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Resumen

En la base de la construcción de mecánica cuántica supersimétrica en 1+1D está el modelo de

juego de Witten de mecánica pseudo-clásica. La versión cuantizada de este modelo es análoga a

la definición de la transformación de Darboux entre operadores Hamiltonianos de tipo Schrödinger,

la cual corresponde a una transformación espectral covariantes entre potenciales y autoestados

de pares de este tipo de operador diferencial. Una generalización de esta tranformación, llamada

transformación de Crum-Darboux, permite definir un tipo peculiar de supersimetrı́as, las cuales

presentan coeficientes de estructura dependientes en forma no lineal en el Hamiltoniano. Esta

tesis está dedicada a la investigación de una estructura supersimétrica exótica, compuesta por

pares de operadores de tipo Schrödinger en 1+1D con supersimetrı́a nolineal y extendida debido

a la existencia de una integral bosónica adicional llamada integral de Lax-Novikov, la cual jue-

ga un rol importante en teorı́a de sistemas integrables y relaciona los pares de potenciales de

dichos operadores de Schrödinger con supersimetrı́a extendida con los potenciales transparen-

tes y soluciones multisolitónicas en fondo finite-gap de la jerarquı́a inhomogénea de ecuaciones

estacionarias de Korteweg de Vries (s-KdV). Los efectos de disperción entre solitones son res-

ponsables de deformaciones espontáneas del superálgebra e incluso rompimientos espontáneos

completos o parciales de supersimetrı́a.

Las caracterı́sticas de las simetrı́as de este tipo de sistemas los convierten en exactamente

solubles, las propiedades algebráicas de los autoestados de dichos Hamiltonianos permiten cons-

truir soluciones analı́ticas a sistemas de ecuaciones para bosones con acople no lineal, mientras

que para superálgebras con integrales fermiónicas de primer orden, los autoestados que diago-

nalizan dichas integrales fermiónicas solucionan sistemas de ecuaciones de interacción de fer-

miones con acople no lineal, es posible demostrar que el correspondiente superpotencial es una

solución de la jerarquı́a de ecuaciones inhomogéneas y estacionarias de Korteweg de Vries mo-

dificada (s-mKdV). Este resultado obtiene aplicaciones importantes en la búsqueda de soluciones

para el modelo de juego de QCD en 1+1D introducido por Gross y Neveu, el cual corresponde a

un modelo de interacción no lineal entre fermiones con rompimiento dinámico de simetrı́a.

Palabras claves: supersimetrı́a extendida, exactamente soluble, interacción no lineal, Siste-

mas integrables no lineales, modelo de Gross-Neveu.
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Abstract

In the basis of the construction of supersymmetric quantum mechanics in 1+1D is the Witten’s

toy model of pseudo-classical mechanics. The quantized version of this model is analogous to

the definition of Darboux transformation which corresponds to a covariant spectral transformation

between the potentials and eigenstates of Hamiltonian operators. A generalization of this trans-

formation is the called Crum-Daboux transformation, this allows to define a particular group of

supersymmetries which present structure coefficients depend on the non-linear form in the Hamil-

tonian. This thesis is dedicated to research an exotic supersymmetric structure, composed by pairs

of Schrodinger operators in 1+1D with nonlinear supersymmetry extended because of the existen-

ce of an additional bosonic integral called the Lax-Novikov integral which plays an important role

in the integrable systems theory and relates the pair of potentials of such Schrodinger operators

with extended supersymmetry with transparent potentials and multisolitonic solutions in finite-gap

background of the inhomogeneous hierarchy of the stationary Korteweg-de Vries equations (s-

KdV). The effects of dispersion between solitons are responsible of spontaneous deformation of

the superalgebra, as well as of the partial or complete supersymmetry breaking.

The characteristics of the symmetries of this kind of systems make them in exactly solvable;

the algebraic properties of the eigenstates of such Hamiltonians allow construct analytic solutions

to systems of equations for bosons with nonlinear interaction, whereas for superalgebras with

fermionic integrals of first order, the eigenstates that diagonalized these fermionic integrals solve

systems of equations for nonlinear interaction between coupled fermions; can be demonstrated the

corresponding superpotential are solutions of the inhomogeneous stationary hierarchy of modified

Korteweg-de Vries equations (s-mKdV). This result gets applications in the search of solutions for

the toy model of QCD in 1+1D introduced by Gross and Neveu, which corresponds to a model of

non-linear interaction among fermions with dynamic symmetry breaking.

Keywords: extended supersymmetry, exactly solvable, non-linear interaction, non-linear inte-

grable systems, Gross-Neveu model.
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a los fenómenos y a los sentidos.

Agradezco a mis maestros, ya que cada uno de ellos me ha dado una herramienta, en especial a
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Introducción

Solitones y objetos relacionados topológicamente no triviales, tales como kinks, instantones,

vórtices, monopolos y paredes de dominio, juegan un papel importante en diversas áreas de la

fı́sica, la ingenierı́a y la biologı́a [50, 46, 45]. Las transformaciones de Darboux y Backlund, con su

origen en la teorı́a de problemas lineales de Sturm-Liouville y la geometrı́a diferencial clásica, ha

demostrado ser muy efectivas en su estudio [53, 14]. La transformación de Darboux [53], por otra

parte, se encuentra en la base de la construcción de mecánica cuántica supersimétrica [20, 21].

Los solitones aparecen como soluciones de las ecuaciones de campos clásicas no lineales

integrables, y por medio de la representación de par de Lax [47] , están relacionados con sis-

temas cuánticos completamente transparentes con un número finito de bandas [18, 26]. Estas

familias de sistemas cuánticos se caracterizan por integrales de movimiento de altos ordenes en

derivadas, y como mostraremos a lo largo de esta tesis, extensiones supersimétricas de ellos

poseen algunas propiedades peculiares. Uno de los resultados más exóticos es el surgimiento

de simetrı́as con coeficientes de estructura no lineales en los elementos centrales del álgebra

de integrales de movimiento, conocidas como supersimetrı́as no lineales [33, 30, 17, 16, 23, 43].

Estructuras supersimétricas exóticas de sistemas transparentes y con número finito de bandas

han encontrado recientemente algunas aplicaciones fı́sicas interesantes que se encuentran en

[25, 22, 41, 56, 55].

El ejemplo más conocido de los sistemas transparentes está dada por una jerarquı́a llamada

potenciales Pöschl-Teller. El Hamiltoniano de Schrödinger con potencial de Pöschl-Teller Vn =

−n(n + 1)k2sech2k(x − x0) corresponde a una familia particular de Hamiltonianos transparentes

que posee, n estados ligados. Una de sus aplicasiones recae en el control de la estabilidad de

las soluciones tipo kinks en sine-Gordon, ϕ4 y otros modelos exóticos de teorı́a de campos (1 +

1) dimensionales [50, 45, 49, 51, 38, 44, 13, 3]. Estos sistemas también aparecen en el modelo

de Gross-Neveu [48, 36] y corresponde a soluciones de la jerarquia de ecuaciones estacionarias

de Korteweg-de Vries (s-KdV) [46, 53, 10].

En la presente tesis se estudia la supersimetrı́a exótica que describen algunos pares de siste-

mas transparentes con un número finito de solitones. Se investiga una clase peculiar de sistemas

supersimétricos, mecánico cuánticos unidimensionales, descritos por una matriz Hamiltoniana

1



2× 2

H =

 − d2

dx2 + V+(x) 0

0 − d2

dx2 + V−(x)

 , (I)

con

V+(x) y V−(x), (II)

soluciones multi-solitónicas de las ecuaciones de la jerarquı́a s-KdV, cada uno en función de sus

propios conjuntos de parámetros espectrales. Una de las posibles interpretaciones fı́sicas del

sistema (I), (II) es ser considerado como el Hamiltoniano para una partı́cula de espı́n-1/2 no-

relativista, con potencial dependiente del espı́n de una forma especial (que no introduce qiro de

espı́n).

Por otro lado, en el cuadro de Heisenberg de mecánica cuántica en el cual la dependencia

del tiempo recae en los operadores y no en los estados, la evolución del operador Î, cuantización

de alguna función en el espacio de fase I (momento, energı́a, posición, etc), está regida por la

ecuación de movimiento de Heisenberg

dÎ

dt
=
i

~
[Î , H] +

∂Î

∂t
, (III)

con [, ] el conmutador. De mecánica clásica y el célebre teorema de Noether, nos enseña que

las cantidades conservadas o integrales de movimiento están asociadas con las simetrı́as del

sistema. En mecánica cuántica para sistemas estacionarios, la condición de integral dÎdt = 0 sim-

plemente se reduce a [Î , H] = 0.

En el proceso de cuantización de fermiones es necesario una formulación de mecánica clási-

ca con variables anticonmutantes o variables de Grassman, conocida como mecánica pseudo-

clásica. En este formalismo se deben tratar vı́nculos entre las coordenadas del espacio de fase,

debiendo reemplazar los corchetes de Poisson utilizados en la mecánica Hamiltoniana por los cor-

chetes de Dirac, técnica utilizada para cuantizar sistemas degenerados. En este caso el proceso

usual de cuantización distingue entre dos tipos de integrales: integrales bosónicas ÎB e integrales

fermiónicas ÎF . Además el proceso provee de un operador Γ de graduación Z2, Γ2 = 1 el cual

distingue dichas integrales en la forma

[ÎB ,Γ] = 0, {ÎF ,Γ} = 0. (IV)

O sea, el operador de graduación conmuta con las integrales bosónicas y anticonmuta con las

integrales fermiónicas. Además también fija las reglas del superálgebra

[ÎB , Î
′
B ] ∼ Î ′′B , [ÎB , ÎF ] ∼ Î ′F , (V)

{ÎF , Î ′F } ∼ ÎB , (VI)

Un sistema (I) de forma general, con potenciales V+(x) y V−(x) elegidos de forma arbitraria,

tiene sólo una integral bosónica en forma de la matriz diagonal de Pauli σ3, [H,σ3] = 0.
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Para una elección especial de los potenciales V± = W 2(x) ± dW
dx , esta simetrı́a trivial se ex-

tiende a una estructura supersimétrica relacionada con las integrales de movimiento no triviales

adicionales Q1 = −i ddxσ1 + σ2W (x), Q2 = iσ3Q1. Las cuales generan una estructura superalge-

braica de Lie lineal en H, {Qa, Qb} = 2δabH, [H, Qa] = 0, a, b = 1, 2, con la integral σ3 jugando el

papel de operador de graduación Z2, conmutando con las integrales bosónicas y anticonmutando

con las integrales fermiónicas, [σ3,H] = 0, {σ3, Qa} = 0.

Esta estructura superalgebraica lineal aparece, en partı́cular, en el problema de Landau para

el electrón no relativista, donde el superpotencial es una función lineal W (x) = ωx, y (I) es el

hamiltoniano de un superoscilador, ver [21]. La existencia de la estructura supersimétrica lineal es

equivalente a la condición de que las componentes superior e inferior de la matriz Hamiltoniana,

H± = − d2

dx2 + V±, esten relacionados por operadores de entrelazamiento de Darboux (genera-

dores de la transformación de Darboux), o sea H+A+ = A+H−, H−A− = A−H+, siendo los

operadores de entrelazamiento de Darboux operadores de primer orden definidos en la forma

A+ = d
dx + W (x) y A− = A†+ = − d

dx + W (x). Con esta observación, la construcción se puede

generalizar a supersimetrı́as no lineales [1, 2] si los potenciales V+ y V− son tales que los ha-

miltonianos correspondiente están entrelazandos por relaciones de la misma forma, pero con A+

y A− = A†+ operadores diferenciales de orden ` > 1(transformación de Crum-Darboux). Si esto

ocurre, el sistema H posee las siguientes supercargas nilpotentes Q+ = A+σ+ = 1
2 (Q2 + iQ1)y

Q− = A−σ− = Q†+, [Q±H] = 0, Q2
± = 0, donde σ± = 1

2 (σ1 ± iσ2). Supercargas que generan una

supersimetrı́a no lineal de la forma {Qa, Qb} = 2δabP`(H), donde P`(H) es un polinomio de orden

`.

El ejemplo más simple de un sistema con supersimetrı́a no lineal es proporcionado por una

generalización del superoscilador H = b+b− + ` 1
2 (1 + σ3), para el cual A+ = (b−)`, b± son los

operadores de creación-aniquilación habituales del oscilador bosónico, y el orden del polinomio

P`(H) =
∏`−1
j=0(H − jω) es ` , véase ref. [40].

La peculiaridad de los sistemas (I), (II) que se estudian en esta tesis es que los potencia-

les multi-solitónicos (II) transparentes poseen una integral de Lax-Novikov análoga a la integral

de momento lineal P = −i ddx de la partı́cula libre. Por una conocida construcción basada en

las transformaciones de Crum-Darboux, tales potenciales y sus correspondientes integrales se

pueden obtener a partir de soluciones álgebro-geométricas de la jerarquı́a de ecuaciones es-

tacionarias de Korteweg-de Vries (s-KdV) y su formulación de par de Lax. Se verá que, como

consecuencia, el sistema transparente multi-solitónico extendido (I) en algunos casos puede ser

descrito por una estructura supersimétrica exótica dependiente de los datos de dispersión que in-

cluye no sólo uno, sino dos pares de supercargas fermiónicas matriciales, anti-diagonales, y dos

integrales bosónicas diagonales, relacionadas con la existencia de las integrales de Lax-Novikov

de orden impar. Las supercargas en caso general son operadores diferenciales matriciales de

3



orden superior, dos de los cuales son del orden par, y otras dos supercargas son de orden impar.

El superálgebra generada por las cuatro supercargas es no lineal, e incluye en su estructura las

integrales de movimiento bosónicas adicionales.

Demostraremos una peculiaridad de tales estructuras supersimétricas de sistemas multi-solitóni-

cos extendidos y ésta es que experimenta cambios radicales en dependencia de las relaciones

entre los dos conjuntos de parámetros de dispersión del par de potenciales II: el orden diferencial

de las supercargas puede cambiar, y en el caso por completo isospectral una de las integrales

bosónicas adicionales puede transformarce en una carga central de la correspondiente superálge-

bra no lineal.

Analizando las distintas facetas de dicha supersimetrı́a nos encontramos con una familia es-

pecial para la cual un par de supercargas se reduce a operadores diferenciales matriciales de

primer orden. Estas supercargas de primer orden y H forman entre sı́ un superálgebra lineal.

En tal caso, las supercargas de primer orden pueden ser reinterpretadas como hamiltonianos de

una partı́cula de Dirac con potencial transparente con número finito de bandas y estados ligados,

cuyo espectro es completamente simétrico. Una reinterpretación nos proporciona soluciones de

multi-kink-anti-kink en fondo cuasi-periódico, para el modelo de Gross-Neveu por medio del siste-

ma de Bogoliubov-de Gennes. Linealizado el superpotencial toma rol de condensado cuadrático

de fermiones. También puede ser interpretado como parámetro de orden en poliacetileno, o una

función de distancia en estructuras cristalinas como el grafeno. En este caso la existencia de una

integral que es un elemento central del superálgebra del sistema (I), corresponde a la existencia

de una integral de movimiento para el Hamiltoniano de Dirac o de Bogoliubov de Gennes, de-

pendiendo del sistema fı́sico de interés, la formulación de par de Lax indica que dicho pontencial

escalar de Dirac corresponde a una solución de la jerarquı́a de ecuaciones de Korteweg-de Vries

modificadas.

El modelo de mecánica cuántica supersimétrica de Witten esta representado por el hamilto-

niano

HW =

 − ~2

2m
d2

dx2 +W (x)2 − ~√
2m
W ′(x) + E1 0

0 − ~2

2m
d2

dx2 +W (x)2 + ~√
2m
W ′(x) + E1


= − ~2

2m

d2

dx2
+W (x)2 + E1 − σ3

~√
2m

W ′(x)

=

 H0 0

0 H1 ,

 , (VII)
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el cual posee dos integrales fermiónicas

SW,1 =

 0 − ~√
2m

d
dx +W (x)

~√
2m

d
dx +W (x) 0

 (VIII)

=

 0 A†1

A1 0

 , SW,2 = iσ3SW,1, (IX)

según el operador de graduación Γ = σ3. Acá W (x) es alguna función en x ∈ R y hemos definido

W ′(x) como la derivada de W (x) en x y los operadores de Schrödinger H0,1 = − ~2

2m
d2

dx2 +V0,1(x),

con V 1±1
2

(x) = W (x)2 ± ~√
2m
W ′(x) + E1.

El superálgebra de Lie de estas integrales de movimiento toma la forma

[Hw,SW,a] = 0, {SW,a,SW,b} = 2δab(HW − E1), (X)

con a, b = 1, 2.

No cualquier par de potenciales V0 y V1 permiten esta construcción, de hecho ambos deben

estar relacionados en la forma V1(x) = V0(x) + ~
√

2
mW

′(x), que más adelante conoceremos

como transformación de Darboux. Si fijamos, por ejemplo, V0(x) luego W (x) queda definido por

la ecuación de Riccati

V0(x) = W (x)2 − ~√
2m

W ′(x) + E1.

Además es posible observar que Ψ1(0, x) = exp
(
−
√

2m
~
∫ x
x0

dx′W (x′)
)

, es un estado (no ne-

cesariamente fı́sico) de H0 con energı́a E1 o que es lo mismo

H0Ψ1(0, x) = E1Ψ1(0, x). (XI)

Ası́ podemos definir la transformación de Darboux de un potencial V0(x) como

V0(x)→ V1(x) = V0(x)− ~2

m
(ln(Ψ1(0, x)))

′′
, (XII)

en el contexto de dichas transformaciones, las componentes de las integrales fermiónicas SW ,

A1 = ~√
2m

d
dx + W (x) y su hermı́tica conjugada A†1 = − ~√

2m
d
dx + W (x), son conocidos como

operadores de entrelazamiento entreH0 yH1, ya que debido a las factorizacionesH0−E1 = A†1A1

y H1 − E1 = A1A
†
1 se cumplen las relaciones de entrelazamiento

A1H0 = H1A1, A†1H1 = H0A
†
1. (XIII)

Estas identidades juegan un rol fundamental en la resolución del problema espectral de po-

tenciales de gran complejidad, ya que nos permite obtener el espectro de H1 a partir del de H0

debido a que si Ψ(0, x, E) es un estado de H0 con energı́a E, entonces las identidades de en-

trelazamiento se traducen en que Ψ(1, x, E) = A1Ψ(0, x, E) es un estado de H1 con energı́a E,
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mientras que A†1 realiza el mapeo inverso. Tendremos problemas en el mapeo del estado Ψ1(0, x)

debido a que A1 por definición puede ser escrito en la forma

A1 = Ψ1(0, x)
~√
2m

d

dx

1

Ψ1(0, x)
, (XIV)

por lo que aniquila el estado Ψ1(0, x), ( d
dx1 = 0), en el espacio de autoestados de H0, mientras

que A†1 aniquila un estado de misma energı́a en el espacio de autoestados de H1. De hecho por

definición tenemos que

A†1 = − 1

Ψ1(0, x)

~√
2m

d

dx
Ψ1(0, x), (XV)

luego podemos ver que el elemento en el espacio de autoestados de H1 aniquilado por A†1 es el

estado 1
Ψ1(0,x) . En este punto es interesante notar que si Ψ1(0, x) es un estado sin ceros en x y

crece (decrece) exponencialmente hacia ambos infinitos luego 1
Φ1(0,x) es un estado ligado de H1,

en este caso el potencial V1(x) tiene un defecto solitónico que soporta dicho estado ligado. Un

ejemplo de dicho potencial solitónico está dado por el par partı́cula libre H0 = − ~2

2m
d2

dx2 y Pöschl-

Teller (PT) H1 = − ~2

2m
d2

dx2 − ~2

m κ
2sech

(
κ2(x− x0)

)
, construido a partir del estado Ψ(0, x,− ~2

2mκ
2) =

cosh(κ(x− x0)), el cual impica un estado ligado para PT Ψ(1, x,− ~2

2mκ
2) = sech(κ(x− x0))

Este ejemplo es bastante especial debido a la existencia de una integral adicional para la

partı́cula libre dado que el momento lineal p = −i~ d
dx cumple el rol de integral bosónica para

H0 = p2

2m (integral de Lax-Novikov).

El método de vestimiento de Darboux nos permite construir una integral para PT de la forma

P1 = A1pA
†
1 la cual por definición conmuta con H1. Este resultado es trivial utilizando las relacio-

nes de entrelazamiento. Es interesante y necesario notar que la ecuación [H1, P1] = 0 por medio

de la representación de par de Lax corresponde a una representacion de la ecuación estacionaria

de Korteweg-de Vries y que la identidad P 2
1 = H1(H1 − E1)2 es conocida como la relación de

Burchnal-Chaundy entre H1 y P1; y provee de un aproach álgebro-geométrico para la búsqueda

de soluciones de KdV y, por consiguiente, de potenciales con supersimetrı́a extendida no lineal,

dado que nos fija una curva y2 = z(z−E1)2 entre los autovalores y de P1 y z deH1. En general, es

posible encontrar operadores de tipo P de orden mayor, siendo la forma de esta curva en general

hı́per-elı́ptica degenerada, con ceros de orden uno para bordes de banda y de orden dos para

estados ligados (ya que ambos bordes de banda estan en el mismo punto del espectro).

La construcción de la integral P1 nos permite definir una integral bosónica de orden tres para

HW

P1 =

 (H0 − E1)p 0

0 A1pA
†
1

 , P2 = σ3P1, (XVI)

tal que P1 conmuta con HW y SW,a, mientras que el operador P1 conmuta con HW pero su

conmutador con los operadores SW,a define nuevas integrales fermiónicas relacionadas con los

operadores de entrelazamiento Y1 = A1p y Y †1 = pA†1, construidos a partir de la libertad de H0 de

conmutar con p.
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Q1 =

 0 Y †1

Y1 0

 Q2 = iσ3Q1. (XVII)

Acá aparece una de las motivaciones principales de esta tesis, debido a que el superálgebra

de Lie de estas integrales de movimiento presentan coeficientes de estructura no lineales en el

Hamiltoniao del sistema, un ejemplo de esto es la subálgebra de HW y Qa

[HW ,Qa] = 0, {Qa,Qb} = 2δabHW (HW − E1). (XVIII)

Aunque éste no es el cuadro más rico, existe una generalización de la transformación de Dar-

boux llamada transformación de Crum-Darboux, la cual consta de construir un nuevo hamiltoniano

Hn a partir de un operador no singular An que aniquile, ya no solo un estado de H0, sino que un

conjunto de ellos. Este operador de entrelazamiento (AnH0 = HnAn) nos permite construir una

superálgebra no lineal que contiene, en su caso más simple, a la superálgebra de Lie lineal del

modelo de Witten

Hn =

 H0 0

0 Hn ,

 , (XIX)

S1 =

 0 A†n
An 0

 , S2 = iσ3S1, (XX)

[Hn,Sa] = 0, {Sa,Sb} = 2δab

n∏
i=1

(Hn − Ei), (XXI)

acá Ei con i = 1, . . . , n son las energı́as de los estados aniquilados por An. Ahora si además H0

posee una integral adicional como en el ejemplo de la partı́cula libre, esta superálgebra se verá

extendida de forma similar al ejemplo anterior.

La tesis que se defiende en las siguientes páginas se resume en las siguientes afirmaciones

El estudio de una supersimetrı́a exótica entre sistemas de tipo Schrödinger con potencia-

les finite-gap y sus deformaciones espectrales, han permitido construir familias infinitas de

soluciones multi-paramétricas para diversas ecuaciones diferenciales no lineales útiles en

diversas áreas de la fśica, como superconductividad, conducción en polı́meros, materia con-

densada, QCD, entre otras diversas áreas de fı́sica de solitones.

Los sistemas tipo Schrödinger transparentes o los sistemas con número finito de bandas

permitidas conectados mediante transformaciones de Crum-Darboux presentan una super-

simetria no lineal extendida. Los metodos utilizados para defender esta afirmación son la

formulación de par de Lax de la jerarquı́a de equaciones de KdV y la transformación de

Darboux. El texto esta preparado para que la demostración de esta afirmación en el Cap.4

se logre luego de demostrar algunas afirmaciones segundarias.
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• Es posible reescribir la integral de Lax-Novikov como cadena de transformaciones de

Darboux. La explicación de esto está detras del fenómeno de desplazamiento de Dar-

boux. Dicho fenómeno ocurre dentro de un grupo de potenciales que no cambian su

forma funcional salvo algunos parámetros, bajo transformaciones de Darboux, estos

potenciales son conocidos como invariantes de forma. Un subconjunto de estos po-

tenciales invariantes de forma son iso-espectrales. En especial los potenciales que

poseen una integral de Lax-Novikov poseen transformaciones de Darboux que mantie-

nen invariante la forma y el espectro las cuales llamaremos auto transformaciones de

Darboux y solo generan desfases en el potencial inicial. Si se hacen los suficientes es

posible desfasar en un ”periodo”lo que combierte al operador de entrelazamiento en

una integral de movimiento.

• Es posible hacer deformaciones espectrales a los potenciales con integrales de Lax-

Novikov agregando estados ligados en cualquier banda prohibida del espectro del po-

tencial inicial asegurando la existencia de una integral de Lax-Novikov para el potencial

deformado. La base que sustenta esta afirmación es vestimiento de Darboux de la

integral de Lax-Novikov del sistema inicial.

La supersimetria exótica de estos sistemas depende de los datos de disperción de cada

par de potenciales siendo posible el rompimiento de simetrı́a, reducciones de orden de

las integrales de movimiento y deformaciones en el superálgebra de Lie. Detras de esta

dinámica en el superálgebra está el lı́mite que conecta autoestados que generan solitones

con autoestados que generan auto transformaciones de Darboux, y por otro lado un principio

de exclusión observable entre solitones de misma energı́a.
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Capı́tulo 1

Supersimetrı́a no lineal en mecánica cuántica

1.1. Transformaciones de Crum-Darboux y supersimetrı́a no lineal

El modelo de juego de mecánica cuántica supersimétrica de Witten es análogo a la definición

de transformación de Darboux entre operadores de Schrödinger. Esta transformación permite

mapear el espacio de Hilbert de un operador de Schrödinger al espacio de Hilbert de una familia

especial de operadores de Schrödinger iso-espectrales con una diferencia de un estado ligado,

cero o menos uno.

La transformación de Darboux es generalizada por la transformación de Crum-Darboux, la

cual corresponde a la aplicación de sucesivas transformaciones de Darboux. Esta construcción

induce la formulación de supersimetrı́a no lineal en la mecánica cuántica.

