Qg (12 — 920, 3Hor/Qny (72 — Q20,)  3Hon/Qny (72 — Q2. 0,)

(C.75)
we rewrite using logarithms and use that 7' = Hyt and we will have
(1-Q4y ) (y—EQe, ) (v/ 1) (/o +E)
T - o o8 ( B2 ) 0%, )2 ) Viog (W DWEEN) 6 e
3/, (72 — 2y, 3y, (V2 —Q2Q,) '
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C.5 Exact solutionm =1with A <0

From the expression (C.76) we make the change ,, — — |Q4,/, therefore we will

have

(14|24, ) (v—EQ¢, )? ) ~log ( (’ V1940 ’_1> (iv |90 ""E) )

Z‘Q&) ‘QAO‘ log ((E2+|QA0|)(’YQEO)2 (i\/lQAO|+1> (i\/‘QAO’fE>

+ ;
3in/1Qn,| (72 + Q2 [, ]) 3iy/1Qn,| (72 + Q2 [, )

(C.77)

T =

we simplify the < and we will have

(1+]24, ) (7= B¢, )? : (i\/mH) (iV |QA0’_E)
Q§0 V |QA0‘ 10g ((E2+|QOAOD("/_Q;)2> 1y 10g <(i\/|QAO|—1> (i\/|QA0’+E)

+
3\/ ’QA0’ (72 + Qg ’QAol) 3\/ ’QAol (72 + Qg ’QAol)

(C.78)
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Appendix D

Solution for ~, ;¢

Here we will study the expression for ~. ;. To simplify the study we will make use
of the following change of variable o’ = p+ A and p’ = p — A in Egs. (2.2)-(1.5)
and we have

g o= L D.1
. (0-1)

HyH — —@. (D.2)
The effect of viscosity is introduced from the equation (2.4) and for a barotropic

fluid it is obtained
11

'Veff:7+;a (D.3)
using (D.1) we get from the previous expression

11
Veff =7V T 3H2’ (D.4)

We use Eq. (D.2) to find an expression for IT and we will get

H+H? = _M
6 )
: 1
H+H> = —5 (3H? + 3P +31I) (D.5)
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where in (D.5) we have used the equations (C.3)-(D.1), then we will have

H+H? = %(H +p + 1),

H+H? = %(HM (v=1)p +10), (D.6)
H+H> = %( 1)3H* +11) , (D.7)
2H +2H?> = —H? —3wH2—H—2H. (D.8)

Where in (D.6) we have used the Eos, and in (D.7) we have used Eq. (D.1). With

all this we finally have an expression for IT from Eq. (D.8)

I = —3H*>-3(y—1)H?>—-1-2H,

I = —3yH?-2H, (D.9)

We substitute (D.9) in Eq. (D.4) and we will get

I
Yeff = 7+@’
—3yH? —2H
Yerf = VYT apr
2H
Yeff = V7T 3
Veff = —;—;- (D.10)

In a dimensionless way we get

2 (E
erff = ? <ﬁ) . (D11)

D.1 . form=0,and A, =

Using Eq. (C.61) we have

an 395( —2—5) _(4+395(1—§—§)T>(67( _‘;—5)) o1
T gvey(1-5¢)T (4+6v(1- %)T)Q '
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o <4+39g (1—‘;—5)T>2
- <4+67(1—2—§)T>2‘

Then, the result for 7., Eq. (D.11) will be

z(<4+6v<12—s>T>3ﬂs<18—s> (0 (1-%)) )

(D.13)

1 2

Qe Qe
4 -2 )7 )30, [1-22) =
(+67( 27) )35( 27)

_ 2 (% - 1>2 , (D.14)
T\ (1430 (1- %) T>2

Veff = : (D.15)
(
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D.2 . form=0,and Ay <0

Using Eq. (C.69) we have

Q 2
dE A 2-=
B _ 31180l o (35 Ayt —arctan [ —= | | . (D.16)
dT 8 4 ‘ /A

—\/|A 371/ | Aolt 9 L
E? = ‘ O‘ tan J — arctan | ——% + L ) (D.17)
2 4 |Ao| 2y

Then, the result for Eq. (D.11) is direct and we will have

- = _2%\\?
o v | Ao | sec <arctan (%’y |Ao|T — 2|AV|))
off = — e = ° . (D.18)
3E2 /5] - _ % 2
4 (g—j — #tan (%71 /|Ao|T — arctan (2\/& )))
D.3 Yeff form =1
From expression Eq. (C.15) given by
2F m
?+7E2—Q§ (BH? = A)" — Qpyy =0,
we isolate £ and substitute in (D.11) and we will obtain
E? —Q:E(E?-Q0)" =9
Veff = u B 5 ») M, (D.19)
E
for m = 1 and positive CC
VE? — Q:E (B2 — )" — Qpy
Yeff = 2 ’
Q0 Q
’Yeff =7 — QEE + ¢ AY - AY (D20)

E E?°

150



For m = 1 and negative CC

QES QA’)/ QA’}/
s =7 — 0 - Sl 0] (D21)

in a Big-Crunch singularity £ — —oo ' which leaves us for both expressions Eq.
(D.20) and Eq. (D.21) vesr — o0

'For m = 0 we get from Eq. (D.19) vepp = v — % — QEAJ and in a Big-Crunch singularity

E — —o0, by therefore we will get verr =
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Appendix E

Mathematical stability

Using Eq. (4.12) in (2.7) for the case m = 1 we will get the following differentials

equation

2H+2h+3y (H? + 2Hh)—3&H [3 (H? + 2Hh) — A]—3&h [3 (H? + 2Hh) — A]—Avy =0,
(E.1)

using the equality Eq. (2.7), we can reorder the previous expression as follows

2h + 6y Hh — 18 H?h — 9&0H?h + 36Ah = 0,
2h + 6yHh — 276 H?h + 3¢Ah = 0,

27¢oh (6yH ., 3A
_H2L ) —
2 (27g0 o7 0
o6k [, 2yH A
i — g2 - ) = E.2
: ( 13 - E2)

In principle, we must solve

B 27, 2y A

But we don’t have an expression for E(T'), explicitly, therefore, we start our
study from Eq. (E.2)

j - 2 (H(t)2 =2 ) - g) h=0, (E.4)
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and we change the integration variable from ¢ to E, for this propose we use (C.15)

for the case m = 1, which is given by

2F
3
2F
3
2F
3

+ ’7E2 — Q&)E (E2 — QAO) — QAO’)/ = 0,
+ (B> = Q) — EQg (E* — Qa,) =0,
+ (B = Q) (v — EQg,) =0,

therefore we have

B=—S (B2 =00, (v — F%) (E.5)

We write (E.4) in a dimensionless way and we will have

dh 9 (o 29E  Qy,
_ E?2_ 2= _ h = E.6
ar 2 ( 30, 3 0 (E.6)

to change the integration variable from ¢ to E, we rewrite Eq. (E.6) as follows

) Q
dh o K (o 298 Q) : (E.7)
dE 2

using (E.5) in the previous expression and sorting a bit we will get

dh (0, + 27E — 3E%0¢,) h

20 E.8
dE = (B = 0a,) () — B0 &9
We can separate into partial fractions and we will get
dh Qp 2F
o0 o _ E.
dE EQ&) -7 QAO — E27 ( 9)
Therefore, we have to integrate
dh Qp 2F
— = L — E E.A
/ h /(EQEO_’V QAD_EQ)d ’ ( O)
and we get
Inh =In[(EQ —7) (2 — E?)] +C. (E.11)
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It is important to note that we must be careful with the initial condition that we
will take before canceling the logarithms, because if we consider £ = 1 as the

initial condition, we will obtain
Inh =1In[(Q —7) (2, —1)] + C, (E.12)

note that the second parenthesis inside the logarithm is always negative, because
given the Friedmann equation (2.2) §2,, cannot be greater than one, so again it is

required that from the initial instant 7 = 0 we need to consider

Qe, <. (E.13)

Otherwise, the result of the logarithm will be imaginary and we will not be able
to speak of stability, which is reasonable considering that the condition (E.13)
assures us a regular universe. Therefore, as long as we take into account (E.13)

we can cancel the logarithms without problems and we will obtain

hWE) =C (EQg —7) (Q, — E?). (E.14)
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Appendix F

Temperature

For the study of viscous fluids in the Eckart framework, the Eq. (4.17) is given by

orT 0P,
- T ff

or
n—+ (p+ Poys) — = : F.1
(p+ Peyr) o 9 (F.1)

on

which will give us, using Eq. (2.4) and the Eos, the follows result

orT oT oOH
WG 00— 3HE) G =T (1) = 3He 30 | (F2)
using Eqg. (4.20) we will get the following
oT a dp dT op\ OT [ OH |
FL (2Pt L OPY T |y -1 - 3HE — 3¢0p
"on Tt ( 30T da ”an) dp _7 3HS — 3Lop ap |’
T dp  adT opol [ OH |
"Spn  3da  ondp T _7 1 —3H& — 3&p o
adT [ OH |
“3da T _7—1—3H§0—3§0P8—p_ ;
dr 3d OH
oo 2y s (H+pSR )| L (F3)
T a dp

From the conservation Eq. (4.31) we have

dp _ 3da
G -3&)p o (F4)
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we substitute this expression in (F.3) and we get

ar dpr =136 (03]

T P (-3Hg) ’
ar - dp (7—3H§0)_1+3§0P87H
T p _(’7—3Hfo) (v —=3H&) |’
[ 1432
AT _ dp |y 1E5y, (F.5)
T p | (y—3H&)
Note that, if we consider £, = 0 in the previous expression we will get
dT’ _ dp (7__1) ’ (F.6)
r p g

expression that corresponds to an ideal fluid [138]. To solve Eq. (F.5), we use Eq.