Nuestra consideración se basa en el método de iteradas transformaciones de Darboux (trans-

formaciones Crum-Darboux) [53], al sistema mecánico cuántico H0 = − d2

dx2 + U0(x) ,

Hn = H0 + Un(x), Un = −2
d2

dx2
logWn . (1.1)

Acá Wn es el Wronskiano de n autoestados formales ψj de H0, H0ψj = Ejψj , Ei 6= Ej

Wn = W(ψ1, . . . , ψn) = detA, Aij =
di−1

dxi−1
ψj , i, j = 1, . . . , n . (1.2)

Los autoestados Ψ0(x;E) 6= ψj de H0, H0Ψ0(x;E) = EΨ0(x;E), son mapeados en las autofun-

ciones Ψn(x;E) de Hn, HnΨn(x;E) = EΨn(x;E), por medio de la fracción de Wronskianos,

Ψn(x;E) = W(ψ1, . . . , ψn,Ψ0(E))/Wn . (1.3)

Coherentemente con (1.1), elegimos W0 = 1 y y definimos prepotentiales Ωn, n = 0, 1, . . .,

Ωn = − d

dx
logWn ⇒ d

dx
Ωn =

1

2
Un . (1.4)

A continuación, introducimos los operadores diferenciales de primer orden

An =
d

dx
+Wn , Wn = Ωn − Ωn−1 . (1.5)

10



Estos operadores y sus conjugados factorizan los sistemas Hn−1 y Hn

A†nAn = Hn−1 − En, AnA
†
n = Hn − En, (1.6)

y los entrelazan,

AnHn−1 = HnAn , A†nHn = Hn−1A
†
n . (1.7)

El operador An puede ser representado equivalentemente en la forma

Aj = (Aj−1 . . . A1ψj)
d

dx

1

(Aj−1 . . . A1ψj)
=

d

dx
−
(
d

dx
ln(Aj−1 . . . A1ψj)

)
, (1.8)

acá A1 = ψ1
d
dx

1
ψ1

y Aj−1 . . . A1ψj es un autoestado de autovalor Ej para Hj−1 cualquier otro

(fı́sico o no fı́sico) autoestado Ψj−1(E) de Hj−1, Hj−1Ψk−1(E) = EΨn−1(E), es mapeado por Aj

en el siguiente autoestado de Hj

Ψj(E) = AjΨj−1(E) , (1.9)

con el mismo autovalor, HjΨj(E) = EΨj(E).

Por iteración de (1.7), Hn está relacionado con H0 en la forma

AnH0 = HnAn , A†nHn = H0A†n , (1.10)

acá An es el operador diferencial de orden n,

An ≡ An . . . A1 . (1.11)

Sı́ Wn 6= 0 y U0(x) es nosingular, para todo x ∈ R, entonces el sistema extendido H =

diag(H0, Hn) es descrito por una supersimetrı́a no lineal dependiente en los datos de dispersión

de los estados utilizados en las transformación de Crum-Darboux, existen dos supercargas nilpo-

tentes Z2-impares (anti-diagonales) Q+ = A†nσ+ = 1
2 (Q2 + iQ1) y Q− = Anσ− = Q†+, [Q±,H] = 0,

Q2
± = 0, acá σ± = 1

2 (σ1 ± iσ2). Éstas generan un superálgebra de Lie no lineal en la forma

{Qa, Qb} = 2δab
∏n
`=1(H − E`). Este modelo presenta una ruptura espontánea de supersimetrı́a,

que depende de los datos espectrales de los estados ψi debido a que el operador de Schrödinger

tiene una degeneración formal dos para cada energı́a, por lo que la elección de los estados ψi no

es arbitraria y en general es una conbinación lineal de una base de un par de estados para cada

energı́a. Hay estados que mediante la transformación de Darboux producen: desfases nolineales

o solitones con o sin singularidades. Respecto a esto último, algunos pares de ellos pueden pro-

ducir un desfase o uno o dos solitones, como veremos más adelante. Cuando el rol del estado

ψi con la energı́a más baja sólo es crear un solitón, entonces dicho soliton soporta el estado con

energia más baja de H, el cual es aniquilado por todos los elementos en el superálgebra, por lo

que la supersimetrı́a es exacta, mientras que cuando su rol es generar un desfase entonces la

supersimetrı́a se encuentra rota, excepto en el caso en que este estado es el estado fı́sico de

mı́nima energı́a de H0, en este caso el superálgebra puede aniquilar uno o dos estados.
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1.1.1. Transformaciones de Crum-Darboux a potenciales transparentes, y

la ecuación de Schrödinger no lineal

El Hamiltoniano de Schrödinger Hn = H0 + Un(x) de un sistema transparente con n estados

ligados puede ser obtenido mediante la aplicacón de una transformación de Crum-Darboux, la

cual es una composición de n transformasiones de Darboux, al Hamiltoniano de la partı́cula libre

H0 = − d2

dx2 . Un Hamiltoniano transparente puede ser escrito entonces en la forma

Un(x) = −2
d2

dx2
lnWn(x), (1.12)

en terminos del Wronskiano Wn(x) = W(ψ1, . . . , ψn), W(f1, . . . , fn) = detWij , Wij = di−1

dxi−1 fj , el

cual es construido a partir de los autoestados no-fśicos del Hamiltoniano de la partı́cula libre ψj ,

H0ψj = −κ2
jψj , exponencialmente divergentes en los infinitos espaciales

ψj(x;κj , τj) =

coshκj(x+ τj), j = odd

sinhκj(x+ τj), j = even
. (1.13)

Los parametros κj son llamados parametros de escala y deben cumplir a condición, 0 < κ1 < κ2 <

... < κj−1 < κn, mientras que los parametros de translación τj , j = 1, . . . , n, pueden ser tomados

como valores reales arbitrarios. Esta eleccion especifica de los autoestados del Hamiltoniano de

la particula libre (1.13) garantiza que el Wronskiano Wn(x) es una funcón sin nodos que genera

un potencial no singular 2n-paramétrico (1.12) [5], Un = Un(x;κ1, . . . , κn, τ1, . . . , τn).

De acuerdo a la construccion de Darboux-Crum, los autoestados ψ[n, λ] del operador de

Schrödinger Hn, Hnψ[n, λ] = λψ[n, λ], son obtenidos a partir de los autoestados de la partı́cula

libre ψ[0, λ], H0ψ[0, λ] = λψ[0, λ] en la forma,

ψ[n;λ] =
W(ψ1, . . . , ψn, ψ[0;λ])

W(ψ1, . . . , ψn)
. (1.14)

Autoestados ligadas (no normalizados) ψ[n,−κ2
j ], j = 1, . . . , n, son construidos, a partir de los

autoestados de la partı́cula libre

ψ[0,−κ2
j ](x) ≡ ψ′j(x;κj , τj) =

sinhκj(x+ τj), j = odd

coshκj(x+ τj), j = even
. (1.15)

Estas funciones (1.15) forman un conjunto complementario a (1.13),H0ψ
′
j = −κ2

jψ
′
j . Este conjunto

(1.15) puede ser relacionado con (1.13) por medio de una diferenciación

ψ′j(x;κj , τj) =
1

κj

d

dx
ψj(x;κj , τj) . (1.16)

La relación (1.14) puede ser representada en forma equivalente

ψ[n;λ] = Anψ[0;λ] , An = AnAn−1 . . . A1 , (1.17)
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la cual juega un rol fundamental en el siguiente analisis. Aquı́ los operador diferencial de primer

orden Aj son definidos recursivamente a partir de las funciones (1.13) en la forma,

A1 = ψ1
d
dx

1
ψ1

= d
dx − (lnψ1)x, (1.18)

Aj = (Aj−1ψj)
d
dx

1
(Aj−1ψj)

= d
dx − (ln(Aj−1ψj))x , j = 2, . . . . (1.19)

En efecto, la equivalencia de (1.17) a (1.14) para n = 1, 2 es probada directamente. Asumiendo

que

Anψ[0;λ] =
W(ψ1, . . . , ψn, ψ[0;λ])

W(ψ1, . . . , ψn)
, (1.20)

es valido para n > 2, Eqs. (1.19) y (1.20) dan

An+1ψ[0;λ] = An+1 (Anψ[0;λ]) = (Anψn+1)
d

dx

(
1

(Anψn+1)
Anψ[0;λ]

)
, (1.21)

y

An+1ψ[0;λ] =
W(1, . . . , n, n+ 1)

W(1, . . . , n)

(
W(1, . . . , n)

W(1, . . . , n, n+ 1)

W(1, . . . , n, 0)

W(1, . . . , n)

)
x

=
W(W(1, . . . , n, n+ 1),W(1, . . . , n, 0))

W(1, . . . , n)W(1, . . . , n, n+ 1)
, (1.22)

acá W(1, . . . , n, n + 1) = W(ψ1, . . . , ψn+1), W(1, . . . , n, 0) = W(ψ1, . . . , ψn, ψ[0;λ]). La identidad

entre Wronskianos

W(f1, . . . , fn, g, h)W(f1, . . . , fn) = W(W(f1, . . . , fn, g),W(f1, . . . , fn, h)) , (1.23)

es valida para cualquier elección de funciones f1, . . . , fn, g y h [39], nos permite representar la

fracción (1.22) en la forma del lado derecho de (1.20) con n cambiado por n + 1. Esto prueba la

equivalencia de (1.17) a (1.14) por inducción.

La definición (1.19) y la relación (1.20) provee tambien la siguiente posible representación del

operador An,

An =
d

dx
− (lnAn−1ψn)x =

d

dx
−
(

ln
Wn

Wn−1

)
x

≡ d

dx
+Wn , (1.24)

acá

Wn = Ωn − Ωn−1 , Ωn = −(lnWn)x . (1.25)

Entonces (1.25) en conjuto con la Eq. (1.12) nos da una más util representación del potencial

n-solitónico,

Un = 2Ωnx , (1.26)

teniendo en mente esta relación, nosotros llamaremos a Ωn pre-potencial del sistema n-solitónico.

Coherentemente con Eqs. (1.20) y (1.18), en (1.24) y (1.25) asumimos W0 = 1, Ω0 = 0, V0 = 0, y

tenemos W1 = coshκ1(x+ τ1),

Ω1 = −κ1 tanhκ1(x+ τ1), U1 = − 2κ2
1

cosh2 κ1(x+ τ1)
. (1.27)
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Como sigue de (1.19), el operador diferencial de primer orden Aj aniquila la autofunción no

fı́sica sin nodos Aj−1ψj de Hj−1 de autovalor −κ2
j . Por otro lado, A†j aniquila una autofunción

1/(Aj−1ψj),el cual es el estado ligado de más baja energı́a deHj con autovalor−κ2
j . Esto significa

que Un y Un−1 estan relacionados por una transformación de Darboux. Explicitamente nosotros

tenemos las relaciones

Un =W2
n +Wnx − κ2

n , Un−1 =W2
n −Wnx − κ2

n , (1.28)

AnA
†
n = Hn + κ2

n , A†nAn = Hn−1 + κ2
n . (1.29)

En correspondencia con (1.29), los generadores de Darboux de primer orden An y A†n entrelazan

los sistemas n- y (n− 1)-solitónicos,

AnHn−1 = HnAn, A†nHn = Hn−1A
†
n,

y relacionan sus autoestados,

ψ[n;λ] = Anψ[n− 1;λ], A†nψ[n;λ] = (λ+ κ2
n)ψ[n− 1;λ],

compare con (1.17). Por otro lado, los operadores diferenciales de orden n An and A†n entrelazan

Hn y el Hamiltoniano de la partı́cula libre H0,

AnH0 = HnAn, A†nHn = H0A†n . (1.30)

Como sigue de (1.17), los estados de onda plana de la partı́cula libre eikx son mapiados en

autofunciones de Hn de la forma ψn(x, k) = Pn(x, k)eikx, acá Pn es un polinomio de orden n en

k, Hnψn(x, k) = k2ψn(x, k). Esto significa que Un(x) es un potencial transparente o potencial de

Bargmann-Kay-Moses [34], para el cual el coeficiente de transmición es facilmente computable.

Para las fuciones (1.13) nosotros tenemos que ψj(x) ∼ e±κj(x+τj) para x → ±∞. Luego encon-

tramos que Aj → d
dx ± κj para x → ∓∞, y en este limite Pn → Pn∓ =

∏n
j=1(ik ± κj). Para la

amplitud de transmisión t(k) = Pn+/Pn− esto da

t(k) =

n∏
j=1

(
k + iκj
k − iκj

)
. (1.31)

Esta clase de potenciales transparentes que consideramos tabien puede ser relacionada na-

turalmente con otro sistema completamente integrable, e este caso cpn la ecuacion de Schrödiger

no lineal.

Para ver esto, primero mostraremos que estos potenciales transparentes Un(x) pueden ser

presentados en la forma

Un(x) = −4

n∑
j=1

κjψ̂
2
n,j(x), (1.32)
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en terminos de los estados ligados normalizados del Hamiltoniano Hn,

ψ̂n,j(x) = N−1
j ψ[n,−κ2

j ](x), N 2
j = 2κj

n∏
`=1, ` 6=j

|κ2
` − κ2

j | ,
∫ +∞

−∞
ψ̂2
n,j(x)dx = 1 , (1.33)

acá es asumido que para n = 1 el producto en la expresión para N 2
1 es reducido a 1. Usando

la relación d
dxWn =

∑n
j=1 W(ψ1, . . . ,

dψj
dx , . . . , ψn), podemos reescribir la Eq. (1.12) en la forma

Un(x) = −2
∑n
j=1 W

(
Wn,W(ψ1, . . . ,

dψj
dx , . . . , ψn)

)
/W2

n. La identidad entre Wronskianos (1.23)

nos permite representar el potencial en una forma equivalente

Un(x) = −2

n∑
j=1

W(ψ1, . . . , ψj ,
dψj
dx , . . . , ψn)W(ψ1, . . . , ψj−1, ψj+1, . . . , ψn)

W2
n

. (1.34)

La relación

W(ψ1, . . . , ψj ,
dψj
dx

, . . . , ψn) =
1

2
κjN 2

j W(ψ1, . . . , ψj−1, ψj+1, . . . , ψn), (1.35)

acá N 2
j es definido en (1.33), sigue de identidades basicas del determinante. Usando esta ultima

relación en conjunto con las Eqs. (1.14), (1.15) y (1.16), podemos reescribir (1.34) en terminos de

los estados ligados no normalizados de Hn,

Un(x) = −4

n∑
j=1

κjN−2
j ψ2[n,−κ2

j ](x) . (1.36)

Aplicando una vez más la identidad (1.23) obtenemos

d

dx

(
W(ψ1, . . . ,

dψj
dx , . . . , ψn)

Wn

)
=

W(ψ1, . . . , ψj−1, ψj+1, . . . , ψn, ψj ,
dψj
dx )W(ψ1, . . . , ψj−1, ψj+1, . . . , ψn)

W2
n

. (1.37)

Eq. (1.35) nos da luego d
dx (W(ψ1, . . . ,

dψj
dx , . . . , ψn)/Wn) = 2κjN−2

j ψ2[n,−κ2
j ](x). Integrando esta

igualdad desde −∞ a +∞, y usando la relación ĺımx→±∞W(ψ1, . . . ,
dψj
dx , . . . , ψn)/Wn = ±κj ,

reproducimos (1.33), y presentamos (1.36) en la forma (1.32).

Debido a la relación (1.32), la ecuación Hnψ̂n,j = −κ2
j ψ̂n,j para n estados ligados normaliza-

dos puede ser presentado como un sistemas de n equaciones diferenciales ordinarias acopladas

nolinealmente

− ψ̂n,jxx − 4

n∑
i=1

κiψ̂
2
n,iψ̂n,j + κ2

j ψ̂n,j = 0 . (1.38)

Introduciendo un parametro de evolución t, y deniniendo qj(x, t) = exp(iκ2
j t)ψ̂n,j(x). Luego en-

contramos que estas funciones satisfacen el sistema de n ecuaciones de Schrödinger no lineal

acopladas,

iqjt = −qjxx − 4

n∑
i=1

κi|qi|2qj . (1.39)
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En el caso mas simple n = 1, esta se reduce a la ecuación de Schrödinger no lineal enfocada,

iqt + qxx + 4κ|q|2q = 0 . (1.40)

Por lo tanto, las n soluciones ligadas de la Schrödinger lineal dependiente del tiempo con

potenciales transparentes n-solitónicos independientes del tiempo, proveen souciones para el

sistema de n ecuaciones de Schrödinger no lineal acopladas.

1.1.2. Supersimetrı́a exótica de pares de Hamiltonianos multi-solitónicos

transparentes

En esta subsección describo cortamente una estructura supersimétrica exótica N = 4 que

aparece entre pares de sistemas tipo Schrödinger transparentes n-solitónicos de la forma más

general [5] y obserbaremos como esta supersimetrı́a extendida esta relacionada con la jerarquı́a

de ecuaciones integrales de Korteweg-de Vries.

Vamos a considerar dos sistemas completamente transparentes Hn y H̃m con n y m estados

ligados respectivamente n > m construidos usando dos conjuntos de parametros espectrales,

(κ1, . . . , κn, τ1, . . . , τn) y (κ̃1, . . . , κ̃m, τ̃1, . . . , τ̃m). Cada uno de estos Hamiltonianos puede ser

entrelazados con el Hamiltoniano de la partı́cula libre H0 por medio de sus correpondientes ope-

radores de entrelazamiento de ordenes n y m, An and Ãm, y por sus operadores conjugados

A†n y Ã†n, respectivamente. La relación (1.30) y relaciones similares para H̃m en conjunto con la

observación que d
dx es una integral de movimiento para la partı́cula libre nos permiten construil el

conjunto de operadores que entrelazan a ambos sistemas transparentes Hn y H̃n,

Y = AnÃ†m , X = An
d

dx
Ã†m , (1.41)

JH̃m = HnJ , J†Hn = H̃mJ†, where J = Y , X . (1.42)

El operador Y es un operador diferencial de orden n+m, mientras que X es un operador diferencial

de orden n+m+1, si uno es par el opro necesariamente es impar. Por otro lado podemos contruir

integrales de movimiento analogas al momento lineal para cada uno de los hamiltonianos Hn y

H̃n,

Zn = An
d

dx
A†n , |Zn| = 2n+ 1, Z̃m = Ãm

d

dx
Ã†m , |Z̃m| = 2m+ 1, (1.43)

son los respectivos vestimientos de Darboux de la integral de la partı́cula libre d
dx , y so integrales

para Hn y H̃m dado que es posible demostrar que

[Zn, Hn] = 0, [Z̃m, H̃m] = 0. (1.44)

El operador Zn puede ser presentado en la forma Zn = (−1)n d2n+1

dx2n+1 +
∑2n
j=1 a2n−j(x) d2n−j

dx2n−j ,

acá los coeficientes a2n−j(x) son algunanas funciones del potencial Un y sus derivadas Unx, . . . ,
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d2n−1

dx2n−1Un. La relación de conmutatividad de Zn y Hn, [Zn, Hn] = 0, es la ecuación de Novikov,

o, equivalentemente, una ecuación de alto orden dentro de la jerarquı́a estacionaria Korteweg-

de Vries [18, 52]. En correspondencia con el teorema de Burchnall-Chaundy [37], operadores

diferenciales conmutantes Zn y Hn, en este caso, de ordenes mutuamente primos, 2n + 1 y 2,

satisfacen identicamente una relación Z2
n = P2n+1(Hn),acá P2n+1(Hn) = Hn

∏n
j=1(Hn + κ2

j )
2 es

un polinomio espectral degenerado para el sistema n-solitónico [5]. En correspondencia con esta

relación Zn aniquila todos los estados physicos singletes, los cuales son todos los estados ligados

de energı́a Ej = −κ2
j , j = 1, . . . , n, y el estado ψ[n; 0] = An1 de energı́a cero siendo el estado de

energı́a más baja del espectro continuo de estados fı́sicos en la zon a de dispersión, cf. Eq. (1.17).

Los otros n estados aniquilados por Zn son los estados no fı́sicos de Hn de energı́as Ej = −κ2
j .

En el caso más simple n = 1, el pre-prepotencial y el potencial estan dados por la Eq. (1.27), y

tenemos que Z1 = 1
4Z1 +κ2

1Z0, acá Z0 = d
dx y Z1 = −4 d3

dx3 + 6U1
d
dx + 3U1x son los operadores de

Lax correspondientes a las primeras dos ecuaciones de la jerarquı́a de equaciones de Korteweg-

de Vries dependientes del tiempo , ut − ux = 0 y ut − 6uux + uxxx = 0. La relación [Z1, H1] = 0

se reduce aqui a la ecuación de Novikov o condicion de involución en la forma − 1
4 (U1xx − 3U2

1 −

4κ2
1U1)x = 0, la cual se satisface debido a la igualdad

U1xx − 3U2
1 − 4κ2

1U1 = 0 , (1.45)

valida para el potencial uno-solitónico (1.27).

En virtud de las relaciones (1.42) y (1.44), el sistema compuesto, descrito por la matriz 2 × 2

Hamiltoniano Hn = diag (Hn , H̃n), posee seis integrales autoadjuntas de movimiento, acá hemos

elegido n = m por simplicidad, el caso general será estudiado más adelante

S1 =

 0 X

X† 0

 , Q1 =

 0 Y

Y† 0

 , P1 = −i

 Zn 0

0 Z̃n

 , (1.46)

y S2 = iσ3S1, Q2 = iσ3Q1, P2 = σ3P1. La elexion de la matriz de Pauli diagonal σ3 como ope-

rador de graduación Z2 identifica las integrales Sa y Qa, a = 1, 2, como operadores fermiónicos,

{σ3,Sa} = {σ3,Qa} = 0, mientras que Pn,a son identificados como bosónicos, [σ3,Pa] = 0. En

conjunto con Hn ellos generan un superálgebra de Lie, en la cual el Hamitoniano Hn juega un

rol de carga central multiplicativa. La estructura superálgebraica dada por las relaciones de anti-

conmutación de estas integrales, cuya forma explicita puede ser encontrada en [5], es insensitiva

a los parametros de traslación τj y τ̃j . Acá solo escribire la forma explicita de las relaciones de

conmutación de las integrales de bosonicas con las integrales fermionicas

[P1,Sa] = iHnP−n (Hn, κ , κ̃)Qa, [P1,Qa] = −iP−n (Hn, κ, κ̃)Sn,a , (1.47)

y los conmutadores con P2 tienen una forma similar pero con P−n (Hn, κ, κ̃) cambiado por P+
n (Hn, κ, κ̃),
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acá P±n (Hn, κ, κ̃) ≡ Pn(Hn, κ)± Pn(Hn, κ̃), y

Pn(Hn, κ) =

n∏
j=1

(Hn + κ2
j1) , (1.48)

con 1 la matriz identidad 2 × 2. De la definición de P±n sigue que mientras P+
n es siempre un

operador de orden n en la matriz Hamiltoniano Hn, P−n en caso general es un polinomio de orden

(n− 1) en Hn. Cabe destacar que en el caso completamente isospectral κj = κ̃j , j = 1, . . . , n, P−n
se reduce al operador cero. Esto significa que en dicho caso completamente isospectral la integral

P1 se transforma en un carga central de la superálgebra no lineal.

En la siguente sección estudiaremos la familia completa de potenciales que permiten la exis-

tencia de una integral bosónica analoga al momento lineal para la partı́cula libre, para eso es-

tudiaremos la jerarquı́a de ecuaciones de KdV, su formulación de Par de Lax y sus soluciones

algebro-geometricas, con el fin de poder comprender este cuadro supersimétrico extendido en

forma general, además de obtener el cuadro completo de soluciones de problemas asociados,

como veremos en las proximas secciones.
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1.2. Jerarqı́a de ecuaciones de Korteweg-de Vries, Integrales de Lax-Novikov

y supersimetrı́a nolineal con graduación no local

La jerarquı́a de ecuaciones de Korteweg-de Vries (KdV) correponde a un conjunto de sistemas

nolineales completamente integrables. El método álgebro geométrico permite encontrar solucio-

nes cuasi-periódicas en forma de segunda derivada logarı́tmica de la función Theta de Riemann.

Estas soluciones son conocidas como en la forma de Its-Matveev [26]. Debido a la covariancia

de la ecuación de KdV bajo transformaciones de Darboux, es posible, vı́a transformaciones de

Crum-Darboux, agregar un número arbitrario de solitones de diferentes tipos en cada una de las

diferentes capas cristalinas, asociadas a cada perı́odo de la función Theta de Riemann. Los so-

litones generan defectos que rompen la periodicidad localmente, no ası́ asintóticamente, ya que

en la lejanı́a de defectos solitónicos la solución recupera la forma de It-Matveev pero ganando

un desfase que depende de los datos espectrales del conjunto de defectos solitónicos. En gene-

ral, vı́a transformaciones de Crum-Darboux, es posible construir sistemas con múltiples solitones

de diversos tipos viajando en diversas estructuras cristalinas dentro de las soluciones en la for-

ma de Its-Matveev. Por medio de la representación de par de Lax [47], estas soluciones de KdV

corresponden a los potenciales de los sistemas mecánico cuánticos con Hamiltonianos de tipo

Schrödinger estacionario en 1+1D completamente transparentes o con número finito de bandas

y estados ligados. El género g de la función theta de Riemann corresponde con el número de

bandas permitidas en el espectro del operador de Schrödinger, además de la banda de disper-

sión [18, 26]. Más explı́citamente, el operador de Schrödinger está en el corazón del método de

dispersión inversa, clásico método utilizado en la resolución de la ecuación de KdV. Potenciales

asintóticamente libres y transparentes con n provee de soluciones tipo-partı́cula, conocidas como

n-solitón, con aplicaciones en diversas áreas de la fı́sica [48, 36, 34]. La formulación de par de

Lax para la jerarquı́a de ecuaciones estacionarias de KdV (s-KdV) describe una integral de mo-

vimiento de orden impar para cada Hamiltoniano de Schrödinger estacionario. El orden de esta

integral, llamada integral de Lax-Novikov, depende del número de bandas y estados ligados en el

espectro de dicho Hamiltoniano. Como ya hemos adelantado, el más simple ejemplo de sistema

con integral de Lax-Novikov es la partı́cula libre H = − ~2

2m
d2

dx2 + cte, claramente es un potencial

completamente transparente, cuyos autoestados tienen forma de onda plana y en este caso la

integral de Lax-Novikov es simplemente el momento lineal p = −i~ d
dx , [H, p] = 0. En lo que sigue

del texto usaremos la notación ~ = 2m = 1, pero debemos recordar que al reconstruir la constante

de Planck los defectos agregados a los potenciales, mediante transformaciones de Darboux y en

general transformaciones de Crum-Darboux, son proporcionales a ~2

m .

La jerarquı́a estacionaria inhomogénea de KdV [26] es definida recursivamente de la siguiente
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forma

f0 = 1, f`,x = −1

4
f`−1,xxx + uf`−1,x +

1

2
uxf`−1, (1.49)

siendo las ecuaciones de la jerarquı́a de KdV

2f`,x =
du

ds
, (1.50)

acá s es un parámetro de evolución, es posible de interpretar como el tiempo según el sistema

fı́sico que se desee interpretar. Explı́citamente uno encuentra

f0 = 1,

f1 =
1

2
u+ c1

f2 = −1

8
uxx +

3

8
u2 + c1

1

2
u+ c2 (1.51)

f3 =
1

32
uxxxx −

5

16
uux −

5

32
u2
x +

5

16
u3

+c1(−1

8
uxx +

3

8
u2) + c2

1

2
u+ c3, etc

acá c` son constantes de integración reales.