(2.2) and we see that %i[f = -, by therefore, Eq. (F.5) will be

ar - _ @ll_ﬁ
_ ( |

T p v —3H&)
dT dp [,  2H+&p
T ) [1 2H (v — 3H§0)] : (F7)

We can express our result in terms of p using the Friedmann Eq. (2.2) and we get

VIR CERVEIPES VY

Ty
The first integral is trivial, so we focus in the second integral and we factor out

constants to get

WAL 4 gop

E V3 d F9
2\/§/va+1)(7—\/§£0\//\+/?) & (=9

we substitute

x = /A+p, (F.10)
dp dp

—_— = — F.11

2VA+p  2u (F11)

156



and we get from Eq. (F.9)

€o N+ 2
V3 da. F12
/ f gt (F.12)
We use partial fraction to get from the last expression
6 + 23z 0 (BALF — 7 — 29)
V3 dz— 0 dz
/ A (BA&? —42) — 2% (3A&” —4?)) v v (72 = 30&7%) — V3&x (v — 3A&?)
1 / 6A& + 23y . (—3V3A&® + V37260 + 2v/37&) /
V3 (3/\502 - 72) A —a? (72 - 3/\502) \/_§0$

(F13

From last expression the first integral would be

2 / 3AE + V3
V3 (72 = 30&?) 2 — A

2 V3yz | 3A&
V3 (72 — 3A§02) / <$2 — A + x2 — A) dz, (F.14)

follow the same change of variable we use in Table C.1 we would get (replacing
Eqg. (F10))

~In (p%) 2Q¢, vV [arctanh < . 2A0> — arctanh (1 /QAO):|

du,

_ . (F.15)
(72 B QAOQ?O) (72 - QAOQ?O)
For the second integral of Eq. (F.13), we will get
—3V3A&?® + V3y%E 4+ 2V/3
(23v30% + V316 + fﬁo)/ L & (F.16)
(72 = 3A%”°) v — V3&u

we make the change of variable v = v —v/3¢,z and we will get in our dimensionless

notation

of
, (F17)

Z;

(—3\/§A§03 + V3726 + 2\/5750) —In (7 - \/gfol‘)
(72 - 3A§02) \/gfo

157



we replace Eq. (F.10) and simplify the constants we get

[7(2 +7) — QAOQEJ In (77EQ§0>

’77960

F.18
(o) =19
this can be rewritten using Eqgs. (F.15) and (F.18) as
QngJW{arctanh <”ZAO> —arctanh (1 /QAO):|
T\ — L
() = (%) + CEE
— 1n(%>+[7(2+’y)—QAOQ§O] In (”;fﬂ(zio ) (F 1 9)

(VQ_QAOQ%)
We can also solve Eq. (F.4) using the Friedman Eq. (2.2) and we get in our

dimensionless notation

/ dp —3lna, (F.20)
p (wm - 7)

we use the same change of variables Egs. (F.10) and (F.11) to get

dz. (F.21)

X
J
(22 = A) (V3&z —7)
From the last result, we use partial fraction to get

2 V3AE + v y 2 V376
T+

(v* — 3A&3) A —2? (72 = 3A&%) J VB&a — v

the first integral would gives us in our dimensionless notation

dz, (F.22)

2 \/gAfo + vx
dxr =

20, v/ {arctanh (\/ETO ) — arctanh (\/Q_AO)] —+In ( )

Nz
PO

(77 = 30a0%)) A—a? (77 = %))
(F.23)

where we use Eq. (F.10) and we make the integration from £ =1 (a; = 1 and
pi = po) to arbitrary E (ay = a and p; = p). The second integral in Eq. (F.22) would
gives in our dimensionless notation
Y—EQg,
2 V37& do — 2yIn ( 7=, )
(v? - 3A&%) J VB&a — v (72— 2, 92)

(F.24)
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then, from Eq. (F.22) using the result Eq. (F.23) and (F.24) we get the following

result

20,/ {arctanh <—”2A°) — arctanh (1/Qy,)
(72 = Q%))
—iin (%) + 2 ()
(7 - QAOQ{O) ‘

There is a direct way to find the expression Eq. (4.39) or in other words, to

+ (F.25)

express the temperature as a function of energy density, starting from Eq. F.5 we

get!

T | (- 3H50) (v —3H&)

T e e

T p(y— 3Hfo (v — 3Hfo).

dT / / / 3¢dH

at - _ apP LN B F.26

T p 0(7—3]{50) (v — 3H&) ARS8
We express our last result in a dimensionless notation and using Eq. (F.4) we get

[7=]5 o) om0

if we integrate from E =1 (a; = 1 and p; = p,) to arbitrary E(a; = a and p; = p)

In <Z) =1In (ﬁ) +3Ina+In (LM)), (F.28)
Ty £o Y- 950

this give us the final result

=T, (ﬁ) <ﬂ) o, (F.29)
Po Y — Q£0

ar - dp [ o 3op%, ]
a

we get

'The third integral in the second line form a total derivative in H
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