Estas ecuaciones permiten una formulación de par de Lax, la cual permite una reinterpretación

desde el estudio de simetrı́as en mecánica cuántica, dado que uno de los elementos del par

de Lax corresponde a un operador de Schrödinger y como veremos a continuacion, soluciones

estacionarias de la jerarquı́a de ecuaciones de KdV, duds = 0 nos entregan el conjunto completo de

potenciales con integrales de movimiento de tipo Lax-Novikov para sistemas mecánico cuánticos

en una lı́nea El par de operadores en el par de Lax son

H = − d2

dx2
+ u, (1.52)

y

P2g+1 = −i
g∑
`=1

(
fg−`

d

dx
− 1

2
fg−`,x

)
H`, (1.53)

los cuales definen una relación de Lax

[P2g+1, H] = −2ifg+1,x, (1.54)

la cual como condición de involución, reconstruye la jerarquı́a de ecuaciones estacionarias de

KdV 2ifg+1,x = sKdVg(u) = 0, pero a la vez aseguran que P es una integral de movimiento para

H. Las constantes c` que aparecen en (1.51) estan fijas en terminos de las energı́as Em de los

bordes del espectro de H en dependencia del potencial u,

ck = −
k∑

i=j0,j1,...,j2g=0
j0+j1+..+j2g=k

2−2k

2g∏
i=0

(2ji)!

(ji!)2(2ji − 1)
Ejii (1.55)
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acá k = 1, ..., n y c0 = 1.

Sı́ fg+1,x = 0 y H y P2g+1 son operadores hermı́ticos o PT simétricos1 entonces (1.53) toma

el rol de integral de movimiento de H. H y P2g+1 satisfacen la relación de Burchnall-Chaundy [37]

P 2
2g+1 =

2g∏
i=0

(H − Ei) , (1.56)

la cual relaciona los autovalores y de P2g+1 los autovalores z de H por medio de una curva hiper-

elı́ptica

y2 =

2g∏
i=0

(z − Ei) . (1.57)

H y P2g+1 permiten un operador de graduación no local Z2 Γ, ΓA = (−1)|A|AΓ, Γ# = Γ y

Γ2 = 1, el cual define P1 = P2g+1 y P2 = iΓP2g+1 como un operador de graduación impar el cual

describe una supersimetrı́a nolineal dada por la relación de Burchnal-Chaundy

{Pa,Pb} = 2δab

2g∏
i=0

(H − Ei). (1.58)

El operador Γ para potenciales simétricos puede ser remplazado por el operador de reflección, y

en general también admite una representación de reflección en la coordenada y en las fases.

La fórmula de Its-Matveev [11] para los potenciales con g-bandas, está dada por

u(x) = −2
d2

dx2
ln(θ(xv + φ, τ)) + Λ0, v,φ ∈ Cg, (1.59)

los autoestados del Hamiltoniano correspondiente a los potenciales finite-gap (1.59) están dados

en la forma

ψ(r, x) =
θ(xv + φ + α(r), τ)

θ(xv + φ, τ)
exp (−ixξ(r)) , (1.60)

donde θ es la función Theta de Riemann de género g:

θ(z, τ) =
∑
n∈Zg

exp (2πi < n, z > +πi < n,nτ >) , z ∈ Cg, (1.61)

θ(z + a, τ) = θ(z, τ), a ∈ Zg, (1.62)

τ es una matriz g × g simétrica con parte imaginaria definida positiva, cuyos elementos, al igual

que las componentes de v y la constante Λ0 son determinados en forma única por las energı́as de

los bordes del espectro de H, mientras que α(r) y ξ(r) también dependen de un punto r = (z, y)

en la curva hiper elı́ptica (1.57) tal que Hψ(r, x) = zψ(r, x) y P2g+1ψ(r, x) = yψ(r, x). φ depende

de todos los datos espectrales de H.

El lı́mite en el cual las bandas se convierten en estados ligados, debe ser estudiado cuidado-

samente, teniendo que elegir con precaución el perı́odo fundamental que será preservado, debido
1Pf(x) = f(−x)P, T f(x) = f∗(x)T , bajo la PT simetrı́a el Hamiltoniano puede presentar autovalores reales, al

igual que en el caso de operadores Hamiltonianos hermı́ticos lo cual se apega a la observación empı́rica
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a que si los máximos de dicha estructura periódica están en los bordes del perı́odo fundamental

que se quiere preservar al tomar el lı́mite señalado anteriormente, el efecto de esta banda des-

aparecerá, pero si se centra el máximo en un punto prefijado (módulo desfases nolineales) antes

de tomar el limite, la estructura cristalina se estirará de tal forma, que el efecto resultante será el

de un solitón centrado en este punto prefijado (módulo desfases nolineales). Otra interpretación

de estos dos lı́mites posibles, es desde el punto de vista del parámetro modular. En el caso más

simple: el del potencial de Lamé, en el cual solo existe una banda finita permitida, una banda finita

prohibida, una zona semifinita prohibidas y una zona semifinita de dispersión. La forma de este

potencial y el ancho de la banda finita dependen de un parámetro llamado parámetro modular k,

0 < k < 1. El lı́mite del parámetro modular tiende a cero elimina la banda convirtiendo el poten-

cial de Lamé en una partı́cula libre, mientras el lı́mite uno transforma el potencial de Lamé en el

potencial de Pöschl-Teller.

En general la ecuación estacionaria de KdV 2fg+l+1,x(ug,l(x)) = 0 con parámetros c`, ` =

0, . . . , 2g+ 2l, definidos por las energı́as {E0, ..., E2g}∪ (∪i=1,...,l{z(ri,1), z(ri,1)}) tiene soluciones

con P2g+2l+1 irreducible cuando ug,l toma la forma

ug,l(x) = u(x)− 2
d2

dx2
ln(W(ψa1,1,a1,2(r1,1, r1,2, x), . . . , ψal,1,al,2(rl,1, rl,2, x))), (1.63)

acá ai, a2 6= 0, ri,a = zi, yi,b con zi 6= zj y zi 6= zj , i, j = 1, . . . , l y b = 1, 2 son puntos en cartas

opuestas relacionadas a la curva hiper-elı́ptica singular

y2 =

2g∏
i=0

(z − Ei)
l∏
i=1

(z − zi)2, (1.64)

en el caso más general ug,l(x) puede ser singular y de valor complejo. ug,l(x) en este caso define

un par de Lax en la forma

Hg,l = H(ug,l(x)), P2g+2l+1(ug,l(x), ∂σ(Hg,l)), (1.65)

donde el vestimiento de Darboux de la integral de Lax-Novikov P2g+2k+1(ug,k(x), ∂σ(Hg,k)), k < l,

k = 1, 2, . . . , l nos da la identidad

P2g+2l+1(ug,l(x), ∂σ(Hg+l)) = Al,k+1P2g+2k+1(ug,k(x), ∂σ(Hg,0))A#
l,k+1, (1.66)

acá ug,0(x) = u(x), Hg,0 = H, ∂σ(Hg,k) = {E0, ..., E2g} ∪ (∪i=1,...,k{z(ri,1), z(ri,1)}) y Al,k =

AlAl−1 · · ·Ak y Al son definidos como en 1.5 pero cambiando ψi → ψai,1,ai,2(ri,1, ri,2, x),

Para realizar una interpretación desde el punto de vista mecánico cuántico el operador H debe

cumplir el rol de Hamiltoniano y P2g+2l+1 el rol de integral de movimiento. Para esto, debemos

requerir que H y P sean operadores hermı́ticos sin singularidades en el eje real x ∈ R. No es

necesario exigir este intervalo como condición de hermiticidad (un ejemplo de esto es el pozo

infinito) pero dada la naturaleza transparente de los potenciales solitónicos y la no periodicidad
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de los potenciales ésta es la elección más natural para este tipo de sistemas, para esto debemos

demandar que el espectro de los potenciales sea real Ei, zj ,Λ0 ∈ R, i = 0, . . . , 2g y j = 1, . . . , l,

y ug+l(x) no tenga sigularidades, en este caso # corresponde a la operación † de conjugación

hermı́tica. Es posible que u(x) y ug,l(x) − u(x) sean ambos no singulares o ambos singulares

pero en este último caso las singularidades del primer término deben borrar las singularidades

del segundo. En general esto es posible cuando zi ∈ σ(H)c acá c corresponde al complemento,

o lo que es lo mismo ψai,a2(ri,1, ri,2, x) deben ser estados no fı́sicos H. Es necesario usar el

teorema de ceros para la correcta elección de los coeficientes ai,1/ai,2 y las energı́as z(ri), es

necesario notar que hay un número infinito de soluciones.

En este caso el superálgebra nolineal asociada al operador de graduación Z2 nolocal Γ, ΓO =

(−1)|O|OΓ, Γ# = Γ, Γ2 = 1, el cual define P1 = P2g+2l+1 y P2 = ΓP2g+2l+1como operadores

fermiónicos ({Γ,Pb} = 0) que describen la siguiente supersimetrı́a nolineal

[Hg+l,Pa] = 0, {Pa,Pb} = 2δab

2g∏
j=0

(Hg+l − Ej)
l∏

j=1

(Hg+l − zj)2, (1.67)

acá la nolinealidad coresponde a la relacion de Burchnal-Chaundy entre los operadores Hg+l y

Pa.

En los próximos capı́tulos distinguiremos entre dos distintas transformaciones de Darboux a

soluciones en la forma de Its-Matveev, como interpretar la integral de Lax-Novikov como cadenas

de transformaciones de Darboux y como agregar defectos solitónicos a potenciales transparentes

del operador de Schrödinger y del Bogoliubov-de Gennes. Veremos como lı́mites en los datos

espectrales deforman un tipo de transformación de darboux en otra, generando reducciones de

orden espontáneas en las integrales de Lax-Novikov. Esta reducción de orden produce que la

supersimetrı́as N = 4 producidas por la transformación de Crum-Darboux observen transmu-

taciones debido a lı́mites en los datos espectrales, produciendo rompimientos espontáneos de

simetrı́as.
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Capı́tulo 2

Integral de Lax-Novikov interpretada como cadenas de Darboux y

supersimetrı́a extendida N = 4

Para entender las cadenas de Darboux debemos definir un tipo especial de transformaciones

de Darboux que preservan la forma de los potenciales en la forma de Its-Matveev. Las transfor-

maciones de Darboux que definiremos a continuación son transformaciones iso-espectrales, por

lo cual tanto el potencial inicial como el final son soluciones de la misma ecuación de la jerarquia

de ecuaciones inhomogéneas y estacionarias de KdV.

Auto transformaciones de Darboux: son construidas a partir de estados de la forma ψ(r, x), las

cuales generan el cambio

u(x) = −2
d2

dx2
ln(θ(xv + φ, τ)) + Λ0 → ũr(x) = −2

d2

dx2
ln(θ(xv + φ̃

r
, τ)) + Λ0, (2.1)

la única diferencia entre ambas soluciones de la jerarquı́a es un desfase no lineal en las estructu-

ras cristalinas que generan cada banda en el espectro de H. Este desfase para cada estructura

cristalina está dada por el parámetro espectral α(r),

δφ = φ̃
r
− φ = α(r). (2.2)

Los operadores

X(r) = ψ(r, x)
d

dx

1

ψ(r, x)
, X(r)# ≡ − 1

ψ(r, x)

d

dx
ψ(r, x), (2.3)

entrelazan

H = X(r)#X(r) + z(r), y H̃r = X(r)X(r)# + z(r) = − d2

dx2
+ ũr(x), (2.4)

en la forma X(r)H = H̃rX(r) y X(r)#H̃r = HX(r)#, respectivamente. El potencial inicial y el

potencial transformado, al ser isospectrales por construcción, deben ser soluciones de la misma

ecuación de la jerarqı́a de KdV con exactamente los mismos coeficientes c`. De esto se deduce

que H̃r debe tener una integral de Lax-Novikov P̃ r2g+1 = P2g+1(u(x)→ ũ(x)r), tal que

[P̃ r2g+1, H̃
r] = −2i

d

dx
fg+1(ũr(x), ∂σ(H)), (2.5)
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X(r)P2g+1 = P̃ r2g+1X(r), y P̃ r2g+1
2 =

2g∏
i=0

(H̃r − Ei). (2.6)

Debemos entender como las transformaciones de Crum-Darboux en forma de cadenas de

auto transformaciones de Darboux definen integrales de movimiento para Hg,0, Para simplificar la

notación redefiniremos

X1,0(xv + φ,α(r)) ≡ X(r), α(r) 6∈ Zg, (2.7)

este operador de Darboux entrelaza Hg,0 = H(xv + φ) con H̃r
g,0 = H(xv + φ + α(r)) en la forma

X1,0(xv + φ,α(r))H(xv + φ) = H(xv + φ + α(r))X1,0(xv + φ,α(r)), (2.8)

y nos permite definir un n-auto Crum-Darboux operador

Xn,0(xv+φ,α(r̆1), . . . ,α(r̆n)) = X1,0(xv+φ+
n−1∑
j=1

α(r̆j),α(r̆n))×. . .×X1,0(xv+φ,α(r̆1)), (2.9)

el cual es un operador de orden n, que entrelaza Hg,0 = H(xv + φ) con H̆n
g,0 = H(xv + φ +∑n

j=1 α(r̆j)).

Podemos definir Xn,0 como una integral de movimiento cuando
∑n
j=1 α(r̆j) = 0 + a, a ∈ Zg

con z̆j = z(r̆j) 6= z̆j′ = z(r̆j′) lo cual en general es posible solo para n = 2l o n = 2g + 2l + 1,

l = 0, 1, 2, . . .. En el primer caso la integral X2l,0 corresponde a un polinomio de orden l en el

Hamiltoniano lo cual siempre es una integral de movimiento reducible a la identidad. El segundo

caso la integral X2g+2l+1,0 correspondera a la integral de Lax-Novikov multiplicada por un polino-

mio de orden l en el Hamiltoniano más un polinomio de orden g + l en el Hamiltoniano, reducible

a una combinación entre el operador de Lax-Novikov y la identidad. Es imposible la existencia

de alguna otra integral tanto de orden impar como de orden par diferente a las mencionadas. Ya

que de existir alguna otra integral es posible demostrar que P2g+1 deberı́a ser reducible a algún

P̃2g′+1, g′ < g, pero esto es imposible ya que no existen transformaciones de Darboux que borren

o agreguen bandas permitidas.

La integral de Lax-Novikov P2g+1 para Hg,0 puede ser escrita en función de la cadena de auto

transformaciones de Darboux X2g+1,0 en la forma

P2g+1 =
i(−1)g+1

2
X2g+1,0(xv + φ,α(r̆1), . . . ,α(r̆2g+1))

− i(−1)g+1

2
X#

2g+1,0(xv + φ,α(r̆1), . . . ,α(r̆2g+1)). (2.10)

El par Hg,0 = H(xv + φ) y H̆k
g,0 ≡ H(xv + φ +

∑k
j=1 α(r̆j)), k ≤ g1 con la condición∑2g+1

j=1 α(r̆j) = 0, z̆j 6= z̆j′ . tiene la siguiente base de operadores de entrelazamiento

Dk = Xk,0(xv + φ,α(r̆1), . . . ,α(r̆k)), (2.11)

1in general el caso k = g corresponde a cuando cada α(r̆j), pertenece a diferentes bandas prohibidas
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y

Bk = X#
2g+1−k,0

xv + φ +

k∑
j=1

α(r̆j),α(r̆k+1), . . . ,α(r̆2g+1)

 , (2.12)

las cuales cumplen las siguentes relaciones de entrelazamiento

DkHg,0 = H̆k
g,0Dk, D#

k H̆
k
g,0 = Hg,0D#

k , (2.13)

B2g+1−kHg,0 = H̆k
g,0B2g+1−k, B#

k H̆
k
g,0 = Hg,0B#

k , (2.14)

y permiten una factorización no lineal de Hg,0 y H̆k
g,0 en la forma

D#
k Dk =

k∏
j=1

(Hg,0 − z̆j), DkD#
k =

k∏
j=1

(H̆k
g,0 − z̆j), (2.15)

B#
k B2g+1−k =

2g+1∏
j=k+1

(Hg,0 − z̆j), B2g+1−kB#
k =

2g+1∏
j=k+1

(H̆k
g,0 − z̆j). (2.16)

Dk = Xk,0, k < g es únicamente determinado pero B2g+1−k tiene algunos grados de libertad en

la elección de r̆i, i = k + 1, . . . , 2g + 1 esto puede ser escrito en la forma

B2g+1−k − B′2g+1−k = DkF2(g−k)(Hg,l), (2.17)

acá B′2g+1−k es otra posible definición de B2g+1−k, cambiando r̆i → r̆′i, i = k + 1, . . . , 2g + 1, tal

que
∑k
j=1 α(r̆j) +

∑2g+1
j=k+1 α(r̆′j) =

∑2g+1
j=1 α(r̆j) = 0 y

F2(g−k)(Hg,l) ≡ F2(g−k)(r̆k+1, . . . , r̆2g+1, r̆
′
k+1, . . . , r̆

′
2g+1, Hg,l), (2.18)

es un polinomio de orden g − k en Hg,0. Estas últimas identidades nos indican que el operador

de entrelazamiento de orden 2g + 1 − k no esta definido únicamente y esto es debido a que

cualquier adición del operador de entrelazamiento de orden k, modulo un polinomio en uno de

los Hamiltonianos, sigue cumpliedo la condición de operador de entrelazamiento. Por otro lado no

cualquier combinación lineal de estos operadores puede escribirse como cadenas de Darboux,

para aclarar este punto observaremos, más adelante, el ejemplo más simple: el potencial de

Lamé.

Usando el mismo argumento tenemos que

DkB#
2g+1−k = i(−1)gP2g+1(ŭDkg,0, ∂σ(H̆Dkg,0)) +G2g(H̆

Dk
g,0), (2.19)

B2g+1−kD#
k = −i(−1)gP2g+1(ŭDkg,0, ∂σ(H̆Dkg,0)) +G2g(H̆

Dk
g,0), (2.20)

B#
2g+1−kDk = i(−1)gP2g+1(ug,0, ∂σ(Hg,0)) +G2g(Hg,0), (2.21)

D#
k B2g+1−k = −i(−1)gP2g+1(ug,0, ∂σ(Hg,0)) +G2g(Hg,0), (2.22)
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acá G2g(Hg,0) es un polinomio de orden 2g en Hg,0 definido por la raı́z de la ecuación

G2g(Hg,0)2 =

2g+1∏
j=1

(Hg,0 − z̆j)2 −
2g∏
j=0

(Hg,0 − Ej)2, (2.23)

lo cual inmediatamente nos da la identidad

2g∑
i=0

Ei =

2g+1∑
i=1

z̆i, (2.24)

la cual es de utilidad a la hora de buscar soluciones de la ecuación

2g+1∑
j=1

α(r̆j) = 0. (2.25)

Podemos ver como (2.19) y (2.21) explican la factorizacón del operador de Lax-Novikov en función

de las cadenas de Daroux. Podemos observar como estos caminos cerrados se convierten en

integrales de movimiento para sus respectivos Hamiltonianos de partida.

El más simple ejemplo para entender la relación entre integrales de Lax-Novikov y cadenas

de Darboux es el caso con un brecha (1-gap) entre las bandas permitidas, el potencial asociado

a este espectro es periódico y es conocido como el potencial de Lamé.

2.1. Generadores de Desplazamiento de Darboux: el caso del potencial

de Lamé 1-gap

Considere un Hamiltoniano de Schrödinger en una dimensión H(x) = − d2

dx2 + V (x) con un

potencial periódico V (x). Exijamos que este operador permita una familia de generadores de

desplazamientos de Darboux de primer orden D(x;λ) = d
dx + ϕ(x;λ) tal que,

D(x;λ)H(x) = H(x+ λ)D(x;λ), (2.26)

los cuales dependen en un parámetro continuo λ. Entonces puede ser mostrado que V (x) tiene

que ser un potencial de Lamé 1-gap. [12, 16]. En dependencia de la funcion sn(x|k) de Jacobi el

Hamiltoniano de Lamé 1-gap toma la forma [19]

H(x) = − d2

dx2
+ 2k2sn2 x− k2 , (2.27)

acá k es el parámetro modular, 0 < k < 1, y fija un periodo real, 2K, y uno imaginario, 2iK′, para

el potencial (doblemente periódico). En lo que sigue no se indicará explicitamete la dependencia

de las funciones elipticas y funciones relacionadas en el parámetro modular k. la elección de la

constante aditiva en el potencial fija el estado de mı́nima energı́a de la banda de valencia y de

todo el sistema en cero, y el 1-gap espectro de (2.27) es σ(H) = [0, k′2]∪ [1,∞), acá 0 < k′ < 1 es

el parámetro modular complementario, k′2 = 1− k2. En el limite de periodo real infinito (k → 1⇒
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2K → ∞, 2iK′ → iπ, snx → tanhx) de (2.27) corresponde al potencial transparente de Pöschl-

Teller con un estado ligado es su espectro, mientras que el otro limite k → 0, reduce (2.27) a la

particula libre.

Para constuir el generador de desplazamientos de Darboux uno paramétrico, distcutiremos

algunas propiedades del Hamiltoniano de Lamé (2.27). Las soluciones de la ecuación estacionaria

HΨ(x) = EΨ(x) son dadas por funciones de Bloch en la forma

Ψα
±(x) =

H(x± α)

Θ(x)
exp [∓xZ(α)] , E = dn2α, (2.28)

acá H, Θ y Z son las funciones Eta, Theta y Zeta de Jacobi [19, 15]. Bajo translaciones en un

periodo estos estados transforman en la forma, they transform as

Ψα
±(x+ 2K) = exp[∓i2Kκ(α)]Ψα

±(x) , κ(α) =
π

2K
− iZ(α) , (2.29)

acá κ(α) es el cuasi-momentum. La energı́a E es dada aquı́ como una función E(α) = dn2α

de un parámetro complejo α. Estas es una función eliptica de mismo parámetro modular k, y su

paralelogramo fundamental α ∈ C es un rectangulo con vertices en 0, 2K, 2K+2iK′, y 2iK′.En los

bordes de este paralelogramo, la función dnα toma valores reales o puros imagiarios, y porlotanto,

E es real. Los lados verticales α = iβ + K, 0 ≤ β ≤ K′, y α = iβ, 0 ≤ β < K′, corresponden,

a la banda de valencia, 0 ≤ E ≤ k′2, y de conducción, 1 ≤ E < ∞, respectivamente, acá el

cuasi-momentum κ(α) es real. Los lados horizontales α = iK′ + β y α = β con 0 < β < K

corresponden a las bandas prohibidas −∞ < E < 0 y k′2 < E < 1, acá κ(α) valores complejos.

DEntro de las bandas permitidas, (2.28)los modos de Bloch se propagan a la izquierda (el indice

superior) y a la derechas (indice inferior). En los bordes de banda estos estados se reducen a

ondas estacionarias descritas por un estado periodico, dnx = dn (x+ 2K) (E = 0),y dos estados

antiperiodicos, cnx = −cn (x+ 2K) (E = k′2) y snx = −sn(x+ 2K) (E = 1).

Al igual que el estado base dnx (α = K+ iK′, E = 0), los auto estados no fı́sicos en la banda

prohibida más baja −∞ < E < 0 son funciones sin nodos, las cuales son usados para construir

generadores de Darboux uno paramétricos. Como dn (−u) = dn (u+2K) = −dn (u+2iK′) = dnu,

es conveniente introducir la notación α = −2τ + iK′, y asumir que τ ∈ R mientras se mantiene

en mente que E → −∞ para τ → nK, n ∈ Z. Cambiando el argumento, x → x+ τ , para función

de onda (2.28) con el indice de superior nosotros obtenemos Ψ−2τ+iK′

+ (x+ τ) = c(τ)F (x; τ), acá

c(τ) es una constante multiplicativa distinta de cero e independiente de x y

Θ(x− τ)

Θ(x+ τ)
exp[xz(τ)] ≡ F (x; τ) , (2.30)

acá

z(τ) = Z(2τ + iK′) + i
π

2K
= Z(2τ) +

cn 2τdn 2τ

sn 2τ
(2.31)

es, asta un factor −i, el cuasi-momentum de el estado de Bloch (2.30), z(τ) = −iκ(−2τ + iK′),
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que es una función impar en τ . La función F (x; τ) es cuasi-periodica en x, F (x + 2K; τ) =

exp[2Kz(τ)]F (x; τ), periodica en τ , F (x; τ + 2K) = F (x; τ).

Consideremos ahora el operador diferencial de primer orden

D(x; τ) = F (x; τ)
d

dx

1

F (x; τ)
=

d

dx
−∆(x; τ), D†(x; τ) = −D(x;−τ) , (2.32)

cuyo modo cero es F (x; τ), D(x; τ)F (x; τ) = 0. La función ∆(x; τ) = F ′(x; τ)/F (x; τ), F ′(x; τ) =

∂
∂xF (x; τ), toma la forma

∆(x; τ) = z(τ) + Z(x− τ)− Z(x+ τ)

=
cn 2τdn 2τ

sn 2τ
+ k2sn 2τsn(x− τ)sn(x+ τ) . (2.33)

Esta obedece la ecuación de Riccati

∆2(x; τ)±∆′(x; τ) = 2k2sn2(x± τ)− k2 + ε(τ) , (2.34)

acá

ε(τ) = −E(−2τ + iK′) = cn22τ/sn22τ . (2.35)

Otra relación importante es la combinación lineal de tres terminos en la siguiente forma,

∆(x; τ) + ∆(x+ τ + λ;λ) + ∆(x+ λ;−τ − λ)

= z(τ) + z(λ) + z(−τ − λ) ≡ g(τ, λ) , (2.36)

es independiente de x. La función g(τ, λ) posee las propiedades de simetrı́a g(τ, λ) = g(λ, τ) =

g(τ,−λ− τ) = −g(−τ,−λ) y puede ser presentada en la forma

g(τ, λ) =
1− cn 2τ cn 2λ cn 2(τ + λ)

sn 2τ sn 2λ sn 2(τ + λ)
. (2.37)

A partir de la ecuación de Riccati (2.34), los operadores (2.32) factorizan los Hamiltonianos

Lamé (2.27),

D†(x; τ)D(x; τ) = H(x+ τ) + ε(τ) , D(x; τ)D†(x; τ) = H(x− τ) + ε(τ) , (2.38)

con (2.35) jugando el rol de constante de factorización.

El cambio τ → −τ en la primera relación de (2.38) y el subsecuente cambio de x → x + 2τ

transforma la primera factrización en una forma equivalente D(x + 2τ ; τ)D†(x + 2τ ; τ) = H(x +

τ) + ε(τ), que essolo la segunda relación en (2.38) con el argumento x desplazado en 2τ .

A partir de (2.38) sigue que (2.32) son los generadores de desplazamiento de Darboux bus-

cados

D(x; τ)H(x+ τ) = H(x− τ)D(x; τ) , D†(x; τ)H(x− τ) = H(x+ τ)D†(x; τ). (2.39)

como D†(x; τ) = −D(x;−τ), es suficiente considerar solo la primera relación de entrelazamiento

en (2.39) mientras la segunda sigue de ésta mediante el simple cambio τ → −τ .
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2.2. Cadenas de Darboux entre sistemas de Lamé 1-gap

En esta sección construiremos generalizaciones de ordenes altos de generadores de despla-

zamientos de Darboux, a lo cual nos referiremos como cadenas de Darboux entre sistemas de

Lamé 1-gap.

El desplazamiento mutuo entre los dos sistemas en (2.39) es 2τ mientras su cordenada pro-

medio es x. Para una generalización es conveniente dar a cada sistema su propio parámetro de

desplazamiento, para esto introduciremos la notación

τab =
1

2
(τb − τa) = −τba , xab = x+

1

2
(τa + τb) = xba. (2.40)

Entonces xab + τab = x + τb, xab − τab = x + τa, y las relaciones (2.38), (2.39) pueden ser

presentadas en la forma

DabD†ab = −DabDba = Ha + εab, (2.41)

DabHb = HaDab, (2.42)

acá se han introducido las siguientes notaciones

Dab = D(xab; τab) = −D†ba, Ha = H(x+ τa), εab = ε(τab) = εba , (2.43)

ver Fig. 2.1. Acá el superpotencial ∆, el generador de desplazamiento de Darboux Dab y la cons-

tante de factorización εab divergen para τab = nK, n ∈ Z, por lo que se debe suponer τab 6= nK.

Dab  �
ab

Ha  �
ab

x�
a b

����ab

� �
a b

���ab

a� b�

Figura 2.1: a) El generador de desplazamiento de Darboux Dab transforma los estados de Hb en

los del sistema trasladado Ha, ver (2.42). b) El Hamiltoniano Ha como una cadena cerrada de dos

desplazamientos de Darboux (2.41).

Haciendo uso de la relación (2.42), uno puede encontrar el operador de segundo orden

Bab/λ = DaλD†λb = −DaλDλb , B†ab/λ = Bba/λ , (2.44)

tal como para τab, asumimos que τaλ, τλb 6= nK. Como el operador de primer orden Dab, este

operador entrelaza los mismos Hamiltonianos Ha y Hb,

Bab/λHb = HaBab/λ, (2.45)

mediante una cadena de dos desplazamientos, Bab/λHb = −DaλDλbHb = −DaλHλDλb = −HaDaλDλb =

HaBab/λ. En esta cadena, aparece un sistema intermediario Hλ, el cual desde el punto de vista
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del par de sistemas iniciales Ha y Hb es de naturaleza virtual o auxiliar. Para remarcar la natu-

raleza virtual de este parámetro de desplazamiento λ, se señala de una forma especial (con un

slash) en la notación del operador de entrelazamiento de tipo Crum-Darboux de segundo orden

B. Para (2.44) encontramos la siguiente relación

Baa/λ = DaλD†aλ = Ha + εaλ . (2.46)

a diferencia de Dab, Bab/λ es bien definido (para τaλ, τλb 6= nK) en el caso cuando τab = nK. El

parámetro virtual en el lado derecho en (2.46) aparece solo en el termino aditivo. We also have

Bab/λB†ab/λ = Bab/λBba/λ = (Ha + εaλ)(Ha + εbλ) . (2.47)

Haciendo uso de la constante (2.37), encontramos que una convinación lineal entre el ope-

rador de segundo orden, B, y el de primer orden, D, nos ofrece un operador independiente del

parámetro virtual λ,

Yab = −Bab/λ − gabλDab , Y†ab = Yba , (2.48)

acá se ha introducido la notación

gabλ ≡ g(τab, τλa) = z(τab) + z(τbλ) + z(τλa) . (2.49)

LA forma Explicita del operador de entrelazamiento Yab = Y(xab; τab), YabHb = HaYab, es dada

por

Y(x; τ) =
d2

dx2
−∆(x; τ)

d

dx
− k2sn2(x+ τ) + sn−22τ . (2.50)

A partir de (2.48) obtenemos tambien que

Bab/λ = Bab/µ + (gabµ − gabλ)Dab , (2.51)

lo que corresponde a cambiar el parámetro de desplazamiento virtual, ver Fig. 2.2.

Bab/���� a�
x�

b �
�

�

�

ab

� �

ab

�

�gab��gab�� ab
�

Figura 2.2: El operador de entrelazamiento de segundo orden como una cadena abierta de dos

generadores de desplazamientos de primer orden; la segunda linea corresponde al cambio del

parámetro virtual λ → ν (2.51) más un termino proporcional al generador de desplazamiento de

primer orden.
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Los operadores de entrelazamiento de primer y segundo orden nos permite construir una

integral no trivial para el operador Hamiltoniano Ha,

Pa = DabYba + εabCab = YabDba − εabCab , (2.52)

[Pa, Ha] = 0,acá Pa = P(x + τa), Cab = C(τab) = −Cba, C(τ) ≡ g(τ, 1
2K) = dn 2τ/(sn 2τcn 2τ). La

integral (2.52) no es otra cosa que el operador de Lax-Novikov para el potencial de Lamé 1-gap

(2.27), cuya forma explicita esta dada por

P(x) =
d3

dx3
+ (1 + k2 − 3k2sn2x)

d

dx
− 3k2snxcnxdnx , P† = −P . (2.53)

La relación (2.52) puede ser presentada como una cadenca cerrada de tres generadores de

desplazamiento de Darboux

DabDbcDca = Pa − gabcHa + εab − ξabc , (2.54)

acá

ξabc ≡ εab(gabc − Cab) . (2.55)

Haciendo uso de una representación equivalente de (2.36), (2.37),

g(τ ;µ) =
C(τ)ε(τ)− C(µ)ε(µ)

ε(τ)− ε(µ)
,

uno puede chequear que el objeto de tres indices (2.55) posee las misma atisimetrı́a e los indices

que gabc, ξabc = −ξbac = −ξacb. Podemos entonces escribir

Pa = −Bab/cDba + gabcHa + ξabc = −DabBba/c − gabcHa − ξabc , (2.56)

ver Fig. 2.3. Con la ayuda de (2.56) y las relaciones

εabεbcεca − ξ2
abc = 0,

εabεac + εabεbc + εacεbc − 2gabcξabc = k′2,

εab + εac + εbc − g2
abc = −(1 + k′2) , (2.57)

encontramos que la integral de Lax-Novikov y el Hamiltoniano satisface una relacion de Burchnall-

Chaundy en la forma

− P2 = P (H) , P (H) = H(H − k′2)(H − 1) , (2.58)

El operador de Lax-Novikov distingue los estados de Bloch que se mueven a la Izquierda- (Ψα
+) y

a la derecha- (Ψα
−), y aniquila los estados de bordes de banda.
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Figura 2.3: Dos representaciones para la integral de Lax-Novikov como convinacion lineal entre

cadenas cerradas de Darboux: Pa = − 1
2DaνBνa/λ−

1
2Baν/λDνa = − 1

2DaνDνλDλa−
1
2DaλDλνDνa.

2.2.1. Imposibilidad de cadenas no triviales de orden superior

El operador de entrelazamiento de segundo orden puede tratar de ser generalizado a un ope-

rador de entrelazamiento de tercer orden. haciendo uso de la relación (2.51), uno encuentra

DabDbcDcd = −Bac/bDcd = −DabBbd/c

= −(Ha + εdc)Dad + (gacd − gacb)Bad/c = −(Ha + εab)Dad + (gbda − gbdc)Bad/b . (2.59)

En el siguiente, el operador de entrelazamientro de cuarto orden, obtenemos de forma similar

DabDbcDcdDdf = Bac/bBcf/d = (Ha + εdc + gadc − gadf )Baf/d

+ (gacd − gacb)(Ha + εfd)Daf . (2.60)

Como vemos en las ultimas dos relaciones es imposible crear operadores de entrelazamiento

nuevos siempre estos se reducen a B y a D multiplicados por polinomios en uno de los Hamilto-

nianos.

Tomando en la ultima relación f = a, formamos una cadena cerrada de orden cuatro, la cual

corresponde a una integral de movimiento para Ha, podriamos creer que esta sera una nueva

integral para Ha pero un tratamiento riguroso nos da que

DabDbcDcdDda = (Ha + εdc)(Ha + εad) + (gacb − gacd)(Pa + gacdHa + ξacd) , (2.61)

lo cual se reduce a un polinomio en Ha y a la integral de Lax-Novicov, por lo que no generamos

nada nuevo.

Una cadena de Darboux de orden n cerrada de la forma Dab1Db1b2 . . .Dbn−1a siempre será una

integral para Ha y tomará la forma

Dab1Db1b2 . . .Dbn−1a = h1(Ha) + h2(Ha)Pa , (2.62)

acá h1,2(Ha) son ciertos polinomios de Ha. Mientras que cadenas abiertas de orden n de gene-

radores de desplazamientos entre Ha y Hc, se reduciran, analogamete, a combinaciones lineales
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entrelos operadores de entrelazamiento de primer y segundo orden cuyos coeficientes estaran

dados por polinomios e uno de los Hamiltonianos

Dab1Db1b2 . . .Dbn−1c = f1(Ha)Dac + f2(Ha)Bac/bn−1
= Dacf1(Hc) + Bac/bn−1

f2(Hc) . (2.63)

El indice bn−1 en Bac/bn−1
puede ser cambiado por cualquier otro indice intermediario aplicando

la identidad (2.51).

se concluye entonces que cadenas abiertas de cadenas de desplazamientos de Darboux se

reducen en dos ploques: el primero proporcional, al operador de entrelazamiento y generador

de desplazamiento de primer orden D, y el segundo proporcional al operador de entrelazamien-

to construido a partir de la composición de dos generadores de desplazamiento de Darboux, B,

cuyos coeficientes son ciertos polinomios en el operador Hamiltoniano. En el caso de cadenas

cerradas, estas se reducen siempre a funciones lineales en la integral de Lax-Novikov de tercer

orden cuyos coeficientes son ciertos polinomios en el operador Hamiltoniano. Ninguna estructu-

ra nueva aparece en este conjunto de operadores. Reescribir las integrales de Lax-Novikov en

funcion de Cadenas de transformaciones de Darboux Nos permite entender la estructura super-

simétrica no lineal asociada a los potenciales finite-gap

Para el potencial de Lamé hemos comprendido la cercana relación entre el fenómeno del

desplazamiento de Darboux [16] y la existencia de integrales de tipo Lax-Novikov e integrales de

entrelazamiento de órdenes superior, pudiendo comprender como cadenas de desplazamientos

de Darboux generan integrales de movimiento o operadores de entrelazamiento irreducibles[41,

7]. La siguiente publicación corresponde al estudio de las simetrı́as de un par de Hamiltonianos

de Lamé desplazados, en especial el estudio de la supersimetrı́a extedida N = 4 para pares de

potenciales de Lamé.

En el siguiente trabajo se estudian por completo las propiedades del potencial de Lamé 1-

gap, su problema espectral, y el problema espectral asociado a sus integrales fermionicas de

primer orden. Tambien es abordado el estudio del Rompimiento espotáneo de la supersimetrı́a,

sus limites no periódicos y su relación con el modelo de Gross y Neveu.

34
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Some time ago, Thies et al. showed that the Gross-Neveu model with a bare mass term possesses a

kink-antikink crystalline phase. Corresponding self-consistent solutions, known earlier in polymer

physics, are described by a self-isospectral pair of one-gap periodic Lamé potentials with a Darboux

displacement depending on the bare mass. We study an unusual supersymmetry of such a second-order

Lamé system, and show that the associated first-order Bogoliubov-de Gennes Hamiltonian possesses its

own nonlinear supersymmetry. The Witten index is ascertained to be zero for both of the related exotic

supersymmetric structures, each of which admits several alternatives for the choice of a grading operator.

A restoration of the discrete chiral symmetry at zero value of the bare mass, when the kink-antikink

crystalline condensate transforms into the kink crystal, is shown to be accompanied by structural changes

in both of the supersymmetries. We find that the infinite period limit may or may not change the index.

We also explain the origin of the Darboux-dressing phenomenon recently observed in a nonperiodic

self-isospectral one-gap Pöschl-Teller system, which describes the Dashen, Hasslacher, and Neveu

kink-antikink baryons.

DOI: 10.1103/PhysRevD.83.065025 PACS numbers: 11.30.Pb, 03.65.�w, 11.10.Kk, 11.10.Lm

I. INTRODUCTION

The Gross-Neveu (GN) model [1–3] is a remarkable
(1þ 1)-dimensional theory of self-interacting fermions
that has no gauge fields or gauge symmetries, but exhibits
some important features of quantum chromodynamics,
namely, asymptotic freedom, dynamical mass generation,
and chiral symmetry breaking [4]. It has been widely
studied over the years and the richness of its properties
is still astonishing. Some time ago, Thies et al. showed
that at finite density, the ground state of the model with a
discrete chiral symmetry is a kink crystal [5], while the
kink-antikink crystalline phase was found in the GN
model with a bare mass term [6]. Then, Dunne and
Basar derived a new self-consistent inhomogeneous con-
densate, the twisted kink crystal in the GN model with
continuous chiral symmetry [7,8]. On the other hand, the
relation of the GN model with the sinh-Gordon equation
and classical string solutions in AdS3 has been observed
recently [9,10].

These two classes of the results seem to be different, but
both are rooted in the integrability features of the GN
model, and may be related to the Bogoliubov-de Gennes
(BdG) equations incorporated implicitly in its structure. It
is because of these properties that the model finds many
applications in diverse areas of physics. Particularly, the
model has provided very fruitful links between particle and
condensed matter physics, see [11–13].

The origin of the model itself may also be somewhat
related to the BdG equations. We briefly discuss these
equations to formulate the aim of the present paper.

The BdG equations [14] in the Andreev approximation
[15] is a set of two coupled linear differential equations,

which can be presented in the form of a stationary Dirac-
type matrix equation,

Ĝ 1c ¼ !c ; Ĝ1 ¼ a�1

1

i

d

dx
� �2�ðxÞ: (1.1)

The scalar field �ðxÞ is determined via a self-consistency
condition, which is often referred to as a gap equation.
Equation (1.1) arose in the theory of superconductivity by
linearizing the nonrelativistic energy dispersion
(in the absence of magnetic field), or, equivalently, by
neglecting the second derivatives of the Bogoliubov
amplitudes, see [16]. A constant a is proportional there
to the Fermi momentum ℏkF. In what follows, we put
a ¼ 1 and ℏ ¼ 1.
The Lagrangian of the GN model of the N species of

self-interacting fermions is

L GN ¼ �c ði��@� �m0Þc þ 1
2g

2ð �c c Þ2; (1.2)

where g2 is a coupling constant, the summation in the
flavor index is suppressed, and a bare mass term �m0,
which breaks explicitly the discrete chiral symmetry
c ! �5c of the massless model, is included.1 It is the
two-dimensional version of the Nambu-Jona-Lasinio
model [17] (with continuous chiral symmetry reduced to
the discrete one). The latter is based on an analogy with
superconductivity, and was introduced as a model
of symmetry breaking in particle physics. There are
two equivalent methods to seek solutions for the

1The investigation of model (1.2) is motivated in [6] by a
massive nature of quarks; there, the ’t Hooft limit N ! 1,
Ng2 ¼ const, is considered.
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GN model. One of them is the Hartree-Fock approach, in
which self-consistent solutions to the Dirac equation
ði��@� � SÞc ¼ 0 are looked for, with spinor and scalar

fields subject to a constraint of the form ðSðxÞ �m0Þ ¼
�Ng2h �c c i, see [4,5,18]. For static solutions, under the
appropriate choice of the gamma matrices, the Dirac equa-

tion takes the form of the BdG matrix Eq. (1.1), with Ĝ1 as
a single particle fermionic Hamiltonian. The condensate
field SðxÞ is identified with a gap function �ðxÞ, while the
constraint corresponds to the above-mentioned gap equa-
tion. Another approach to seek solutions for the GN model,
in which the BdG equations also play a key role, is via a
functional gap equation [19,20]. There, the condensate
field is given by stationary points of effective action, and
a connection of the GN model with integrable hierarchies
can be revealed, see [7,8,20,21]. In light of this, the relation
of the GN model to the sinh-Gordon equation does not
seem to be so surprising as the BdG equations arise
(in a slightly modified form) as an important ingredient
in solving the sine-Gordon equation, see [22,23].

We now return to the BdG matrix system (1.1). By
squaring, the equations decouple,

Ĥc ¼ Ec ; E ¼ !2;

Ĥ ¼ � d2

dx2
þ �2 � �3�

0:
(1.3)

From the viewpoint of the second-order system Ĥ ¼ Ĝ2
1,

the first-order matrix operator Ĝ1 is a nontrivial integral of

motion, ½Ĥ; Ĝ1� ¼ 0. Having also an integral �3,

½Ĥ; �3� ¼ 0, which anticommutes with Ĝ1, we obtain a
pattern of supersymmetric quantum mechanics with �3

identified as a grading operator. Though a system of the
first- and second-order Eqs. (1.1) and (1.3) was exploited in
investigations on superconductivity, its superalgebraic
structure, which also includes the second supercharge

Ĝ2 ¼ i�3Ĝ1, seems to have gone unnoticed before the
theoretical discovery of supersymmetry in particle physics.
Supersymmetric quantum mechanics was then developed
by Witten as a toy model for studying the supersymmetry
breaking in quantum field theories [24]. Later, the relation
of supersymmetric quantum mechanics with Darboux
transformations was noticed [25], and found many appli-
cations [26].

Braden and Macfarlane [27], and, in a broader context,
Dunne and Feinberg [28], observed that the Darboux trans-
formed, supersymmetric partner of the one-gap periodic
Lamé system [29] with a zero energy ground state is
described by the same potential but translated for a half
period. The superpartner, therefore, also has a zero ground
state. Such a system is described by unbroken supersym-
metry, in which, however, the Witten index takes a zero
value. For a class of supersymmetric systems with super-
partner potentials of the same form the term self-
isospectrality was coined by Dunne and Feinberg [28].

The supersymmetric Lamé system considered in [27,28]
corresponds to the kink crystalline phase discussed
in [5], which describes a periodic generalization of the
Callan-Coleman-Gross-Zee kink configurations of the GN
model, see [2,16,18,30]. It was known earlier as a self-
consistent solution to the GN model in the context of
condensed matter physics [31], see also [32–34].
The Lamé system, like nonperiodic reflectionless solu-

tions of the GN model, belongs to a special class of the
finite-gap systems [25,35].2 Some time ago, it was found
that such systems in an unextended case (i.e., when a
second-order Hamiltonian has a single component), are
characterized by a hidden, peculiar nonlinear supersym-
metry [37,38]. It is associated with a corresponding Lax
operator (integral), and the grading is provided there by a
reflection operator. As a consequence, the supersymmetric
structure of an extended system [with a matrix
Hamiltonian of the form (1.3)] turns out to be much richer
than that associated with only the first-order supercharges

Ĝa, a ¼ 1, 2, and integral �3, see [39]. It has also been
shown recently [40] that the self-isospectral Pöschl-Teller
system (PT), which describes the Dashen-Hasslacher-
Neveu kink-antikink baryons [2], is characterized by a
very unusual nonlinear supersymmetric structure that ad-
mits six more alternatives for the grading operator in
addition to the usual choice of �3. All the local and non-
local supersymmetry generators turn out to be the
Darboux-dressed integrals of a free nonrelativistic particle.
Moreover, it was shown there that the associated BdG
system, with the matrix operator (1.1) identified as a
first-order (Dirac) Hamiltonian, possesses its own, non-
trivial nonlinear supersymmetry.
In the present paper we investigate the exotic super-

symmetric structure of the kink-antikink crystal of [6,31],
which is a self-consistent solution of the GN model (1.2)
with a real gap function �ðx; �Þ. Parameter � is related to
m0 and controls a central gap in the spectrum of the first-
order BdG Hamiltonian operator (1.1). Simultaneously, it
defines a mutual displacement, 2�, of superpartner Lamé
potentials in correspondence with the structure of the
second-order Schrödinger operator (1.3). One more pa-
rameter, not shown explicitly here, defines a period
of the crystal. A quarter-period value of � corresponds to
the kink crystal solution of [5] for the model (1.2) with
m0 ¼ 0, which was considered in [27,28]. We also study
different forms of the infinite period limit applied to the
supersymmetric structure. A priori the picture of such a
limit has to be rather involved: the Darboux dressing
relates the nonperiodic kink-antikink system to a free
particle, while the Darboux transformations in the periodic
case are expected to be just self-isospectral displacements,
see [31,39,41,42].

2There is also the relation of the one-gap Lamé equation with
the sine-Gordon equation, see [36].
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The outline of the paper is as follows. In the next section,
we discuss the main properties of the one-gap Lamé sys-
tem. In Sec. III we construct its self-isospectral extension
by employing certain eigenfunctions of the Lamé
Hamiltonian. We investigate the action of the first-order
Darboux displacement generators, and discuss the spectral
peculiarities of the obtained supersymmetric system.
Section IV is devoted to the study of the properties of a
superpotential (gap function) that is an elliptic function
both in a variable and a shift parameter. These properties
are employed in Sec. V, where we construct the second-
order intertwining operators, identify further local matrix
integrals of motion, and compute a corresponding non-
linear superalgebra. In Sec. VI we show that the system
possesses six more, nonlocal integrals of motion, each of
which may be chosen as a Z2 grading operator instead of
the usual integral �3 of the supersymmetric quantum me-
chanics. We discuss alternative forms of the superalgebra
associated with these additional integrals and their action
on the physical states of the system. In Sec. VII, we
investigate a peculiar nonlinear supersymmetry of the as-
sociated first-order BdG system. Section VIII is devoted to
the infinite period limit of the both, second- and first-order
supersymmetric systems. In Sec. IX we clarify the origin of
the Darboux-dressing phenomenon that takes place in the
nonperiodic self-isospectral PT system, which was re-
vealed in [40]. In Sec. X we discuss the obtained results.
To provide a self-contained presentation, the necessary
properties of Jacobi elliptic functions and of some related
nonelliptic functions are summarized in the two
appendices.

II. ONE-GAP LAMÉ EQUATION

In this section we discuss the properties of the Lamé
system, which is necessary for further constructions and
analysis.

Consider the simplest (and unique) one-gap periodic
second-order system described by the Lamé Hamiltonian

H ¼ � d2

dx2
þ 2k2sn2x� k2: (2.1)

An additive constant term is chosen here such that a mini-
mal energy value (the lower edge of the valence band, see
below) is zero. Potential VðxÞ ¼ 2k2sn2x� k2 is a periodic
function with a real period 2K (and a pure imaginary period
2iK0).3 The general solution of the equation

H�ðxÞ ¼ E�ðxÞ (2.2)

is given by [29]

���ðxÞ ¼
Hðx� �Þ
�ðxÞ exp½�xZð�Þ�: (2.3)

HereH,�, andZ are Jacobi’s Eta, Theta, andZeta functions,
and the eigenvalue E ¼ Eð�Þ is defined by the relation

Eð�Þ ¼ dn2�: (2.4)

The Hamiltonian (2.1) is Hermitian, and we treat (2.2) as the
stationary Schrödinger equation on a real line. We are inter-
ested in the values of the parameter �, which give real
E. dn2� is an elliptic function with periods 2K and 2iK0,
and its period parallelogram in a complex plane is a rect-
anglewith vertices in 0, 2K, 2Kþ 2iK0, and 2iK0. We then
look for those � in the period parallelogram for which dn�
takes real or pure imaginary values. They can be taken, for
instance, on the border of the rectangle shown on Fig. 1. We
have, particularly,

EðKþ i�Þ¼k02cn2ð�jk0Þnd2ð�jk0Þ; 0���K0;

k02�EðKþ i�Þ�0;
(2.5)

Eði�Þ ¼ dn2ð�jk0Þnc2ð�jk0Þ ¼ k02 þ k2nc2ð�jk0Þ;
0 � �<K0; 1 � Eði�Þ<1:

(2.6)

For (2.5) and (2.6), the eigenfunctions in (2.2) are bounded
on a real line that corresponds to the two allowed (valence
and conduction) bands in the spectrum. In contrast,
for � ¼ � and � ¼ �þ iK0, � 2 ð0;KÞ, a real part of
Zð�Þ is nonzero, and eigenfunctions (2.3) are not bounded
for jxj ! 1. This corresponds to the two forbidden zones,
�1<E< 0 and k02 <E< 1.
Differentiation of (2.5) and (2.6) in � gives the relation

dE

d�
¼ 2�ðEÞ

ffiffiffiffiffiffiffiffiffiffi
PðEÞ

p
; PðEÞ ¼ EðE� k02ÞðE� 1Þ: (2.7)

The third-order polynomial PðEÞ takes positive values in-
side the allowed bands, and turns into zero at their edges.
�ðEÞ takes values �1 and þ1 in the valence and conduc-
tion bands, respectively.
Inside the two allowed bands, (2.3) are quasiperiodic

Bloch wave functions,

FIG. 1 (color online). The sides of the rectangle are mapped by
(2.4) onto the indicated energy intervals. The vertical (horizon-
tal) sides shown in green (red) correspond to the two allowed
(forbidden) bands. Vertices � ¼ Kþ iK0, K and 0 are mapped,
respectively, into the edges E ¼ 0, k02, and 1 of the valence,
0 � E � k02, and conduction, 1 � E <1, bands, which are
described by periodic, dnx (E ¼ 0), and antiperiodic, cnx
(E ¼ k02) and snx (E ¼ 1), functions. Vertex iK0 as a limit point
on a horizontal (vertical) side corresponds to E ¼ �1
(E ¼ þ1).

3See Appendices A and B for the notations and properties we
use for Jacobi elliptic and related functions.
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���ðxþ 2KÞ ¼ e�i2K�ðEÞ���ðxÞ;
�ðEÞ ¼ 	

2K
� iZð�Þ;

(2.8)

where the first term in quasimomentum (crystal momen-
tum) �ðEÞ originates from the imparity of the H function.
In the valence, (2.5), and conduction, (2.6), bands its values
are given by

�ðEðKþ i�ÞÞ ¼ 	

2K
� ½Zð�jk0Þ þ 	

2KK0 �

� k02cnð�jk0Þsnð�jk0Þndð�jk0Þ�; (2.9)

�ðEði�ÞÞ ¼ 	

2K
� ½Zð�jk0Þ þ 	

2KK0 �

� dnð�jk0Þsnð�jk0Þncð�jk0Þ�: (2.10)

With the help of (2.4) and (2.7), one finds a differential
dispersion relation

d�

dE
¼ �ðEÞE� ðE=KÞ

2
ffiffiffiffiffiffiffiffiffiffi
PðEÞp ; (2.11)

where E is a complete elliptic integral of the second kind,
see (B1). Taking into account the relation k02 < E

K < 1, see

Appendix B, one finds that within both the allowed bands,
quasimomentum is an increasing function of energy. It
takes values 0 and 	=2K at the edges E ¼ 0 and E ¼ k02
of the valence band, where the Bloch-Floquet functions
reduce to the periodic, dnx, and antiperiodic, cnx, functions
in the real period 2K of the system. Within the conduction
band, quasimomentum increases from 	=2K to þ1. At
the lower edge E ¼ 1, two functions (2.3) reduce to the
antiperiodic function snx. At all three edges of the allowed
bands, the derivative of quasimomentum in the energy is
þ1. For large values of energy, E ! þ1, we find that

�ðEÞ � ffiffiffiffi
E

p
, i.e., Bloch functions (2.3) behave as the plane

waves, ���ðxþ 2KÞ � e�i2K
ffiffiffi
E

p
���ðxÞ.

Second, linear independent solutions at the edges of the
allowed bands Ei ¼ 0, k02, 1 are �iðxÞ ¼ c iðxÞI i, where
I i ¼

R
dx=c 2

i ðxÞ, and c i ¼ dnx, cnx, snx, i ¼ 1, 2, 3.
The integrals are expressed in terms of a nonperiodic
incomplete elliptic integral of the second kind (B2),
I1 ¼ 1

k02 EðxþKÞ, I2 ¼ x� 1
k02 EðxþKþ iK0Þ, I3 ¼

x� Eðxþ iK0Þ. �iðxÞ are not bounded on R and corre-
spond to nonphysical states. These nonphysical solutions
follow also from general solutions (2.3). For instance,
�3ðxÞ may be obtained as a limit of ð��þðxÞ ����ðxÞÞ=�
as � ! 0. Equation (2.3) provides a complete set of solu-
tions for (2.2) as the second-order differential equation.
Notice also that Bloch states (2.3) within the allowed bands
are related under complex conjugation as ð��þðxÞÞ	 ¼
����ðxÞ, where � is the same as in (2.7).

In concluding this section, we note that the function
PðEÞ in Eqs. (2.7) and (2.11) is a spectral polynomial.

It will play a fundamental role in the nonlinear supersym-
metry we discuss below.

III. SELF-ISOSPECTRAL LAMÉ SYSTEM

Consider the lower in energy E forbidden band by ex-
tending it with the edge value E ¼ 0 of the valence band.
We introduce the notation �2�þ iK0 for the parameter �
that corresponds to the extended interval�1<E � 0. By
taking into account relations dnð�uÞ ¼ dnðuþ 2KÞ ¼
�dnðuþ 2iK0Þ ¼ dnu, it will be convenient to not restrict
the values of � to the interval ½�K=2; 0Þ, but assume that
� 2 R, while keeping in mind that E ! �1 for � ! nK,
n 2 Z. After a shift of the argument x ! xþ �, the cor-
responding function ��þ from (2.3) with � ¼ �2�þ iK0
takes, up to an inessential multiplicative constant, the form

�ðx�Þ
�ðxþÞ

exp½xzð�Þ� 
 Fðx; �Þ; (3.1)

where we have introduced the notations xþ ¼ xþ �, x� ¼
x� �,

z ð�Þ ¼ �i�ðEð�2�þ iK0ÞÞ ¼ &ð�Þ þ Zð2�Þ

¼ 1

2

d

d�
lnð�ð2�Þsn2�Þ; (3.2)

&ð�Þ ¼ 1

2

d

d�
lnsn2� ¼ ns2�cn2�dn2�: (3.3)

Fðx; �Þ is a quasiperiodic in x and periodic in the � function,
Fðxþ 2K; �Þ ¼ expð2Kzð�ÞÞFðx; �Þ, Fðx; �þ 2KÞ ¼
Fðx; �Þ. It is a regular function of �, save for � ¼ nK,
n 2 Z, [which correspond to the poles � ¼ 2nKþ iK0 of
dn� in (2.4)], where Fðx; �Þ with x � 0 undergoes infinite
jumps from 0 to þ1. Since zðK=2Þ ¼ 0, function (3.1)
reduces at � ¼ K=2 (up to an inessential multiplicative con-
stant) to a periodic in the x function dnðxþ 1

2KÞ, which
describes a physical state with energy E ¼ 0 at the lower
edge of the valence band of the systemHðxþ 1

2KÞ.Fðx; �Þ is
a nodeless function that obeys the relations Fðx;��Þ ¼
Fð�x; �Þ ¼ 1=Fðx; �Þ and

½HðxþÞ þ "ð�Þ�Fðx; �Þ ¼ 0;

where "ð�Þ ¼ �Eð�2�þ iK0Þ
¼ cn22�ns22�: (3.4)

A first-order differential operator is defined as

Dðx; �Þ ¼ Fðx; �Þ d
dx

1

Fðx; �Þ ¼
d

dx
� �ðx; �Þ;

Dyðx; �Þ ¼ �Dðx;��Þ;
(3.5)

where

�ðx; �Þ ¼ F0ðx; �Þ
Fðx; �Þ : (3.6)
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Operator (3.5) annihilates the function (3.1),
Dðx; �ÞFðx; �Þ ¼ 0, and we find that

Dyðx; �ÞDðx; �Þ ¼ HðxþÞ þ "ð�Þ;
Dðx; �ÞDyðx; �Þ ¼ Hðx�Þ þ "ð�Þ:

(3.7)

By virtue of "ð12KÞ ¼ 0, a nonshifted Lamé

Hamiltonian operator (2.1) then factorizes as HðxÞ ¼
Dðxþ 1

2K; 12KÞDyðxþ 1
2K; 12KÞ. The alternative product

produces a shift in the half-period K, HðxþKÞ ¼
Dyðxþ K

2 ;
1
2KÞDðxþ 1

2K; 12KÞ. It is this factorization

of a pair of Lamé Hamiltonians HðxÞ and HðxþKÞ that
underlies the usual supersymmetric structure studied in [28]
while considering the phenomenon of self-isospectrality.

Notice that while Fðx�; �Þ is, up to a multiplicative con-

stant, a nonphysical eigenfunction ��2�þiK0
þ ðxÞ of HðxÞ of

energy�"ð�Þ, functionFðxþ;��Þ ¼ 1=Fðxþ; �Þ coincides,
up to a multiplicative constant, with another eigenfunction

��2�þiK0
� ðxÞ of HðxÞ with the same eigenvalue.
According to (3.7), the mutually shifted Hamiltonians

Hðxþ �Þ and Hðx� �Þ form a supersymmetric, self-
isospectral periodic one-gap Lamé system

H ¼ diagðHðxþÞ; Hðx�ÞÞ; (3.8)

see Fig. 2, for which �ðx; �Þ plays the role of the super-
potential, which obeys the Ricatti equations

�2ðx; �Þ � �0ðx; �Þ ¼ 2k2sn2ðx� �Þ � k2 þ "ð�Þ: (3.9)

Indeed, from factorizations (3.7) it follows that theDðx; �Þ
and Dyðx; �Þ intertwine the Hamiltonians HðxþÞ and
Hðx�Þ,

Dðx; �ÞHðxþÞ ¼ Hðx�ÞDðx; �Þ;
Dyðx; �ÞHðx�Þ ¼ HðxþÞDyðx; �Þ;

(3.10)

and interchange the eigenstates of the superpartner systems,

Dðx; �Þ���ðxþÞ ¼ FD� ð�; �Þ���ðx�Þ;
Dyðx; �Þ���ðx�Þ ¼ �FD� ð�;��Þ���ðxþÞ:

(3.11)

The second relation in (3.11) follows from the first one via a

substitution � ! ��. A complex amplitude, FD� ð�;�Þ¼
e�i’Dð�;�ÞMDð�;�Þ, is given by

FD� ð�;�Þ¼�exp

�
�2i

�
�ð�Þ� 	

2K

�
�

�

�ns2�
�ð2���Þ�ð0Þ
�ð2�Þ�ð�Þ : (3.12)

It satisfies ðFD� ð�; �ÞÞ	 ¼ FD� ð�; �Þ ¼ �FD� ð�;��Þ. Its
modulus may be presented in the form MDð�; �Þ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eð�Þ þ "ð�Þp

, where Eð�Þ for the valence and conduction
bands is given by Eqs. (2.5) and (2.6). This agrees with
Eq. (3.7). Notice that the modulus is even in the � function,

MDð�; �Þ ¼ MDð�;��Þ, which is nonzero except for the
lower edge states of the valence band (E ¼ 0) in
the case of � ¼ ð12 þ nÞK. A phase is well defined for

MD � 0, and satisfies the relation

ei’
Dð�;��Þ ¼ �e�i’Dð�;�Þ: (3.13)

It can be presented in the form

ei’
Dð�;�Þ ¼ �signðns2�Þ exp

�
�2i

�
�ð�Þ � 	

2K

�
�

þ i’�ð�; �Þ
�
; (3.14)

where signð:Þ is a sign function, and ’�ð�; �Þ is a phase of
�ð2�þ �Þ, ’�ð�; �Þ ¼ ImðR2�þ�

0 ZðuÞduÞ, see Eq. (B9).

Particularly, for the edge states (i ¼ 1, 2, 3), Eq. (3.12)

givesDðx; �Þc iðxþÞ ¼ FD
i ð�Þc iðx�Þ,Dyðx; �Þc iðx�Þ ¼

FD
i ð�Þc iðxþÞ, where

c iðxÞ ¼ dnx; cnx; snx;

FD
i ð�Þ ¼ �cn2�ns2�;�dn2�ns2�;�ns2�;

(3.15)

and so,

MD
i ð�Þ¼

ffiffiffiffiffiffiffiffiffi
"ð�Þ

p
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k02þ"ð�Þ

q
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ"ð�Þ

p
; (3.16)

and ei’
D
i ð�Þ ¼�signðcn2�ns2�Þ,�signðns2�Þ,�signðns2�Þ.

As a consequence of the intertwining relations (3.10),
the first-order matrix operators

S1 ¼ 0 Dyðx; �Þ
Dðx; �Þ 0

� �
; S2 ¼ i�3S1 (3.17)

are the integrals of motion for system (3.8). Integrals (3.17)
correspond here (up to a unitary transformation of sigma

matrices) to the first-order operators Ĝa in Sec. I. Operator
� ¼ �3 is a trivial integral for (3.8), ½�;H � ¼ 0, which
anticommutes with Sa, a ¼ 1, 2, f�; Sag ¼ 0, and classifies

FIG. 2 (color online). The self-isospectral potentials V� ¼
2k2snðx�Þ � k2 are shown together with the edges of the valence
(0 � E � k02) and conduction (1 � E<1) bands. V� have
maxima at x ¼ ��þ ð2nþ 1ÞK and minima at x ¼
��þ 2nK. Here k2 ¼ 0:75, K ¼ 2:16, and � ¼ 0:8.
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them as supercharges. Bosonic, H , and fermionic, Sa,
operators then satisfy the N ¼ 2 supersymmetry algebra,

fSa; Sbg ¼ 2
abðH þ "ð�ÞÞ; ½H ; Sa� ¼ 0: (3.18)

In correspondence with (3.11) and (3.13), the eigenstates
of the supercharge S1 are

S1�
�
�;S1;�

¼ �MDð�; �Þ��
�;S1;�

;

���;S1;�
¼ ���ðxþÞ

�e�i’Dð�;�Þ���ðx�Þ

 !
; � ¼ �1:

(3.19)

Since "ð�Þ> 0 for � � ð12 þ nÞK, n 2 Z, the first-order
supersymmetry (3.18)4 is dynamically broken in the general
case. It is unbroken, however, for � ¼ ðnþ 1

2ÞK by virtue of

"ðð12 þ nÞKÞ ¼ 0. For these values of the shift parameter,

the supercharges Sa annihilate the ground states dnðxþ
ðnþ 1

2ÞKÞ and dnðx� ðnþ 1
2ÞKÞ of the superpartner sys-

tems Hðxþ ðnþ 1
2ÞKÞ and Hðx� ðnþ 1

2ÞKÞ. Notice that

with the variation of the shift parameter � � nK, which
simultaneously governs the scale of the supersymmetry
breaking "ð�Þ, the spectrum of the second-order system
(3.8) does not change. Each of its two superpartners has
the same spectrum as a nonshifted Lamé system (2.1)
does. Therefore, each energy level inside the valence,
0<E< k02, and conduction, 1<E<1, bands is fourth-
fold degenerate in accordance with the existence of the two
Bloch states, ���ðxþÞ and ���ðx�Þ, of the form (2.3) for
each subsystem, see Eq. (3.19). We have a two-fold degen-
eration at the edges E ¼ 0, E ¼ k02, and E ¼ 1 of the
valence and conduction bands in the spectrum of the super-

symmetric systemH . Bosonic,�ðþÞ, and fermionic,�ð�Þ,
states are defined as eigenstates of the grading operator � ¼
�3, ��

ð�Þ ¼ ��ð�Þ, and have the general form �ðþÞ ¼
ð�ðxþÞ; 0ÞT and �ð�Þ ¼ ð0;�ðx�ÞÞT , where T means a
transposition. In summary, we see that in both the broken
and unbroken cases, the Witten index, which characterizes
the difference between the number of bosonic and fermi-
onic zero modes, is the same and equals zero.

For � � ð12 þ nÞK [when "ð�Þ � 0], supersymmetric

relations (3.18) look different from the usual form of super-
algebra in supersymmetric quantum mechanics. A simple

redefinition of the matrix Hamiltonian (3.8), H ! ~H ¼
H þ "ð�Þ, will correct the form of superalgebraic rela-
tions, but will not change the conclusions on the broken
(for � � ð12 þ nÞK) form of the supersymmetric structure

that we have analyzed. We shall return to this point in the
discussion of the peculiar supersymmetry of the first-order
Bogoliubov-de Gennes system in Sec. VII.

The described degeneracy of the energy levels in both
the broken and unbroken cases is unusual for N ¼ 2
supersymmetry. We will show that additional nontrivial

integrals of motion may be associated with this peculiarity
of the self-isospectral supersymmetric system (3.8). To
identify such integrals, in the next section we investigate
the function �ðx; �Þ in greater detail.

IV. SUPERPOTENTIAL

Being the logarithmic derivative ofFðx; �Þ, see Eq. (3.6),
the superpotential �ðx; �Þ may be written with the help of
(B11) and (B14) in terms of Jacobi’s Z, or � and H
functions,

�ðx; �Þ ¼ zð�Þ þ Zðx�Þ � ZðxþÞ

¼ 1

2

@

@�
ln

�
Hð2�Þ

�2ðx�Þ�2ðxþÞ
�
: (4.1)

The addition formula (B6) for the Z function gives another,
equivalent representation,

�ðx; �Þ ¼ &ð�Þ þ k2sn2�snðx�ÞsnðxþÞ: (4.2)

Functions zð�Þ and &ð�Þ are defined in (3.2) and (3.3). Yet
another useful representation for the superpotential may be
derived from (4.2),

�ðx; �Þ ¼ snx�cnx�dnx� þ snxþcnxþdnxþ
sn2xþ � sn2x�

: (4.3)

Having in mind relations (3.10), (3.7), and (3.9), in what
follows we treat x as a variable and � as a shift parameter.
�ðx; �Þ is an elliptic function in both its arguments with the
same periods 2K and 2iK0. It is even in x and odd
in the � function with respect to the points 0, K (modulo
periods), �ð�x;�Þ¼�ðx;�Þ, �ðK� x; �Þ ¼ �ðKþ x; �Þ,
�ðx;��Þ¼��ðx;�Þ, �ðx;K��Þ¼��ðx;Kþ�Þ. It also
obeys the relation �ðxþK;�þKÞ¼�ðx�K;�þKÞ¼
�ðx;�Þ. In � ¼ 0,K the function undergoes infinite jumps.
Being the elliptic function in x, �ðx; �Þ obeys a non-

linear differential equation

�02 ¼ �4 þ 2
2ð�Þ�2 þ 
1ð�Þ�þ 
0ð�Þ; (4.4)

where 
2ð�Þ¼1þk2�3ns22�, 
1ð�Þ ¼ 8ns32�cn2�dn2�,
and 
0ð�Þ ¼ �3ns42�þ 2ð1þ k2Þns22�þ k04. As a con-
sequence of (4.4), it also satisfies the nonlinear higher-
order differential equations

�00 ¼ 2�3 þ 2
2ð�Þ�þ 1
2
1ð�Þ;

�000 ¼ 2�0ð3�2 þ 
2ð�ÞÞ:
(4.5)

Making use of (4.1), one finds the relation

�ðxþ�þ�;�Þ��ðxþ�;�þ�Þþ�ðx;�Þ¼gð�;�Þ: (4.6)
The function gð�; �Þ ¼ &ð�Þ þ &ð�Þ � &ð�þ �Þ þ
k2sn2�sn2�sn2ð�þ �Þ has symmetry properties gð�; �Þ ¼
gð�; �Þ ¼ gð�;��� �Þ ¼ �gð��;��Þ, and may be
written as

4This refers to the order of the polynomial in H that appears
in the anticommutator of the supercharges.
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gð�;�Þ¼ns2�ns2�ns2ð�þ�Þ
�½1�cn2�cn2�cn2ð�þ�Þ�: (4.7)

For a particular case � ¼ K=2, to be important for nonperi-
odic limit,

gð�; 12KÞ ¼ Cð�Þ; Cð�Þ ¼ ns2�nc2�dn2�: (4.8)

Notice that gð�; �Þ takes nonzero values for all real values of
its arguments.5 Equation (4.6) is a kind of addition formula for
elliptic function �ðx; �Þ. Differentiating (4.6) in x and using
Ricatti Eqs. (3.9), we obtain the relation

�0ðxþ �þ �;�Þ ��ðxþ �; �þ �Þ�ðxþ �þ �;�Þ
¼ �1

2ð�2ðx; �Þ þ�0ðx; �Þ þ 
2ð�ÞÞ
� gð�; �Þ�ðx; �Þ þGð�; �Þ; (4.9)

where Gð�; �Þ ¼ 1
2 ½1þ k2 þ g2ð�; �Þ � ns22�� ns22��

ns22ð�þ �Þ� 
 0.
In concluding this section we note that the functions


að�Þ, a ¼ 0, 1, 2 can be given a physical sense by
expressing them in terms of the band edges energies and

of "ð�Þ: 
2ð�Þ ¼ �ð ~E2
1 þ ~E2

2 þ ~E2
3Þ, 
1ð�Þ ¼ �2 d ~E1

d� ,


0ð�Þ¼�
2ð�Þ�2ð ~E1
~E2þ ~E1

~E3þ ~E2
~E3Þ, where ~Eið�Þ ¼

Ei þ "ð�Þ, E1 ¼ 0, E2 ¼ k02, and E3 ¼ 1. Particularly, 
1

measures a velocity with which a scale of supersymmetry
breaking changes as a function of the shift parameter.
Notice also that the first equation in (4.5) has the form of
a modified Ginzburg-Landau equation, see [43], which
corresponds here to a gap equation for the real condensate
field in the kink-antikink crystalline phase in the Gross-
Neveu model with a bare mass term, see [6,8]. At � ¼
ð12 þ nÞK, we have 
1 ¼ 0, and the superpotential �ðxÞ
satisfies the nonlinear Schrödinger equation, the lowest
nontrivial member of the modified Korteweg-de Vries hi-
erarchy [44]. This homogenization of the second-order
nonlinear differential equation can be associated
with restoration of the discrete chiral symmetry in (1.2)
at m0 ¼ 0.

V. HIGHER-ORDER INTEGRALS AND
NONLINEAR SUPERALGEBRA

Now we are in a position to identify higher-order
local intertwining operators and integrals of motion
for the system H . First, we find the second-order inter-
twining operators. Changing � ! �� and shifting the
argument x ! xþ �þ � in the first relation from (3.10),
we obtain

D ðxþ �þ �;��ÞHðxþ �Þ
¼ Hðxþ �þ 2�ÞDðxþ �þ �;��Þ: (5.1)

Multiplying (5.1) by Dðxþ �; �þ �Þ from the left, and
using once again (3.10) on the right-hand side, we obtain
the intertwining relation

B ðx; �; �ÞHðxþÞ ¼ Hðx�ÞBðx; �; �Þ: (5.2)

It is generated by the second-order differential operator

B ðx; �; �Þ ¼ Dðxþ �; �þ �ÞDyðxþ �þ �;�Þ; (5.3)

which is defined for �, �þ � � nK. For the adjoint opera-
tor we have Byðx;�;�ÞHðx��Þ¼Hðxþ�ÞByðx;�;�Þ. In
accordance with (5.1), the second-order intertwining opera-
tor (5.3) shifts the Hamiltonian’s argument first for 2� and
then for �2ð�þ �Þ. An equivalent representation of the
operator (5.3) is

B ðx; �; �Þ ¼ �Yðx; �Þ � gð�; �ÞDðx; �Þ; (5.4)

Yðx;�Þ¼ d2

dx2
��ðx;�Þ d

dx
�1

2
ð�2ðx;�Þþ�0ðx;�Þþ
2ð�ÞÞ;

Yyðx;�Þ¼Yðx;��Þ: (5.5)

We have used here Eq. (4.6). So, the dependence of
Bðx; �; �Þ on � is localized only in the x-independent
multiplier gð�; �Þ, see Eq. (4.7).
From Eqs. (5.3) and (3.10), it follows that at � ¼ 0 the

second-order intertwining operators Bðx; �; �Þ and
Byðx; �; �Þ reduce, up to an additive term "ð�Þ, to
the isospectral superpartner Hamiltonians, Bðx; 0; �Þ ¼
HðxÞ þ "ð�Þ,6 Byðx; 0; �Þ ¼ Hðxþ 2�Þ þ "ð�Þ.
Forgetting for the moment the � ¼ 0 case, from the

viewpoint of the intertwining relation (5.2), one could
conclude that the parameter � has a ‘‘gaugelike,’’ non-
observable nature. Such a conclusion, however, is not
correct. We will return to this point later.
Since gð�; �Þ is nonzero for real � and �, operator

Yðx; �Þ, unlike Bðx; �; �Þ, is not factorizable in terms of
our first-order intertwining operators (with real shift pa-
rameters).7 Nevertheless, it is the second-order intertwin-
ing operator as well as Bðx; �; �Þ. It can be presented as a
linear combination of the second- and first-order intertwin-
ing operators, Yðx; �Þ ¼ �Bðx; �; �Þ � gð�; �ÞDðx; �Þ,
and also may be used together with the first-order operator
Dðx; �Þ to characterize the system. At the end of this
section we shall discuss the peculiarities associated with
such an alternative.

5It takes zero values at some complex values of the arguments,
for instance, Cð12K� i

2K
0Þ ¼ 0.

6One could conclude that Eq. (5.4) contradicts this relation
since gð�; �Þ diverges at � ¼ 0, and the operators Dðx; �Þ and
Yðx; �Þ are not defined for � ¼ 0. Equation (5.4) correctly
reproduces this relation by treating � ¼ 0 as a limit � ! 0,
and employing addition formulae (A6) for Jacobi elliptic
functions.

7It can be factorized in terms of our first-order Darboux
operators D in special cases of � ¼ ð12 þ nÞK. Such a factoriza-
tion corresponds to complex values of the shift parameters, see
the discussion below in this section.
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Having in mind a nonperiodic limit, which we discuss
later, it is convenient to fix � ¼ K=2, and introduce the
notation Aðx; �Þ ¼ Bðx; �; 12KÞ, i.e.,
Aðx; �Þ ¼ Dðxþ 1

2K; �þ 1
2KÞDyðxþ �þ 1

2K; 12KÞ
¼ �Yðx; �Þ � Cð�ÞDðx; �Þ; (5.6)

where Cð�Þ is defined in Eq. (4.8). Employing the proper-
ties of Yðx; �Þ and Dðx; �Þ under Hermitian conjugation,
from (5.6) one finds Ayðx; �Þ ¼ Aðx;��Þ, and then a
representation alternative to (5.6) is obtained, Aðx; �Þ ¼
Dðx� �þ 1

2K; 12KÞDyðxþ 1
2K;��þ 1

2KÞ. Unlike the

operators Dðx; �Þ and Yðx; �Þ, Aðx; �Þ is well defined at
� ¼ 0 and reduces to just a nonshifted Hamiltonian,
Aðx; 0Þ ¼ Ayðx; 0Þ ¼ HðxÞ. Notice, however, that unlike
Dðx; �Þ, it is not defined for � ¼ ð12 þ nÞK.

The second-order intertwining operator of the most
general form (5.3) may be presented in terms of the inter-
twining operators Aðx; �Þ and Dðx; �Þ, Bðx; �; �Þ ¼
Aðx; �Þ þ ðCð�Þ � gð�; �ÞÞDðx; �Þ.

Because of Eq. (5.2), the self-isospectral system pos-
sesses (for � � ð12 þ nÞK) the second-order integrals

Q1 ¼ 0 Ayðx; �Þ
Aðx; �Þ 0

� �
; Q2 ¼ i�3Q1 (5.7)

to be nontrivial for � � nK and independent from the first-
order integrals (3.17).

With some algebraic manipulations, we find

Ayðx; �ÞAðx; �Þ ¼ HðxþÞ½HðxþÞ þ %ð�Þ�;
where %ð�Þ ¼ k02sn22�nc22�:

(5.8)

A similar relation is obtained from (5.8) by a simple change
� ! ��, Aðx; �ÞAyðx; �Þ ¼ Hðx�Þ½Hðx�Þ þ %ð�Þ�, cf.
the relations in (3.7) for the first-order intertwining
operators.

The intertwining second-order operator Aðx; �Þ
annihilates the lower-energy state dnðxþ �Þ of the system
Hðxþ �Þ. Another state annihilated by it is

fðx; �Þ ¼ dnðxþ �Þ
Z x Fðuþ 1

2K; �þ 1
2KÞ

dnðuþ �Þ du; (5.9)

and we have fðxþ 2K; �Þ ¼ exp½2Kzð�þ 1
2KÞ�fðx; �Þ.

Function (5.9) for � � 0 is unbounded and describes there-
fore a nonphysical eigenstate of Hðxþ �Þ from the lower
forbidden band with energy E ¼ �%ð�Þ< 0, see Eq. (5.8).
At � ¼ 0, the function (5.9) reduces to EðxþKÞdnx,
which corresponds to the nonphysical state of HðxÞ of
zero eigenvalue.

Like the first-order operator Dðx; �Þ, Aðx; �Þ trans-
forms the eigenstates of Hðxþ �Þ into those of Hðx� �Þ,

A ðx; �Þ���ðxþÞ ¼ FA� ð�; �Þ���ðx�Þ; (5.10)

where

FA� ð�; �Þ ¼ e�i’Að�;�ÞMAð�; �Þ;
MAð�; �Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eð�ÞðEð�Þ þ %ð�ÞÞ

q
:

(5.11)

The modulus and the phase of the complex amplitude

FA� ð�; �Þ are expressed in terms of those for the first-
order intertwining operator by employing Eqs. (5.1), (5.6),
and (3.11),

MAð�; �Þ ¼ MDð�; �þ 1
2KÞMDð�; 12KÞ;

’Að�; �Þ ¼ ’Dð�; �þ 1
2KÞ � ’Dð�; 12KÞ:

(5.12)

A phase ’Að�; �Þ 2 R has, unlike (3.13), the property

ei’
Að�;��Þ ¼ e�i’Að�;�Þ due to the relation Ayðx; �Þ ¼

Aðx;��Þ being different in sign from that of the first-
order intertwining operator, Dyðx; �Þ ¼ �Dðx;��Þ. For
the edge band states, particularly, we have

Aðx; �Þc iðxþÞ ¼ FA
i ð�Þc iðx�Þ, Ayðx; �Þc iðx�Þ ¼

FA
i ð�Þc iðxþÞ, where FA

i ð�Þ ¼ 0, k02nc2�, dn2�nc2�,
i ¼ 1, 2, 3, cf. (3.15). The eigenstates of the integral Q1,
see (5.7), have a form similar to that for S1,

Q1�
�
�;Q1;�

¼�MAð�;�Þ��
�;Q1;�

;

���;Q1;�
¼ ���ðxþÞ

�e�i’Að�;�Þ���ðx�Þ

 !
; �¼�1:

(5.13)

Two relations are valid for the first and second-order
intertwining operators:

Dyðx; �ÞAðx; �Þ ¼ P ðxþÞ � Cð�ÞHðxþÞ;
Dðx; �ÞAyðx; �Þ ¼ �P ðx�Þ � Cð�ÞHðx�Þ:

(5.14)

Here P ðxþÞ ¼ P ðxþ �Þ is an anti-Hermitian third-order
differential operator

P ðxþÞ ¼ d3

dx3
� 3

2

�
�2 þ�0 þ 1

3

2ð�Þ

�
d

dx
� 3

4
ð�2 þ�0Þ0

¼ d3

dx3
þ ð1þ k2 � 3k2sn2xþÞ ddx

� 3k2snxþcnxþdnxþ: (5.15)

Notice that like the Lamé Hamiltonian, the operator (5.15)
is well defined for any value of the shift parameter �. Two
related equalities may be obtained from (5.14) by
Hermitian conjugation.
Making use of intertwining relations (3.10) and (5.2), we

find that Hðxþ �Þ commutes with Dyðx; �ÞAðx; �Þ,
and, therefore, P ðxþ �Þ is an integral for the subsystem
Hðxþ �Þ. For the self-isospectral supersymmetric system
H , we then have two further, third-order Hermitian integrals

L1 ¼ �idiagðP ðxþÞ;P ðx�ÞÞ; L2 ¼ �3L1: (5.16)

Operator P ðxÞ is a Lax operator for the periodic one-gap
Lamé system HðxÞ, see [38,39].
The following relations that involve the operator P ðxþÞ

are valid:
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D ðx; �ÞP ðxþ �Þ ¼ Aðx; �Þ½HðxþÞ þ "ð�Þ�
þ Cð�ÞDðx; �ÞHðxþÞ; (5.17)

A ðx;�ÞP ðxþÞ¼�Dðx;�ÞHðxþÞ½HðxþÞþ%ð�Þ�
�Cð�ÞAðx;�ÞHðxþÞ; (5.18)

�P 2ðxþÞ ¼ PðHðxþÞÞ;
PðHÞ ¼ HðH � k02ÞðH � 1Þ:

(5.19)

The third-order polynomial PðHÞ is the same spectral
polynomial of the Lamé system that arose before in (2.7)
and in the differential dispersion relation (2.11): it turns
into zero when it acts on the edge states with energies Ei ¼
0, k02, 1. Since the third-order differential operator P ðxþÞ
is an integral of motion for HðxþÞ, the relation (5.19)
means that the edge states dnxþ, cnxþ, and snxþ form its
kernel [39]. The spectral polynomial is a semipositive
definite operator, while P ðxÞ is an anti-Hermitian operator.
Its action on physical Bloch states (2.3) should reduce

therefore to �i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PðEð�ÞÞp

. The phase cannot change
abruptly within the allowed bands. To correctly fix the
sign, one can consider the limit k ! 0, in which the
Lamé system (2.1) reduces to a free particle, the integral
P ðxÞ reduces to a third-order operator d3=dx3 þ d=dx, the
forbidden zone k02 <E< 1 disappears, Bloch states trans-
form into the plane wave states, whereas the edge states
dnx, cnx, and snx reduce, respectively, to 1, cosx, and sinx
with energies E ¼ 0, 1, and 1. Summarizing all of this, one
finds that the operator (5.15) acts on the physical Bloch
states (2.3) as follows:

P ðxÞ���ðxÞ ¼ �i�ðEÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PðEð�ÞÞ

p
���ðxÞ; (5.20)

where, as in (2.7) and (2.11), �ðEÞ ¼ �1 for the valence
and þ1 for the conduction bands.8 Relation (5.20) means,
particularly, that the Lax operator is not reduced just to a
square root from the spectral polynomial since the
Hamiltonian does not distinguish index �. This is a true,
nontrivial integral of motion that is related with the
Hamiltonian H by polynomial Eq. (5.19).9 Equation
(5.19) corresponds to a nondegenerate spectral elliptic

curve of genus one associated with a one-gap periodic
Lamé system [35].
Let us now discuss the superalgebra generated by the

zero �3, first Sa, secondQa, and third La order integrals of
the motion of the self-isospectral system H . The operator
� ¼ �3 commutes with La and anticommutes withQa, and
so, classifies them, respectively, as bosonic and fermionic
operators. Using the displayed relations for the operators
D, A, and P as well as those obtained from them by
Hermitian conjugation and by the change � ! ��,
Eq. (3.18) is extended by the anticommutation relations
of the integrals Sa with Qa, and the commutation relations
of Sa andQa with La. We arrive as a result at the following
superalgebra for the self-isospectral system (3.8) with the
Z2 grading operator � ¼ �3:

fSa; Sag ¼ 2
abðH þ "ð�ÞÞ;
fQa;Qbg ¼ 2
abH ðH þ %ð�ÞÞ;

(5.21)

fSa;Qbg ¼ 2ð�
abCð�ÞH þ �abL1Þ; (5.22)

½L1; Sa� ¼ ½L1; Qa� ¼ ½L1; L2� ¼ 0;

½L2; Sa� ¼ 2iðSaCð�ÞH þQaðH þ "ð�ÞÞÞ; (5.23)

½L2;Qa�¼�2iðSaH ðH þ%ð�ÞÞþQaCð�ÞH Þ; (5.24)

½�3;Sa�¼�2i�abSb; ½�3;Qa�¼�2i�abQb; ½�3;La�¼0;

(5.25)

½H ; �3� ¼ ½H ; Sa� ¼ ½H ; Qa� ¼ ½H ; La� ¼ 0: (5.26)

We have here a nonlinear superalgebra, in which L1 (that is
a Lax operator forH ) plays the role of the bosonic central
charge, and �3 is treated as one of its even generators in
correspondence with Z2 grading relations ½�3; �3� ¼
½�3;H � ¼ ½�3; La� ¼ 0 and f�3; Sag ¼ f�3; Qag ¼ 0.
Since L1 commutes with Sa and Qa, the eigenstates

(3.19) and (5.13) of S1 and Q1 are simultaneously the
eigenstates of L1,

L1�
�
�;�;� ¼ ��

ffiffiffiffiffiffiffiffiffiffiffi
Pð�Þp

��
�;�;�; (5.27)

where � ¼ S1 or Q1, � is the same as in (2.11) and (5.20),
and Pð�Þ ¼ PðEð�ÞÞ. Note that unlike S1 and Q1, L1

distinguishes the index �.
In correspondencewith the discussion related to (5.9), the

Qa, a ¼ 1, 2, annihilate the two ground states of zero
energy, dnðxþ �Þ and dnðx� �Þ, while other two states
from their kernel are nonphysical. These supercharges are
not defined, however, for � ¼ ð12 þ nÞK, which are the only

values of the shift parameter when theN ¼ 2 supersymme-
try associated with the first-order supercharges Sa is not
broken. Therefore, when the first- and second-order super-
charges are simultaneously defined (for� � ð12 þ nÞK,nK),

8Applying the first relation from (5.14) to a physical
Bloch state ��þðxþÞ and using an equality EðEþ %ð�ÞÞ�
ðEþ "ð�ÞÞ ¼ PðEÞ þ C2ð�ÞE2, we obtain the Pythagorean rela-

tion for a rectangular triangle with legs Cð�ÞEð�Þ and ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PðEð�ÞÞp

,ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PðEð�ÞÞ þ C2ð�ÞE2ð�Þp

eið’Dð�;�þðK=2ÞÞ�’Dð�;�Þ�’Dð�;K=2ÞÞ ¼
i�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PðEð�ÞÞp þ Cð�ÞEð�Þ.

9This corresponds to Burchnall-Chaundy theorem [45] that
underlies the theory of nonlinear integrable systems [35]. It
asserts that if two ordinary differentials in x operators A and B
of mutually prime orders l and m do commute, they obey the
relation PðA; BÞ ¼ 0, where P is a polynomial of order m in A,
and of order l in B.
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the supersymmetry generated together by Sa and Qa is
partially broken.

One could construct, instead, the second-order super-

charges, QY
a , on the basis of the intertwining operators

Yðx; �Þ and Yyðx; �Þ. According to (5.6), they are related
to Qa as

QY
a ¼ �Qa � Cð�ÞSa: (5.28)

The corresponding superalgebra with Qa substituted for

QY
a will then have a form similar to that which we have

discussed, with a change in some of the corresponding
(anti)-commutators for

fQY
a ; Q

Y
b g ¼ 2
abðH ðH þ %ð�Þ � C2ð�ÞÞ þ "ð�ÞC2ð�ÞÞ;

(5.29)

fSa;QY
b g ¼ �2ð
ab�3Cð�Þ"ð�Þ þ �abL1Þ; (5.30)

½L2; Sa� ¼ �2iðSaCð�Þ"ð�Þ þQY
a ðH þ "ð�ÞÞÞ; (5.31)

½L2; Q
Y
a � ¼ 2iðSaH ðH þ %ð�Þ þ "ð�ÞCð�Þ � C2ð�ÞÞ

þQY
a "ð�ÞCð�ÞÞ: (5.32)

The second-order supercharges QY
a , like Sa, are well de-

fined at � ¼ ð12 þ nÞK but not defined for � ¼ nK.

Analyzing the roots of the polynomial in the right-hand

side of (5.29), one finds that the kernels of QY
a , a ¼ 1, 2,

for � � ð12 þ nÞK are formed by nonphysical states. In the

exceptional case � ¼ ð12 þ nÞK, for which the supercharges

Qa are not defined, the polynomial in (5.29) reduces to the
second-order polynomial

PQY ðH Þ ¼ ðH � k02ÞðH � 1Þ: (5.33)

In correspondence with this, the zero modes of the opera-
tors Yðx; 12KÞ and Yyðx; 12KÞ ¼ Yðx;� 1

2KÞ are, respec-
tively, the physical edge states cnðxþ 1

2KÞ, snðxþ 1
2KÞ

and cnðx� 1
2KÞ, snðx� 1

2KÞ. This property reflects a pe-

culiarity of the case � ¼ ð12 þ nÞK in another aspect. In

accordance with footnote 5, the function gð�; �Þ in (5.4)
turns into zero at � ¼ 1

2 ðKþ iK0Þ. The second-order op-

erator Yðx; 12KÞ factorizes then either as Yðx; 12 KÞ ¼
�Dðx þ 1

2 ðK þ iK0Þ; K þ 1
2 iK

0ÞDyðx þ K þ 1
2 iK

0;
1
2 ðK þ iK0ÞÞ, or in an alternative form obtained by the

change of i for �i. These two factorizations can be pre-
sented equivalently as

Y
�
x;
1

2
K

�
¼
�
ns

�
x� 1

2
K

�
d

dx
sn

�
x� 1

2
K

��

�
�
cn

�
xþ 1

2
K

�
d

dx
nc

�
xþ 1

2
K

��
; (5.34)

Y
�
x;
1

2
K

�
¼
�
nc

�
x� 1

2
K

�
d

dx
cn

�
x� 1

2
K

��

�
�
sn

�
xþ 1

2
K

�
d

dx
ns

�
xþ 1

2
K

��
: (5.35)

From here we see that the particular case of the half-
period shift of the superpartner systems is indeed excep-
tional. In this case not only the N ¼ 2 supersymmetry
associated with the first-order supercharges Sa is unbroken
(when zero modes of Sa are the ground states that
form a zero energy doublet), but all the other edge
states of the energy doublets with E ¼ k02 and E ¼ 1
correspond to zero modes of the second-order supercharges

QY
a . Then the third-order spectral polynomial PðH Þ ¼

H ðH � k02ÞðH � 1Þ is just a product of the first- and
the second-order polynomials, which correspond to the

squares of the first, Sa, and the second, QY
a , order super-

charges. In this special case the (anti-)commutation rela-
tions (5.30), (5.31), and (5.32) also simplify their form,

fSa;QY
b g ¼ �2�abL1, ½L2; Sa� ¼ �2iQY

a H , ½L2; Q
Y
a � ¼

2iSaPQY ðH Þ. We also have

SaQ
Y
a ¼�QY

a Sa¼�iL2; SaQ
Y
b ¼QY

b Sa¼�L1; (5.36)

where there is no summation in index a, and b � a. This is
in conformity with the above-mentioned factorization of

the spectral polynomial. However, since QY
a does not

annihilate the ground states dnðxþ 1
2KÞ and dnðx� 1

2KÞ
[which are transformed mutually by the intertwining op-
erators Yðx; 12KÞ and Yyðx; 12KÞ], we conclude that non-

linear supersymmetry of the self-isospectral system also is
partially broken at � ¼ ð12 þ nÞK.10

In the next section we will see that another peculiarity of
our self-isospectral system is that the choice � ¼ �3 is not
unique for identification of the Z2 grading operator: it also
admits other choices for �, which lead to different identi-
fications of the integrals �3, Sa, Qa, and La as bosonic and
fermionic operators. This results in alternative forms for
the superalgebra. Each of such alternative forms of the
superalgebra makes, particularly, a nontrivial relation
(5.19) ‘‘visible’’ explicitly just in its structure, unlike the
case with � ¼ �3, which we have discussed. We also will
identify the integrals of motion that detect the phases in the
structure of the eigenstates of the operators Sa and Qa.

VI. NONLOCAL Z2 GRADING OPERATORS

Let us introduce the operators of reflection
in x and �, RxR ¼ �x, R�R ¼ �, R2 ¼ 1,
T �T ¼ ��, T xT ¼ x, T 2 ¼ 1. They intertwine
the superpartner Hamiltonians, RHðxþÞ ¼ Hðx�ÞR,

10cf. this picture as well as that for � � ð12 þ nÞK, which we
discussed above with the picture of supersymmetry breaking in
the systems with topologically nontrivial Bogomolny-Prasad-
Sommerfield states [46].
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THðxþÞ ¼ Hðx�ÞT , and we find that the self-isospectral
supersymmetric system (3.8) possesses the Hermitian
integrals of motion

R�1; T�1; R�2; T�2; RT�3; RT : (6.1)

Like for �3, the square of each of them equals 1. From
relations

RDðx; �Þ ¼ Dyðx; �ÞR;

RAðx; �Þ ¼ Ayðx; �ÞR;

RP ðxþÞ ¼ �P ðx�ÞR;

(6.2)

TDðx; �Þ ¼ �Dyðx; �ÞT ;

TAðx; �Þ ¼ Ayðx; �ÞT ;

TP ðxþÞ ¼ P ðx�ÞT ;

(6.3)

it follows thatR andT also intertwine the operators of the
same order within the pairs (Dðx; �Þ, Dyðx; �Þ), (Aðx; �Þ,
Ayðx; �Þ), and (P ðxþÞ, P ðx�Þ). As a result, each of non-
local in x or �, or in both of them, integrals of motion (6.1)
either commutes or anticommutes with each of the non-
trivial local integrals Sa, Qa, and La. Then each integral
from (6.1) also may be chosen as the Z2 grading operator
for the self-isospectral system (3.8). The corresponding Z2

parities, together with those prescribed by a local integral
�3, are shown in Table I. The Z2 parities of the second-

order integrals QY
a , defined in (5.28), are also displayed;

the equality Cð��Þ ¼ �Cð�Þ has to be employed in their

computation. Notice thatQY
a , a ¼ 1, 2 always has the same

Z2 parity as the Qa with the same value of the index a.
A positive Z2 parity is assigned for the Hamiltonian H

by any of the integrals (6.1). Then for any choice of the
grading operator presented in Table I, four of the eight

local integrals �3,H , Sa, La, and Qa or Q
Y
a are identified

as bosonic generators, and four are identified as fermionic
generators of the corresponding nonlinear superalgebra.
The superalgebra may be found for each choice of �
from the set of integrals (6.1) by employing the quadratic
products of the operators D, A, and P , which have been
discussed in the previous section. Alternatively, some of
the (anti)-commutators may be obtained with the help of

the already known (anti)-commutation relations and rela-
tions between the generators that involve �3. For instance,
½S1; Q1� ¼ i�3fS1; Q2g. As an example, we display the
explicit form of the superalgebraic relations for the choice
� ¼ RT ,

fSa; Sbg ¼ 2
abðH þ "ð�ÞÞ;
fSa; L1g ¼ 2�abðQbðH þ "ð�ÞÞ þ Cð�ÞSbH Þ;
fSa; L2g ¼ 0;

(6.4)

fL1; L1g ¼ fL2; L2g ¼ 2PðH Þ;
fL1; L2g ¼ 2�3PðH Þ; (6.5)

½Qa; Sb� ¼ 2ið�
abL2 þ �abCð�Þ�3H Þ;
½Q1; Q2� ¼ �2i�3H ðH þ %ð�ÞÞ; (6.6)

½Qa; L1� ¼ 0;

½Qa; L2� ¼ 2iðCð�ÞQaH þ SaH ðH þ %ð�ÞÞÞ;
(6.7)

which should be supplied by the commutation relations
(5.25) and (5.26). PðH Þ in (6.5) is the spectral polynomial,
see (5.19).
A fundamental polynomial relation (5.19) between the

Lax operator and the Hamiltonian, that underlies a very
special, finite-gap nature of the Lamé system,11 does not
show up in the superalgebraic structure for the usual choice
of the diagonal matrix �3 as the grading operator �, but is
involved explicitly in the superalgebra in the form of the
anticommutator of one or both generators La, a ¼ 1, 2,
when any of six nonlocal integrals (6.1) are identified as �.
Note that for � ¼ RT as well as for any other choice of

the grading operator that involves the operator T , the
constant Cð�Þ anticommutes with the grading operator
and should be treated as an odd generator of the super-
algebra. As a result, the right-hand side in the second
anticommutator in (6.4) is an even operator, while the
right-hand side in the first (second) commutator in (6.6) [in
(6.7)] is an odd operator, as it should be.
By employing Eq. (5.28), one can rewrite the superalge-

braic relations (6.4), (6.6), and (6.7) in terms of the integrals

QY
a , which, unlikeQa, are defined for � ¼ ð12 þ nÞK. We do

not display them here, but write down only a commutation
relation

½Sa;QY
b � ¼ 2ið
abL2 þ �3�abCð�Þ"ð�ÞÞ; (6.8)

which we will need below. The form of such a superalgebra
simplifies significantly at � ¼ ð12 þ nÞK in correspondence

with the special nature that the integrals Sa and Q
Y
a acquire

in that case. Particularly, one finds

TABLE I. Z2 parities of the local integrals.

� �3 S1 S2 Q1, Q
Y
1 Q2, Q

Y
2 L1 L2

�3 þ � � � � þ þ
R�1 � þ � þ � � þ
T�1 � � þ þ � þ �
R�2 � � þ � þ � þ
T�2 � þ � � þ þ �
RT�3 þ þ þ � � � �
RT þ � � þ þ � � 11In a generic situation the spectrum of a one-dimensional

periodic system has infinitely many gaps [35].
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fSa; Sbg ¼ 2
abH ; fSa; L1g ¼ �2�abQ
Y
b H ; (6.9)

½QY
a ; Sb� ¼ 2i
abL2; ½QY

1 ; Q
Y
2 � ¼ �2i�3PQY ðH Þ;

½L2; Q
Y
a � ¼ 2iSaPQY ðH Þ: (6.10)

All the integrals (6.1), including �3 but excluding RT ,
may be related between themselves by unitary transforma-
tions, whose generators are constructed in terms of the
grading operators themselves. For instance, U�3U

y ¼
R�1 ¼ ~�3, U ¼ Uy ¼ U�1 ¼ 1ffiffi

2
p ð�3 þR�1Þ. Being

constructed from the integrals of motion, such a trans-
formation does not change the supersymmetric
Hamiltonian H . On the other hand, if we apply it to any
nontrivial integral, the transformed operator will still be an
integral. Particularly, its application to the integrals S1 and
Q1 gives

~S ¼ iR�2S1 ¼ diagðRDðx; �Þ;�RDyðx; �ÞÞ;
~Q ¼ iR�2Q1 ¼ diagðRAðx; �Þ;�RAyðx; �ÞÞ:

(6.11)

These are nontrivial Hermitian nonlocal integrals of mo-
tion for the self-isospectral system (3.8).12 Equation (6.11)
has a sense of Foldy-Wouthuysen transformation that di-
agonalizes the supercharges S1 and Q1. The price we pay
for this is the nonlocality of the transformed operators.

Multiplication of (6.11) by the grading operators gives

further nonlocal integrals, particularly, �3
~S and �3

~Q.
Since both operators (6.11) are diagonal, the Lamé sub-
system HðxþÞ may be characterized, in addition to the Lax
integral P ðxþÞ, by two nontrivial nonlocal integrals:

Ŝ ¼ RDðx; �Þ; Q̂ ¼ RAðx; �Þ: (6.12)

In correspondence with relations Dyðx; �Þ ¼ �Dðx;��Þ
and Ayðx; �Þ ¼ Aðx;��Þ, another subsystem Hðx�Þ is
then characterized by integrals of the same form but with �

changed to ��. The operator �̂ ¼ RT is an integral for
the subsystem HðxþÞ [as well as for subsystem Hðx�Þ]. It
can be identified as a Z2 grading operator that assigns
definite Z2 parities for the nontrivial integrals of the sub-
system HðxþÞ. Namely, in correspondence with (6.2) and

(6.3), the integrals �iP ðxþÞ and Ŝ are fermionic operators

with respect to such a grading, while Q̂ should be treated as
a bosonic operator. Multiplying the fermionic integrals by

i�̂ and the bosonic integral by �̂, we obtain three more
integrals for HðxþÞ. It is not difficult to calculate the
corresponding superalgebra generated by these integrals.
Let us note only that since the described supersymmetry
may be revealed in the subsystem HðxþÞ [or, in Hðx�Þ], it
may be treated as a bosonized supersymmetry, see
[37,38,47].

Let us return to the question of degeneration in our self-
isospectral system. This will allow us to observe some
other interesting properties related to the nonlocal
integrals (6.1). Let us take a pair of mutually commuting
integrals S1 and L1. They can be simultaneously
diagonalized, and for their common eigenstates

we have S1�
��;S1;�

¼ �MDð�; �Þ���;S1;�
and L1�

��;S1;�
¼

��ð�Þ ffiffiffiffiffiffiffiffiffiffiffi
Pð�Þp

��
�;S1;�

, see Eqs. (3.19) and (5.27). We can

distinguish all four states by these relations for any value of
the energy within the valence and conduction bands, and
each two doublet states for the edges E ¼ 0, k02, 1 of the
allowed bands when � � ð12 þ nÞK. However, in the case

of � ¼ ð12 þ nÞK, the two ground states of zero energy are

annihilated by both operators S1 and L1, and cannot be
distinguished by them. In this special case the operator �3

commutes with S1 and L1 on the subspace E ¼ 0, and may
be used to distinguish the two ground states. It is necessary
to remember, however, that �3 does not commute with S1
on the subspaces of nonzero energy.
There is yet another possibility. According to Table I, the

local integrals S1 and L1 commute with the nonlocal
integral T�2. We then find

T �2�
��;S1;�

¼ i�e�i’Dð�;�Þ���;S1;�
; (6.13)

where we used relation (3.14). The operator T�2 therefore
detects the phase in the structure of the eigenstates of S1. By
comparing the two supersymmetric systems with the shift
parameters � and �þK, and by taking into account
the 2K periodicity of the � function in (3.12) and
the 2K antiperiodicity of snu, we get from (3.14) that

eið’Dð�;�þKÞ�’Dð�;�ÞÞ ¼ eði=KÞ�ð�Þ�. Hence, the integral
T�2 does the same job as the translation for the period
operator (which is also a nonlocal integral for the system): it
allows us to determine an energy-dependent quasimomen-
tum. Finally, in the case of zero energy (� ¼ Kþ iK0),
treating � ¼ ð12 þ nÞK as a limiting case, one can also

distinguish two ground states in the supersymmetric dou-
blet by means of (6.13).
Instead of S1, L1, and T�2, we could choose the triplet

S2, L1, and T�1 of mutually commuting integrals, see
Table I. The states within the supermultiplets can also be
distinguished by choosing the triplets of mutually commut-
ing integrals ðQ1; L1;T�1Þ, or ðQ2; L1;T�2Þ. For the two
latter cases, the doublet of the ground states is annihilated
by Qa and L1 for any value of the shift parameter �
(excluding the case � ¼ ð12 þ nÞK when Qa are not de-

fined), but the corresponding integralsT�1 orT�2 do the
necessary job of distinguishing the states as well.
The integrals R�1 and RT�3 act on the eigen-

states of S1, with which they also commute,

as R�1�
��;S1;�

ðx; �Þ ¼ ��e�i’Dð�;�Þ���;S1;�
ðx; �Þ,

RT�3�
�
�;S1;�

ðx; �Þ ¼ ���
�;S1;�

ðx; �Þ. These operators

interchange the states with the þ and � indexes, and
anticommute with the integral L1. The edge states,

12Notice that the (1þ 1)-dimensional GN model has a system
of infinitely many (nonlocal) conservation laws.
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which do not carry such an index, are annihilated by L1,
so that there is no contradiction with the information
presented in Table I.

In concluding this section, we note that the Witten index
computed with the grading operator identified with any of
the six nonlocal integrals (6.1) is the same as for a choice
� ¼ �3, i.e., �W ¼ 0.

VII. SUPERSYMMETRY OF THE ASSOCIATED
PERIODIC BDG SYSTEM

Until now, we have discussed the self-isospectrality of
the one-gap Lamé system with the second-order
Hamiltonian. Though we have shown that its supersym-
metric structure is much richer than the usual one, from the
viewpoint of the physics of the GN model, it is more
natural to look at the revealed picture from another
perspective.

Let us take one of the first-order integrals Sa of the self-
isospectral Lamé system, say S1, and consider it as a first-
order Dirac Hamiltonian. In such a way we obtain an
intimately related, but different physical system. Unlike
the second-order operator H , the spectrum (3.19) of S1
depends on �. We get a periodic Bogoliubov-de Gennes
system with the Hamiltonian HBdG ¼ S1. The interpreta-
tion of the function �ðx; �Þ changes in this case: this is the
Dirac scalar potential in correspondence with the discus-
sion from Sec. I. With a dependence on a physical context,
it takes a sense of an order parameter, a condensate, or a
gap function.

The �-dependent spectrum of such a BdG system con-
sists of four or three allowed bands located symmetrically
with respect to the level E ¼ 0, see Fig. 3. The interpreta-
tion of the bands also changes and depends on the physical

context. For � � ð12 þ nÞK, the positive and negative

‘‘internal’’ bands are separated by a nonzero gap

�Eð�Þ ¼ 2
ffiffiffiffiffiffiffiffiffi
"ð�Þp ¼ 2jcn2�ns2�j, which disappears at � ¼

ð12 þ nÞK. The total number of gaps in the spectrum is three

in the case � � ð12 þ nÞK, E 2 ð�1; E3;�� [ ½E2;�; E1;�� [
½E1;þ; E2;þ� [ ½E3;þ;1Þ, while for � ¼ ð12 þ nÞK there are

only two gaps, E 2 ð�1; E3;�� [ ½E2;�; E2;þ� [ ½E3;þ;1Þ.
According to (3.15), (3.16), and (3.19), the edges Ei;� of the

internal (i ¼ 1, 2) and external (i ¼ 3) allowed bands are

E1;�ð�Þ ¼ �
ffiffiffiffiffiffiffiffiffi
"ð�Þ

p
; E2;�ð�Þ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k02 þ "ð�Þ

q
;

E3;�ð�Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ "ð�Þ

p
;

(7.1)

where � ¼ �, and the eigenstates have the form

�i;�ðx; �Þ ¼ ðc iðxþÞ; �ei’D
i ð�Þc iðx�ÞÞT , S1�i;�ðx; �Þ ¼

Ei;��i;�ðx; �Þ.
In the context of the physics of conducting polymers, for

example, the internal bands are referred to as the lower,
½E2;�; E1;��, and upper, ½E1;þ; E2;þ�, polaron bands; the

upper external band, ½E3;þ;1Þ, is called the conduction

band; the lower external band, ð�1; E3;��, is referred to as
the valence band [31]. In the general case for eigenstates
(3.19), we have

S1�
�
�;S1;�

ðx; �Þ ¼ E�ð�; �Þ��
�;S1;�

ðx; �Þ;
E�ð�; �Þ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eð�Þ þ "ð�Þp

;
(7.2)

where Eð�Þ for internal and external bands is given by
Eqs. (2.5) and (2.6).
SinceHBdG ¼ S1 does not distinguish the index� of the

wave functions within the allowed bands, each correspond-
ing energy level is doubly degenerate. Six edge states for
� � ð12 þ nÞK are singlets. In the case of � ¼ ð12 þ nÞK,

four edge states with energies E ¼ �k0 and �1 are sin-
glets. Zero energy states�1;� form a doublet in this case, as

happens for any other energy level inside any allowed
band.
The described degeneration in the spectrum of S1

indicates that the BdG system might possess its own non-
linear supersymmetric structure. This is indeed the case.
First, from Table I we see that there are three operators,
R�1, T�2, andRT�3, which commute with S1, and the
square of each equals one. Hence, each of them may be
chosen as a Z2 grading operator for the BdG system. There
are three more, nontrivial local integrals of motion for
HBdG. One is the second-order operatorH . This, however,
is not interesting from the viewpoint of a supersymmetric
structure since it is just a shifted square of HBdG ¼ S1,
H ¼ S21 � "ð�Þ. Then we have a third-order integral
L1 
 L1, which has been identified before as the Lax
operator for the self-isospectral Lamé system H .
Finally, the fourth-order operator G1 ¼ S1L1 is also iden-
tified as a local integral of motion. Note that both integrals
L1 and G1 distinguish the states inside the allowed bands,

FIG. 3 (color online). The spectrum of HBdG ¼ S1 possesses
symmetries E�ð�; �Þ ¼ E�ð�;��Þ ¼ E�ð�; �þKÞ, E�ð�; 12Kþ
�Þ ¼ E�ð�; 12K� �Þ, and E�ð�; �Þ ¼ �Eþð�; �Þ. The horizontal
line shows a spectrum for some value of �, 1

2K< �<K. The

allowed (forbidden) bands on it are presented by thick green
(thin red) intervals, whose points are distinguished by the
parameter �, see Eq. (7.2). Curves indicate the edges of the
allowed bands (7.1). The point E�ðKþ iK0; 12KÞ ¼ 0 corre-

sponds to a doubly degenerate energy level in the allowed
band (� k0, k0), that is formed by the two merging at the
� ¼ 1

2K internal allowed bands.
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which differ in the index �. On distinguishing the states
with E ¼ 0 to be present in the spectrum if � ¼ ð12 þ nÞK,

see the discussion at the end of the previous section.
Further nontrivial but nonlocal integrals may be obtained
if we multiply the local integrals by the operators R�1,
T�2, and RT�3. Then, as in the case of the self-
isospectral Lamé system, different choices for the grading
operator lead to distinct identifications of the Z2 parities of
the integrals.

For the sake of definiteness, let us choose � ¼ R�1, and
assume first that � � ð12 þ nÞK. The other two possibilities

for the choice of �may be considered in an analogous way.
If, additionally, we restrict our analysis by the integrals that
do not include in their structure nonlocal in � operator T ,
we get two Z2-even (commuting with �) integrals in
addition to HBdG ¼ S1, namely, R�1 and R�1S1. The
four Z2-odd (anticommuting with �) integrals are L1, G1,
L2 ¼ iR�1L1, and G2 ¼ iR�1G1. All of these integrals
are Hermitian operators. It is interesting to note that a
nonlocal integral R�1S1 is related to one of the diagonal

nonlocal operators from (6.11),R�1S1 ¼ �3
~S. A nonlocal

diagonal operator G2 may also be related to (6.11),

G2 ¼ ~QS21 þ Cð�Þ~SðS21 � "ð�ÞÞ. Since, however, integrals
R�1S1 and Ga are just the integrals R�1 and La multi-
plied by the BdG Hamiltonian S1, we can omit them as
well as H . We then obtain the nontrivial (anti)commuta-
tion relations of the nonlinear BdG superalgebra,

½R�1;La�¼�2i�abLb; fLa;Lbg¼2
abP̂ðS1;�Þ: (7.3)

Here, in correspondence with Eqs. (5.19), (5.21), and (6.5),

P̂ðS1; �Þ is the sixth-order spectral polynomial of the BdG
system,

P̂ðS1;�Þ¼ðS21�"ð�ÞÞðS21�"ð�Þ�k02ÞðS21�"ð�Þ�1Þ; (7.4)
whose six roots correspond to the energy levels (7.1).

Superalgebra (7.3) has a structure similar to that of a
hidden, bosonized supersymmetry [47] of the unextended
Lamé system (2.1), which was revealed in [38]. There, the
role of the grading operator is played by a reflection
operator R, the matrix integrals La are substituted by
the Lax operator �iP ðxÞ, see Eq. (5.15), and by RP ðxÞ.
The sixth-order polynomial P̂ðS1; �Þ of the BdG
Hamiltonian S1 is changed there for a third-order spectral
polynomial PðHÞ, see Eq. (5.19).

We have seen that the structure of the BdG spectrum
changes significantly at � ¼ ð12 þ nÞK. Essential changes

also happen in the superalgebraic structure. Indeed, from

(6.8) it follows that ½S1; QY
2 � ¼ 2i�3�abCð�Þ"ð�Þ, i.e., in a

generic case QY
2 does not commute with HBdG. Contrarily,

for � ¼ ð12 þ nÞK this is an additional nontrivial, second-

order integral of motion of the BdG system. This integral,
like the third-order integral L1, also distinguishes the states
marked by the index � inside the allowed bands,

QY
2 �

��;S1;�
¼ ��

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PQY ðEð�ÞÞ

q
���;S1;�

, where � is the

same as in (2.11) and (5.20), i.e., � ¼ �1 for 0 � E � k02
and � ¼ þ1 for E � 1, while PQY ðEÞ is a polynomial that

appeared earlier in (5.33), i.e.,PQY ðEÞ ¼ ðE� k02ÞðE� 1Þ.
In this case, L1 is no longer an independent integral for the

BdG system, since here L1 ¼ �S1Q
Y
2 in correspondence

with (5.36). The integral QY
2 anticommutes with R�1 and

RT�3. Let us choose, again, � ¼ R�1, and denoteQ1 ¼
QY

2 and Q2 ¼ i�Q1. Instead of (7.3), we get a nonlinear
superalgebra of the order four,

½R�1;Qa�¼�2i�abQb; fQa;Qbg¼2
abP̂QðS1Þ; (7.5)

where P̂QðS1Þ ¼ ðS21 � k02ÞðS21 � 1Þ.
It is interesting to see what happens with the Witten

index in the described unusual supersymmetry of the BdG
system with the first-order Hamiltonian. One can construct
the eigenstates of the grading operator � ¼ R�1,

��ð�Þðx;�;�Þ¼���ð�Þðx;�;�Þ;
�ð�Þðx;�;�Þ
��

þ;S1;�
ðx;�Þþei’

Dð�;�Þ��
�;S1;�

ðx;�Þ:
(7.6)

For any energy value inside any allowed band [including
E ¼ 0 in the case of � ¼ ð12 þ nÞK], we have two states

with opposite eigenvalues of �, and these contribute zero
into the Witten index �W ¼ Tr�, where the trace is taken
over all the eigenstates of the grading operator �. On the
other hand, the edge states �i;�ðx; �Þ are singlets. They are
also the eigenstates of �. The eigenstates of opposite
energy signs have opposite eigenvalues, þ1 and �1, of
the grading operator. As a result, we conclude that the
Witten index �W in such a supersymmetric system equals
zero for any value of � [i.e., for � � ð12 þ nÞK when there

are no zero energy states in the spectrum, and for � ¼
ð12 þ nÞK when the spectrum contains a doublet of zero

energy states], like this happens in the self-isospectral
Lamé system with the second-order supersymmetric
Hamiltonian. The same result �W ¼ 0 is obtained for the
choices � ¼ T�2 and � ¼ RT�3.
Finally, it is worth noting that in accordance with the

structure of superalgebra (7.3), the third-order matrix BdG
supercharges La annihilate all the six edge eigenstates of
HBdG ¼ S1 in the case of � � ð12 þ nÞK. In the special

cases � ¼ ð12 þ nÞK a central gap disappears in the spec-

trum, and, consistently with (7.5), all the remaining four
edge states are the zero modes of the second-order matrix
BdG supercharges Qa. In other words, the spectral
changes that happen in the BdG system at special values
of the parameter � ¼ ð12 þ nÞK, which correspond to a zero

value of the bare mass m0 in the GN model (1.2), are
reflected coherently by the changes in its superalgebraic
structure.
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VIII. INFINITE PERIOD LIMIT

Let us now discuss the infinite period limit of our self-
isospectral Lamé and the associated BdG systems, i.e., the
case when the period 2K tends to infinity.

K ! 1 assumes 13 k ! 1, k0 ! 0, K0 ! 1
2	, and rela-

tions (A5) and (B8) have to be employed. According to
(B8) and (B9), a limit for the quotient of� functions is also
well defined,

lim
k!1

�ðuÞ
�ðvÞ ¼

coshðuÞ
coshðvÞ ; u; v 2 C: (8.1)

The periodic Lamé Hamiltonian (2.1) transforms in this
limit into a reflectionless one-gap Pöschl-Teller Hamiltonian

HPTðxÞ ¼ � d2

dx2
� 2

cosh2x
þ 1: (8.2)

When the limit K ! 1 is applied to the self-isospectral
system (3.8), we assume that a shift parameter � remains to
be finite. As a result, we get a self-isospectral nonperiodic PT
system,

H PTðxÞ ¼ diagðH�ðxÞ; H��ðxÞÞ; (8.3)

where H�ðxÞ ¼ HPTðxþ �Þ and H��ðxÞ ¼ HPTðx� �Þ. In
what followswe trace out how the peculiar supersymmetry of
the self-isospectral Lamé system transforms in the infinite
period limit into the supersymmetric structure of the system
(8.3), which was studied recently in [40].

Since the superpartners in (8.3) are the two mutually
shifted copies of the same PT system, it is clear that the
limit does not change the Witten index: it remains to be
equal to zero as in the periodic case. In general, however,
the index may or may not change depending on the con-
crete form of the self-isospectral Lamé system to which the
limit is applied. For instance, in the case of the system with
superpartners HðxÞ and HðxþKÞ [see the remark just
below Eq. (3.7)], the infinite period limit gives, instead of
(8.3), a supersymmetric system with one superpartner
to be the PT system (8.2), while another one [which is a

limit of HðxþKÞ] to be a free particle H0 ¼ � d2

dx2
þ 1.

Superpartner potentials in such a supersymmetric (but not
self-isospectral) system are distinct. The only difference in
the spectrum for the system (8.2) from that of H0 consists
in the presence of a unique bound state, see below.
Consequently, the Witten index changes in the infinite
period limit, by taking a value of the modulus one. If in
the system (3.8) one takes � ¼ �ðKÞ such that � ! 1 for
K ! 1, the limit then produces a trivial self-isospectral
system composed from the two copies of the free particle
Hamiltonian H0. In such a case, the Witten index does not
change in agreement with (8.3) and (8.2).

The listed examples also mean that the shifts for the
period, in a sense, ‘‘interfere’’ with the infinite period limit.
The self-isospectral Lamé system composed from HðxþÞ
and Hðx�Þ is equivalent, for instance, to a system with
superpartner Hamiltonians HðxþÞ and Hðx� þ 2KÞ.14 If
before taking a limit we do not ‘‘eliminate’’ the period 2K
shift in the second subsystem, we will obtain a (not self-
isospectral) system with superpartners H� and H0 instead
of (8.3).
Let us return to the symmetric case of the self-

isospectral Lamé system (3.8), whose infinite period limit
corresponds to the self-isospectral PT system (8.3). All the
energy values (2.5) of the valence band transform into zero
in the infinite period limit because of k0 ! 0, i.e., this
entire band shrinks into one energy level E ¼ 0 for the
system (8.2). In conformity with this, all of the Bloch states
(2.3) of this band, including the edge states dnx and cnx,
turn into the unique bound state 1

coshx of E ¼ 0 for the PT

system.15 Then the states 1= coshðx� �Þ form a super-
symmetric doublet of the ground states for the self-
isospectral system (8.3). The doublet of the edge states
snðx� �Þ of the system (3.8) transforms into a doublet of
the lowest states tanhðx� �Þ of the energy E ¼ 1 in the
scattering sector of the spectrum for (8.3). It is interesting
to see how the eigenstates with E> 1 in the scattering
sector of the PT system originate from the Bloch states
(2.3). The energy (2.6) as a function of the parameter �,
which in the infinite period limit takes values in the
interval 0 � �< 	

2 , reduces to Eði�Þ ¼ 1
cos2�

� 1. The

states (2.3) transform into �i�
� ðxÞ ¼ cos�ðtanhx�

i tan�Þ expð�ix tan�Þ. Denoting tan� ¼ k � 0, we obtain

E ¼ 1þ k2, and the states �i�
� ðxÞ take the form of

the scattering eigenstates of the PT system, �i�
� ðxÞ !

��kðxÞ ¼ � 1ffiffiffi
E

p ð�ik� tanhxÞe�ikx.

We have

Fðx; �Þ !k!1 coshx�
coshxþ

ex coth2� (8.4)

for function (3.2), cf. Eq. (5.17) in [40]. In correspondence
with (3.4), this is a nonphysical eigenstate of H� of eigen-
value�1=sinh22�. Function�ðx; �Þ in the form (4.1) trans-
forms into

�ðx; �Þ !k!1
��ðxÞ ¼ coth2�þ tanhx� � tanhxþ; (8.5)

while Eq. (4.2) gives, equivalently,

�ðx;�Þ !k!1
��ðxÞ ¼ 2

sinh4�
þ tanh2� tanhx� tanhxþ: (8.6)

13Any of these four limits assumes three others.

14The second system, however, is characterized by another
phase (3.14) with � changed for ��K.
15The states (2.3) for the valence band should be ‘‘renormal-
ized’’ (divided) by a constant �ðKÞ=�ð0Þ to cancel the multi-
plicative factor that diverges in the limit K ! 1 in
correspondence with (8.1).
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The nonperiodic superpotential (gap function) (8.5) corre-
sponds to the Dashen-Hasslacher-Neveu kink-antikink
baryons [2]. For the first-order intertwining operator, we
have

D ðx; �Þ !k!1 d

dx
���ðxÞ 
 X�; (8.7)

cf. (2.26) in [40]. It is the operator that appears in the limit
structure of the supercharges Sa,

S1 !k!1 0 Xy
�

X� 0

 !

SPT;1; S2 !k!1

SPT;2¼ i�3SPT;1: (8.8)

For the second-order intertwining operator (5.6),

A ðx; �Þ !k!1
A��A

y
� 
 Y�; (8.9)

where limK!1Dðxþ �þ 1
2K; 12KÞ ¼ limK!1Dðxþ

1
2K;��þ 1

2KÞ ¼ d
dx � tanhxþ 
 A�ðxÞ, and A�� is ob-

tained via the change � ! ��. A limit of the second-order
integrals (5.7) is

Q1 !k!1 0 Yy
�

Y� 0

 !

QPT;1; Q2 !k!1

QPT;2¼ i�3QPT;1; (8.10)

cf. Eq. (2.18) in [40]. The first-order operators A� and A��

also factorize the self-isospectral pair of the PT

Hamiltonians, H� ¼ A�A
y
� , H�� ¼ A��A

y��, as well as

the free particle Hamiltonian, H0 ¼ Ay
�A� ¼ Ay��A��.

The phases that appear in the action of the intertwining
operatorsDðx; �Þ andAðx; �Þ on the superpartner’s eigen-
states, see Eqs. (3.11) and (5.10), transform into

ei’
Dð�;�Þ !k!1

e�2ik� � �ik� coth2�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ coth22�

p ;

ei’
Að�;�Þ !k!1

e�2ik�:

(8.11)

They are associated with the action of the intertwining
operators X� and Y� on the eigenstates of superpartner
systems H� and H��, and appear in the structure of the
eigenstates of the first, (8.8), and the second, (8.10), order
integrals of the self-isospectral PT system [40].

By employing the relation 2P ðxþÞ ¼
Dyðx; �ÞAðx; �Þ �Ayðx; �ÞDðx; �Þ that follows from
Eq. (5.14), we find that

P ðxþÞ!k!1
A�

d

dx
Ay
� 
 Z�; (8.12)

cf. (2.24) in [40]. For the limit of the Lax integrals we then
get

L1 !k!1 � i
Z� 0

0 Z��

 !

 LPT;1;

L2 !k!1
LPT;2 ¼ �3LPT;1:

(8.13)

Finally, for a constant Cð�Þ ¼ ns2�nc2�dn2� that appears
in the superalgebraic (anti)commutation relations of our
system, we obtain

C ð�Þ !k!1
coth2� 
 C2�; (8.14)

cf. the first term in Eq. (8.5).
With the described infinite period limit relations, we find

a correspondence between the supersymmetric structures
in the self-isospectral one-gap Lamé and PT systems.
Particularly, applying the infinite period limit to the super-
algebraic relations of the self-isospectral Lamé system and
making use of the described correspondence, one may
immediately reproduce the superalgebraic relations for
the self-isospectral PT system (8.3).
The same �-dependent constant C2� ¼ coth2� shows up

in representation of the superpotential (8.5) and in the
superalgebraic structure for the self-isospectral nonperi-
odic PT system (8.3) due to relation (8.14). Notice, how-
ever, that the corresponding functions of the shift
parameter, zð�Þ and Cð�Þ, which appear in the periodic
system, are different. In the next section we will return to
this observation.
The infinite period limit of the second-order intertwin-

ing operator Yðx; �Þ may be found by employing relation
(5.6),

lim
K!1Yðx; �Þ ¼ �Y� � C2�X�: (8.15)

It plays no special role in the supersymmetric structure
of the self-isospectral PT system (8.3). Let us, however,
shift x ! x� � in (8.15) and then take the limit � ! 1.
Such a double limit procedure applied to the self-
isospectral Lamé system H produces a nonperiodic

supersymmetric system Ĥ ¼ diagðHPTðxÞ; H0ðxÞÞ that
is composed from the PT system (8.2) and the free

particle H0 ¼ � d2

dx2
þ 1. Operator Yðx; �Þ in such a limit

transforms into the second-order operator ŷðxÞ ¼ d
dx ð ddx þ

tanhxÞ, which intertwines HPT with H0, ŷðxÞHPTðxÞ ¼
H0ðxÞŷðxÞ. The kernel of ŷ is formed by the singlet
eigenstates 1= coshx (E ¼ 0) and tanhx (E ¼ 1) of the
PT system HPTðxÞ, cf. the discussion of the kernel of
Yðx; 12KÞ in Sec. V. The Hermitian conjugate operator

ŷyðxÞ intertwines as ŷyðxÞH0ðxÞ ¼ HPTðxÞŷyðxÞ, and an-
nihilates the eigenstate 1 of the lowest energy E ¼ 1 and
a nonphysical state sinhx of zero energy in the spectrum

of H0. Integrals Sa, QY
a , and La transform in such a

double limit into the integrals of the supersymmetric

system Ĥ ,

S1 ! � 0 A0

Ay
0 0

 !

 ŝ1; QY

1 ! 0 ŷy

ŷ 0

 !

 q̂y1;

L1 ! �i
A0

d
dx A

y
0 0

0 H0
d
dx

0
@

1
A 
 l̂1;

(8.16)
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and S2 ! ŝ2 ¼ i�3ŝ1, Q
Y
2 ! q̂y2 ¼ i�3q̂

y
1, L2! l̂2¼�3l̂1,

where A0 ¼ lim�!1A�ðx� �Þ ¼ d
dx � tanhx ¼ A0ðxÞ, and

we have used the relations lim�!1A��ðxÞ ¼ d
dx þ 1, and

Ay
0A0 ¼ H0, and ŷ ¼ � d

dx A
y
0 .

The nonperiodic superpotential (gap function) �ðxÞ ¼
tanhx that appears in the structure of the first- and second-
order intertwining operators as well as in that of the
integrals (8.16) corresponds to the famous Callan-
Coleman-Gross-Zee kink solution [2,18,30] of the GN
model.

From the total number of seven integrals of motion (6.1)
and�3, each of which can be used as a grading operator for
the self-isospectral Lamé and PT systems, only three in-
tegrals survive in the described double limit: in addition to
the obvious operator �3, nonlocal operators R and R�3

are also the integrals for supersymmetric system Ĥ . The
last two operators originate in the double limit from the
integralsRT andRT�3. Having in mind this correspon-
dence, Table I may still be used for the identification of the

Z2 parities of the integrals ŝa, q̂
y
a, and l̂a, and it is not

difficult to obtain corresponding forms for superalgebra for
each of the three possible choices of the grading operator in
this case, see [39,48].

Let us look what happens here with the Witten index. As
we discussed at the beginning of this section, the only
asymmetry between the spectra of the superpartner
Hamiltonians HPT and H0 is the presence of the zero
energy bound state in the first superpartner system, which
is described by the eigenstate ð1= coshx; 0ÞT of the super-

symmetric system Ĥ . The doublet with E ¼ 1 is formed
by the eigenstates ðtanhx; 0ÞT and ð0; 1ÞT . The first state is
an eigenstate of all the three operators �3, R, and R�3

with the same eigenvalue þ1, while for the second and
third states the eigenvalues are, respectively, þ1, �1, �1,
and �1, þ1, �1. All of the fourth-fold degenerate energy
levels in the scattering part of the spectrum with E> 1
contribute zero into the Witten index �W ¼ Tr�. As a
result, for all three choices of the grading operator for the

nonperiodic supersymmetric system Ĥ , we have consis-
tently j�W j ¼ 1.16

On the other hand, the first-order matrix operator ŝ1 is
identified here as a limit of the BdG Hamiltonian HBdG ¼
S1. As may be checked directly, operator R�3 commutes
with ŝ1 in accordance with Table I if to take into account
the correspondence between nonlocal integrals discussed
above. Therefore, it can be identified as a grading operator
for a peculiar supersymmetry of the BdG system with the

Hamiltonian ĥBdG ¼ ŝ1, in which the second-order integral
q̂y2, and the nonlocal operator iR�3q̂

y
2 are identified as the

odd supercharges, and l̂1 ¼ �ŝ1q̂
y
2, cf. (5.36). The corre-

sponding superalgebra has the form (7.5) with obvious
substitutions. The state ð1= coshx; 0ÞT , is a unique zero
mode of the first-order matrix Hamiltonian ŝ1, while the
two states ðtanhx;�1ÞT are the singlet eigenstates of ŝ1 of
the eigenvalues �1, which are also the eigenstates of the
grading operator R�3 of the eigenvalue �1.
Thus, the modulus of the Witten index changes from

zero to one for the supersymmetries of both the second Ĥ
and first hBdG ¼ ŝ1 order systems. This reflects effectively
the changes in the spectrum that happen in the described
infinite period limit of the self-isospectral second-order
Lamé and the associated first-order BdG systems.

IX. EXTENDED SUPERSYMMETRIC PICTURE
AND DARBOUX DRESSING

Let us now discuss another interesting aspect of our
self-isospectral periodic supersymmetric system from the
viewpoint of the infinite period limit. As it was shown in
[40], the supersymmetric structure of the nonperiodic self-
isospectral system (8.3) has a peculiar property: all of its
integrals can be treated as a Darboux-dressed form of the
integrals of a free particle system H0ðxÞ. We clarify now
what corresponds here, in the periodic case, to the
Darboux-dressing structure of the self-isospectral PT sys-
tem (8.3). For that, we extend a picture related to the
intertwining operators and the Darboux displacements as-
sociated with them.
Consider along with our self-isospectral supersymmetric

Lamé system (3.8),H ðxÞ ¼ diagðHðxþ �Þ; Hðx� �ÞÞ, its
copy shifted for the half period,H ðxþKÞ ¼ diagðHðxþ
Kþ �Þ, HðxþK� �Þ. Any two of the four (single-
component) Hamiltonians may be connected by the
intertwining relation of the form Dð
;�ÞHð
þ�Þ ¼
Hð
��ÞDð
;�Þ. Putting 
 ¼ xþ 1

2 ð�1 þ �2Þ and � ¼
1
2 ð�1 � �2Þ, �1 � �2 þ 2Kn, we present this relation in a

more appropriate form,

D ðxþ 1
2ð�1 þ �2Þ; 12ð�1 � �2ÞÞHðxþ �1Þ

¼ Hðxþ �2ÞDðxþ 1
2ð�1 þ �2Þ; 12ð�1 � �2ÞÞ: (9.1)

Here �1 and �2 take the values in the set f��; �;��þ
K; �þKg, and the supersymmetric Hamiltonians H ðxÞ
and H ðxþKÞ may be related by ~DH ðxþKÞ ¼
H ðxÞ ~D, ~DyH ðxÞ ¼ H ðxþKÞ ~Dy, where

~D¼diagðDðxþ�þ 1
2K;12KÞ;Dðx��þ 1

2K;12KÞÞ: (9.2)

In the general case, if any two Hamiltonians h and ~h are

related by intertwining operators D and Dy, Dh ¼ ~hD,

hDy ¼ Dy ~h, and if J is an integral for h, ½h; J� ¼ 0, then

the operator ~J ¼ DJDy is an integral for ~h. The system
H ðxÞ is characterized by the set of local integrals of
motion JðxÞ ¼ f�3; SaðxÞ; QaðxÞ; LaðxÞg, while the system
H ðxþKÞ, is described by the same but shifted set,

16�W takes values þ1 for � ¼ �3 and R, and �1 for R�3. A
difference in sign is not important, however, since it can be
removed by changing a sign in definition of the grading operator
in the last case.
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JðxþKÞ. IdentifyingH ðxþKÞ,H ðxÞ, and ~Dwith h, ~h,

and D, respectively, we find that ~J ¼ ~DJðxþKÞ ~Dy ¼
JðxÞH ðxÞ. In other words, the Darboux-dressed integral of
one system is just the corresponding integral of another,
displaced self-isospectral periodic system, multiplied by its
Hamiltonian. Nonlocal operators (6.1), which are the inte-
grals for H ðxÞ, are also the integrals of motion for the
displaced system H ðxþKÞ. Then one finds that a similar
relation is valid also for these nonlocal integrals as well as
for nontrivial diagonal nonlocal integrals (6.11). The only
difference is that for all the integrals that contain a factorR,

including (6.11), there appears a minus sign, like in ~D ~Sðxþ
KÞ ~Dy ¼ �~SðxÞH ðxÞ. Notice also that the Darboux-
dressed form of the trivial integral 1 (that is a unit two-by-
two matrix) for the displaced system H ðxþKÞ coincides
with the Hamiltonian H ðxÞ, ~D1 ~Dy ¼ H ðxÞ.

Since both of the self-isospectral supersymmetric sys-
tems are just two copies of the same periodic system
shifted mutually in the half period, the described picture
is not so unexpected. Let us look, however, at this result
from another viewpoint. In the infinite period limit, super-
symmetric systems H ðxÞ and H ðxþKÞ transform,
respectively, into (8.3) and

H 0 ¼ diagðH0; H0Þ; (9.3)

where H0 ¼ � d2

dx2
þ 1 is a (shifted for a constant additive

term) free particle Hamiltonian. In other words, the infinite
period limit of the system H ðxþKÞ is given by the two
copies of the free nonrelativistic particle. As we have seen,
the infinite period limit applied to the integrals of the self-
isospectral systemH ðxÞ produces corresponding integrals
of the self-isospectral PT system (8.3). The infinite period
limit of the integrals of the system H ðxþKÞ may easily
be obtained just by taking the limit x ! 1 of the integrals
of the self-isospectral PT system (8.3). For nontrivial local
integrals, we find

S1ðxþKÞ ! �i
d

dx
�2 � C2��1 
 s1;

S2ðxþKÞ ! s2 ¼ i�3s1;
(9.4)

QaðxþKÞ ! ð�1Þaþ1�a �H 0;

L1ðxþKÞ ! �i
d

dx
�H 0 
 ‘1;

L2ðxþKÞ ! ‘2 ¼ �3‘1:

(9.5)

The obtained operators are the integrals of motion for the
trivial free particle supersymmetric system (9.3). They
correspond to the obvious integrals �a, and to the products
of them with �i d

dx and H 0. System (9.3) is intertwined

with the self-isospectral PT system (8.3) by the infinite

period limit of the operator (9.2), D̂ ! diagðA�; A��Þ 

D1, D1H 0 ¼ H PTD1, H 0D

y1 ¼ Dy1H PT. If J0 is

some integral for H 0, then D1J0H 0D
y1 ¼

D1J0D
y1H PT. Taking into account (9.4) and (9.5), the

nontrivial local integrals SPT;a, QPT;a, and LPT;a of the

self-isospectral PT system (8.3) may be treated as a
Darboux-dressed form of the integrals for the free particle
systemH 0, namely, of sa,�a, and�iIa

d
dx , where I1 ¼ 1

and I2 ¼ �3.
It is interesting to note that the first-order integral of

H 0, for instance, s1, may also be treated as a Hamiltonian
of a free relativistic Dirac particle of mass C2�. Then its
Darboux-dressed form is a nonperiodic BdG Hamiltonian

SPT;1 ¼ �i
d

dx
�2 � ��ðxÞ�1; (9.6)

see Eqs. (8.8) and (8.5). Comparing (9.6) with the structure
of s1 in (9.4), we see that the gap function ��ðxÞ is effec-
tively a Darboux-dressed form of the free Dirac particle’s
mass C2�. The periodic BdG Hamiltonian HBdG ¼ S1 may
be treated then as a periodized form of (9.6), like the Lamé
Hamiltonian may be considered as a periodized form of the
PT Hamiltonian, see [31]. It is worth stressing, however,
that a reconstruction of a crystal structure on the basis of a
nonperiodic kink-antikink system is not direct and free of
ambiguities: in the previous section we already noted that
two different basic functions of the shift parameter in the
self-isospectral Lamé and associated BdG systems corre-
spond to the same function in the nonperiodic case.
Another interesting observation can be made on the

genesis of the nonlocal integrals (6.11). For the self-
isospectral Lamé and PT systems, the reflection operator
R and �a, a ¼ 1, 2, are not integrals of motion, but the
product of any two of these three operators is an integral of
motion. For the supersymmetric free particle system (9.3),
however, each of these three operators is an integral of
motion. One finds then that the infinite period limit of the

integral �3
~Q, �3

~Q ! diagðRY�;RY��Þ 
 �3
~QPT is ex-

actly a Darboux-dressed form of the reflection operatorR,

D1RDy1 ¼ �3
~QPT. Or, alternatively, an integral ~QPT for

the self-isospectral PT system is a dressed form of the
nonlocal diagonal integral R�3. An analogous relation
exists also for the infinite period limit of another nonlocal

diagonal integral from (6.11), D1ð�iR�2s1ÞDy1 ¼ ~SPT �
H PT, where ~SPT ¼ diagðRX�;RX��Þ.
We conclude that the described Darboux-dressing struc-

ture of the self-isospectral PT system, observed earlier in
[40], originates from, and is explained by the properties of
the self-isospectral periodic one-gap Lamé system.

X. DISCUSSION AND OUTLOOK

To conclude, let us discuss the obtained results from
the physics perspective and potential applications and
generalizations.
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The usual supersymmetric structure of the kink-antikink
as well as of the kink crystalline phases of the GN model
has been known for about 20 years. However, such a
structure with the first-order supercharges and Z2 grading
provided by the diagonal Pauli matrix does not explain or
reflect the peculiar, finite-gap nature of the corresponding
solutions. It also does not reflect the restoration of the
discrete chiral symmetry at the zero value of the bare
mass in the GN model, when the kink-antikink crystalline
condensate transforms into the kink crystal. Both aspects
are explained by the exotic nonlinear supersymmetric
structure we revealed here. The finite-gap nature is re-
flected by the Lax integral incorporated into a nonlinear
supersymmetric structure alongside the first- and second-
order supercharges. A restoration of the discrete chiral
symmetry, on the other hand, is reflected by structural
changes that happen in nonlinear supersymmetry at the
half period shift of the Lamé superpartner systems, when
a central gap in the spectrum of the associated BdG system
disappears. We showed that the first-order BdG system 17

has its own supersymmetry, which can be revealed only
with the help of the nonlocal grading operators investigated
in Sec. VI. The disappearance of the middle gap in the BdG
spectrum is accompanied by emergence of the new, non-
trivial second-order integral of motion in the first-order
system (while the BdG Hamiltonian has no such integral in
the kink-antikink crystalline phase).

The aspects related to the infinite period limit we inves-
tigated in Secs. VIII and IX may be useful for understand-
ing of some puzzles related to a computation of the Witten
index in some supersymmetric field theories when a system
is put in a periodized box [49].

Recently, perfect Klein tunneling in carbon nanostruc-
tures was explained in [50] by an unusual supersymmetric
structure with the first-order matrix Hamiltonian. We be-
lieve that the supersymmetry we investigated here, particu-
larly in Sec. VII, may also be useful in the study of other
phenomena in graphene, where the dynamics of charges is
governed by the effective first-order Dirac Hamiltonian.

It would be interesting to clarify whether the twisted
kink crystal of the GN model with continuous chiral sym-
metry, that was found in [7,8], could be obtained by super-
symmetric constructions similar to those in Sec. III.

We treated�, which appears in the structure of the second-
order intertwining operatorBðx; �; �Þ of a general form (5.3)
, as a kind of a virtual shift parameter. One could extend the
picture by reinterpreting Eqs. (5.1) and (5.2) as intertwining
relations for the three Lamé systems,Hðxþ �1Þ,Hðxþ �2Þ,
andHðxþ �3Þ, where �1 ¼ �, �2 ¼ �þ 2�, and �3 ¼ ��.
Then we would get an extended self-isospectral system
of three superpartner Lamé Hamiltonians. Employing a

relation of the form (9.1), one could further extend the
picture to obtain a self-isospectral system with n > 3 super-
partnersHðxþ �1Þ; . . . ; Hðxþ �nÞ. When the shift parame-
ters are such that �n ¼ �1, the corresponding intertwining
operator of ordernwould reduce to an integral for the system
Hðxþ �1Þ. It is in such a way that we identified, in fact, the
third-order Lax operatorP ðxþ �Þ for the systemHðxþ �Þ.
The interesting questions that arise are, what is a complete
set of integrals and what kind of supersymmetry do we get
for such an n-component self-isospectral system?
Particularly, what is the nature of the above-mentioned
integral of motion of the order n for n > 3? What is the
relation of such extended supersymmetric systems with the
GNmodel and what physics could be associated with them?
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APPENDIX A: JACOBI ELLIPTIC FUNCTIONS

We summarize here some properties and relations for
Jacobi elliptic and related functions. For details, see, e.g.,
[29,51].
In notations for these functions we suppress a depen-

dence on a modular parameter 0< k< 1, snx ¼ snðxjkÞ,
etc., when this does not lead to ambiguities. On the other
hand, a dependence on a complementary modulus parame-

ter 0< k0 < 1, k0 ¼ ð1� k2Þ1=2, is indicated explicitly. We
use Glaisher’s notation for inverse quantities and quotients
of Jacobi elliptic functions, ndx ¼ 1=dnx, nsx ¼ 1=snx,
ncx ¼ 1=cnx, scx ¼ snx=cnx, etc.
The basic Jacobi elliptic functions are the doubly peri-

odic meromorphic functions snu, cnu, and dnu, whose
periods are ð4K; 2iK0Þ, (4K, 2Kþ 2iK0) and ð2K; 4iK0Þ,
respectively. snu is an odd function, while cnu and dnu are
even functions, which are related by the identities sn2uþ
cn2u ¼ 1, dn2uþ k2sn2u ¼ 1, k2cn2uþ k02 ¼ dn2u,
k02sn2uþ cn2u ¼ dn2u, and whose derivatives are
d
du snu ¼ cnudnu, d

du cnu ¼ �snudnu, d
du dnu ¼

�k2snucnu. They have simple zeros and poles at

snu: 0;2K; cnu:K;�K; dnu:Kþ iK0;K� iK0; (A1)

snu; cnu: iK0; 2Kþ 2iK0; dnu: iK0;�iK0; (A2)

respectively, modulo periods. Here

17It is this first-order system that really describes the corre-
sponding crystalline phases in the GN model, while the second-
order Lamé system is related to it as the Klein-Gordon equation
is related to the Dirac equation.
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K ¼ KðkÞ ¼
Z 1

0

dxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� x2Þð1� k2x2Þp (A3)

is a complete elliptic integral of the first kind, and K0 ¼
Kðk0Þ is a complementary integral, which are monotonic
functions of k in the interval 0< k< 1: dK=dk > 0,
dK0=dk < 0. In the limit cases k ¼ 0 and k ¼ 1, elliptic
functions transform into simply-periodic functions in a
complex plane,

k ¼ 0; k0 ¼ 1: K ¼ 1
2	;K

0 ¼ 1;

snu ¼ sinu; cnu ¼ cosu; dnu ¼ 1;
(A4)

k ¼ 1; k0 ¼ 0: K ¼ 1;K0 ¼ 1

2
	;

snu ¼ tanhu; cnu ¼ dnu ¼ 1

coshu
:

(A5)

The addition formulae are

sþ ¼ 1

�
ðsucvdv þ svcuduÞ;

cþ ¼ 1

�
ðcucv � susvduduÞ;

dþ ¼ 1

�
ðdudv � k2susvcucuÞ;

(A6)

where sþ ¼ snðuþ vÞ, su ¼ snu, sv ¼ snv, cþ ¼ cnðuþ
vÞ, dþ ¼ dnðuþ vÞ, etc., and � ¼ 1� k2sn2usn2v.
Jacobi’s imaginary transformation is

snðiujkÞ¼ isnðujk0Þncðujk0Þ; cnðiujkÞ¼ncðujk0Þ;
dnðiujkÞ¼dnðujk0Þncðujk0Þ: (A7)

From the addition formulae and (A7), one finds some
displacement properties of Jacobi elliptic functions, which
are shown in Table II.

APPENDIX B: JACOBI ZETA, THETA,
AND ETA FUNCTIONS

The complete elliptic integral of the second kind is
defined by

E ¼ EðkÞ ¼
Z 1

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2x2

1� x2

s
dx: (B1)

It is a monotonically decreasing function, dE=dk < 0. The
complete elliptic integralsK ¼ KðkÞ andE ¼ EðkÞ satisfy

the first-order differential equations dK
dk ¼ E�k02K

kk02 , dE
dk ¼

E�K
k , from which an inequality k02 < E=K< 1 and the

Legendre’s relation EK0 þ E0K�KK0 ¼ 1
2	may be de-

duced, where E0 ¼ Eðk0Þ is a complementary integral of
the second kind.
The incomplete elliptic integral of the second kind is

defined as

E ðuÞ ¼
Z u

0
dn2udu; (B2)

in terms of which E ¼ EðKÞ. This is an odd analytic
function of u, regular save for simple poles of residue
þ1 at the points 2nKþ ð2mþ 1ÞiK0. Function EðuÞ is
not an elliptic function. It possesses the properties of
pseudoperiodicity, Eðuþ 2KÞ � EðuÞ ¼ Eð2KÞ ¼ 2E,
Eðuþ 2iK0Þ � EðuÞ ¼ Eð2iK0Þ, where in the first relation
the second equality is obtained by putting u ¼ �K.
In terms of EðuÞ, a simply periodic Jacobi Zeta function

is defined,

Z ðuÞ ¼ EðuÞ � E

K
u; (B3)

which satisfies relations dZðuÞ
du ¼ dn2u� E

K , and

Zðuþ2KÞ¼ZðuÞ; Zðuþ2iK0Þ¼ZðuÞ� i
	

K
;

Zð�uÞ¼�ZðuÞ; ZðK�uÞ¼�ZðKþuÞ;
(B4)

Z ð0Þ ¼ ZðKÞ ¼ 0; ZðKþ iK0Þ ¼ �i
	

2K
: (B5)

Zeta function satisfies an addition formula

Z ðuþ vÞ ¼ ZðuÞ þ ZðvÞ � k2snusnvsnðuþ vÞ; (B6)

and obeys Jacobi’s imaginary transformation

iZðiujkÞ ¼ Zðujk0Þ þ 	u

2KK0 � dnðujk0Þscðujk0Þ; (B7)

from which one finds Zðuþ iK0Þ ¼ ZðuÞ þ nsucnudnu�
i 	
2K . For the limit values of the modular parameter, k ¼ 0

and k ¼ 1, we have

Z ðuj0Þ ¼ 0; Zðuj1Þ ¼ tanhu: (B8)

In terms of ZðuÞ ¼ ZðujkÞ, the Jacobi Theta function
�ðujkÞ is defined as

�ðuÞ ¼ �ð0Þ exp
�Z u

0
ZðuÞdu

�
: (B9)

TABLE II. Displacement properties of Jacobi elliptic functions.

u uþK uþ iK0 uþKþ iK0 uþ 2K uþ 2iK0 uþ 2ðKþ iK0Þ
snu cnundu 1

k nsu
1
k dnuncu �snu snu �snu

cnu �k0snundu �i 1k dnunsu �i k
0
k ncu �cnu �cnu cnu

dnu k0ndu �icnunsu ik0snuncu dnu �dnu �dnu
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This is an even,�ð�uÞ ¼ �ðuÞ, integral periodic function
of period 2K, whose only zeros are simple ones at the
points of the set 2nKþ ð2mþ 1ÞiK0. It satisfies the rela-
tion �ðuþ 2iK0Þ ¼ � 1

q expð�i 	K uÞ�ðuÞ, where q ¼
expð�	K0=KÞ: Notice that sometimes Jacobi’s Theta
function is defined by the Fourier series,

�ðujkÞ ¼ #4ðvÞ; #4ðzÞ ¼ 1þ 2
X1
n¼1

ð�1Þnqn2 cosð2nzÞ;

v¼ 	u

2K
: (B10)

Then the Z function can be defined by the logarithmic
derivative,

Z ðuÞ ¼ d

du
ln�ðuÞ: (B11)

In correspondence with definition (B10), a constant in (B9)

is fixed as �ð0Þ ¼
ffiffiffiffiffiffiffiffi
2Kk0
	

q
.

The Jacobi Eta function HðuÞ is defined in terms of the
Theta function,

H ðuÞ ¼ �iq1=4 exp

�
i
	u

2K

�
�ðuþ iK0Þ: (B12)

This is an odd,Hð�uÞ ¼ �HðuÞ, integral periodic function
of period 4K, which possesses simple zeros at the points
of the set 2nKþ 2miK0. Some of the properties of the
Eta and Theta functions are summarized in Table III,

where MðuÞ ¼ expð�i 	u2KÞq�1=4, NðuÞ ¼ expð�i 	uK Þq�1.

For particular values of the argument, we also have

H0ð0Þ ¼ 	
2KHðKÞ�ð0Þ�ðKÞ, �ðKÞ ¼

ffiffiffiffiffi
2K
	

q
, HðKÞ ¼ffiffiffiffiffiffiffi

2kK
	

q
. The Jacobi Theta function satisfies a kind of addition

theorem,

�ðuþvÞ�ðu�vÞ�2ð0Þ¼�2ðuÞ�2ðvÞ�H2ðuÞH2ðvÞ:
(B13)

The basic Jacobi elliptic functions may be represented in
terms of � and H functions,

snu ¼ HðuÞ
�ðuÞ �

�ð0Þ
H0ð0Þ ;

cnu ¼ HðuþKÞ
�ðuÞ � �ð0Þ

HðKÞ ;

dnu ¼ �ðuþKÞ
�ðuÞ � �ð0Þ

�ðKÞ :

(B14)

Under complex conjugation, all the Jacobi elliptic
functions as well as H, �, and Z satisfy the relation
ðfðzÞÞ	 ¼ fðz	Þ.
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Capı́tulo 3

Defectos solitónicos en la jerarquı́a de ecuacioes de KdV, propagación de

solitones en fondo libre y fondo 1-gap

3.1. Evolución en soluciones de la ecuación de KdV

3.1.1. El problema espectral auxiliar asociado al par de Lax de KdV

Considere el sistema lineal

Lφ = λφ ,
∂φ

∂t
= Pφ , (3.1)

para una función φ = φ(x, t, λ). Es asumido que L y P son algunos (en general, matriciales) ope-

radores diferenciales en el espacio de cordenadas x ∈ R con coeficientes que pueden depender

solo en la variable t. Si la evolucion en t generada por P es iso-espectral, dλ/dt = 0, entonces la

condición de consistencia para el sistema (3.1) se reduce a la ecuación de Lax

∂L

∂t
= [P,L] . (3.2)

Para la elección del par de Lax en la forma de los operadores diferenciales

L = −∂2
x + u , (3.3)

P = −4∂3
x + 6u∂x + 3ux , (3.4)

la ecuación (3.2) se reduce a la ecuacón de Korteweg-de Vries para el campo escalar u = u(x, t),

ut = 6uux − uxxx . (3.5)

3.1.2. Covarianza de la ecuación de KdV bajo transformaciones de Dar-

boux

El sistema de ecuaciones correspondiente al par de Lax (3.3), (3.4),

(−∂2
x + u)Ψ(x, t, λ) = λΨ(x, t, λ) , (3.6)

∂

∂t
Ψ(x, t, λ) = (−4∂3

x + 6u∂x + 3ux)Ψ(x, t, λ) , (3.7)
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es covariante bajo transformaciones de Darboux [53]

u(x, t) → u1(x, t) = u(x, t)− 2(log Ψ(x, t, λ1))xx , (3.8)

Ψ(x, t, λ) → Ψ1(x, t, λ) =
W (Ψ(x, t, λ1),Ψ(x, t, λ))

Ψ(x, t, λ1)
, (3.9)

acá W es el Wronskiano, W (f, g) = fgx − fxg. Esto sigue de la observación que si (3.6) y (3.7)

son cumplidas por Ψ(x, t, λ), y Ψ(x, t, λ1) satisface la misma ecuación con λ cambiado por λ1,

entonces Ψ1(x, t, λ) obedece la ecuación (3.6), (3.7) con u(x, t) cambiado por u1(x, t). Como una

consecuencia, si u(x, t) es una solución de la ecuación de KdV (5.13), entonces u1(x, t) obedece

la misma ecuaión.

Este resultado puede ser extendido para una secuencia finita de consecutivas transformacio-

nes de Darboux,

u(x, t) → um(x, t) = u(x, t)− 2(logW (Ψ(x, t, λ1), . . . ,Ψ(x, t, λm)))xx , (3.10)

Ψ(x, t, λ) → Ψm(x, t, λ) =
W (Ψ(x, t, λ1), . . . ,Ψ(x, t, λm),Ψ(x, t, λ))

W (Ψ(x, t, λ1), . . . ,Ψ(x, t, λm))
, (3.11)

3.1.3. Soluciones multisolitónicas de la ecuacón de KdV

Describiremos el método para el ejemplo más simple, partiendo de la solución trivial estacio-

naria de KdV u0 = 0. En este caso L0 = − ∂2

∂x2 corresponde al operador de Schrödinger de la

particula libre, y el operador de evolución (3.4) se reduce a P0 = −4 ∂3

∂x3 . El sistema (3.1) toma

entonces la forma

− ∂2Ψ

∂x2
= λΨ ,

∂Ψ

∂t
= −4

∂3Ψ

∂x3
. (3.12)

Actuando en ambos lados por 4∂x y utilizando la segunda, ecuación obtenemos ∂tΨ = 4λ∂xΨ.

Por lo que, Ψ(x, t, λ) = Ψ(x+ 4λt, λ). Para λ = 0, λ = −κ2 < 0, y λ = κ2 > 0, el par de soluciones

linealmente independientes del sistema (3.12) pueden ser elegidas en la forma

Ψ(x, t, λ = 0) = {1, x} , (3.13)

Ψ(x, t, λ = −κ2) = {coshX−, sinhX−}, Ψ(x, t, λ = κ2) = {cosX+, sinX+} , (3.14)

acá X∓ = κ(x − x0 ∓ 4κ2t). Al aplicar la transformación de Crum-Darboux a la solución trivial

u0 = 0, tenemos diferentes posibilidades de elegir funciones de onda dentro del conjunto (3.13),

(3.14). la elección Ψ(x, t, 0) = x nos da la solución estacionaria no trivial más simple pero singular

de la ecuación de KdV, u1(x) = 2/x2. Las soluciones no singulares de la ecuación de KdV son

generadas eligiendo apropiadamente los estados con λ < 0,

un(x, t) = −2
∂2

∂x2
logW (coshX−1 , sinhX−2 . . . , f(X−n )) , X−j = κj(x− x0j − 4κ2

j t) , (3.15)

acá el último argumento en el Wronskiano es f(X−n ) = sinhX−n si n es par, n = 2l, y f(X−n ) =

coshX−n para n impar n = 2l + 1; x0j son parámetros de desfase, y los parámetros de escala κj
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deben obedeser las inequaciones 0 < κ1 < κ2 < κ3 < . . . < κn. Las funciones (3.15) correspon-

den a soluciones n-solitónicas dela ecuación de KdV. El caso n = 2 es ilustrado en la Fig. 3.1.

Cuando los solitones de la solución (3.15) estan lo suficientemente separados, la propagación ha-

Figura 3.1: La solución dos-solitónica de KdV con κ1 = 1, κ2 = 1,4, y x0i = 0, i = 1, 2, es

mostrada en linea continua. La propagación de la solución solitón κ1 = 1 y x01 = 0 es descri-

ta en linea entrecortada. Las fases iniciales han sido elegidas de tal manera que las soluciones

sean simétricas con respecto al punto x = 0 para t = 0. A la derecha se muestra el espectro

del operador de Schrödinger L2 con potencial dos-solitónico. La linea verde continua corres-

ponde a la parte continua semi infinita doblemente degenerada del espectro con auto estados

ψ±κ(x, t) = A2e
±iX+(x,t;κ,x0), mientras que el circulo en el borde corresponde al estado no de-

generado en el borde de la banda descrito por el auto estado ψ0(x, t) = A21. La linea roja en-

trecortada corresponde a la parte no fı́sica del espectro, to non-physical semi-infinite part of the

spectrum, los cuadrados azules corresponden a los estados ligados atrapados por los solitones y

corresponden a los estados ψ1(x, t) = A2 sinhX−1 y ψ2(x, t) = A2 coshX−2 .

cia la derecha del j-esimo solitón puede ser caracterizado por la velocidad Vj = 4κ2
j y la amplitud

2κ2
j .
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3.2. Solitones en fondo cnoidal

La solución estacionaria y periódica de la ecuación de KdV (5.13) puede ser representada en

la forma

u(x) = u0,0(x) = 2k2µ2sn2 (µx |k )− 2

3

(
1 + k2

)
µ2 , (3.16)

acá sn (u|k) es la función elı́ptica de Jacobi, cuyos periodos real e imaginario dependen en el

parámetro modular 0 < k < 1, µ > 0 es un parámetro libre (escala). Debido a la independencia

en el tiempo t de esta solución (3.16), la ecuación de Lax (3.2) se reduce a la condición de

conmuitatividad de los operadores (3.3) y (3.4) construidos en base a (3.16),

[L,P ] = 0 . (3.17)

La relación (3.17) garantiza la existencia de una base común de autoestados para los operadores

L y P . Buscaremos soluciones para el sistema de ecuaciones (3.6), (3.7) en la forma

Ψ(x, t, λ) = Φ(x, α) exp(π(α)t) , (3.18)

acá Φ(x, α) es un auto estado común de L y P , LΦ(x, α) = λ(α)Φ(x, α), PΦ(x, α) = π(α)Φ(x, α).

El estado buscado Φ(x, α) es [19, 41, 4]

Φ(x, α) =
H (µx+ α|k)

Θ (µx|k)
e−µxZ(α|k), (3.19)

acá H, Θ y Z son las funciones Eta, Theta y Zeta de Jacobi, mientras los correspondientes auto-

estdos son

λ(α|k) = µ2
(
dn2
(
α|k
)
− 1

3
(1 + k′2)

)
, (3.20)

π(α|k) = −4k2µ3sn (α |k ) cn (α |k ) dn (α |k ) . (3.21)

Note que λ(−α) = λ(α), π(−α) = −π(α), π(α) = 2µdλ(α)
dα , y

π2(α) = −16
(
λ(α)− E0

)
(λ(α)− E1)(λ(α)− E2) , (3.22)

acá

E0 = −1

3
(1 + k′2)µ2 , E1 =

1

3
(1− 2k2)µ2 , E2 =

1

3
(1 + k2)µ2 , (3.23)

y k′ =
√

1− k2 es el parámetro modular complementario.

El espectro del operador de Schrödinger 3.6 con potencial cnoidal 3.16 está dividido en dos

bandas prohibidas y dos bandas permitidas siendo E0, E1 y E2 las energı́as de los vordes de

banda, La existencia de estas dos bandas prohibidas permite definir dos tipos distintos de estados

no fı́sicos (uno con infinitos ceros y otros con uno o ningun cero) que se ven reflejados en dos tipos

distintos de defectos solitónicos para el potencial de Lamé. Ambos tipos de defectos se diferencian

por la dirección en que se propagan y por su forma, defectos construidos a partir de estados
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Figura 3.2: Se muestra una solución de la ecuación de KdV con un solitón de tipo pulso que se

mueve a la derecha y dos solitones tipo compresión que se mueven a la izquierda. A la derecha

se muestra el espectro de L2,1 = − d2

dx2 + u2,1(x, t), el solitón tipo pulso soporta el estado ligado

de más baja energı́a, los otros dos estados ligados en la banda interior estan soportados por

los solitones tipo compresión o modulación y la banda finita permitida es debido a la estructura

cristalina del potencial inicial. Para el tiempo t = 0, los solitones estan en la zona de mayor

interacción. Los parámetros han sido elegidos de tal forma que la solución para el tiempo t = 0

es simétrica con respecto al punto x = 0.

no fı́sicos de la banda prohibida semi-infinita inferior tienen forma de pulso y se propagan a la

derecha, mientras que los defectos construidos a partir de estados no fı́sicos de la banda interior

modulan la red cristalina y se propagan a la izquierda. El estudio completo de la construcción y

evolución de estos defectos fué estudiada en [9] en la Fig. 3.2 se muestra una solución mixta con

ambos tipos de defectos para la ecuación de KdV.

3.3. Defectos solitónicos en la jerarquı́a estacionaria de KdV

En la siguiente publicación los potenciales solitónicos y sus respectivas integrales de Lax-

Novikov han sido estudiados en detalle para fondo libre y fondo periódico o de Lamé. Establecien-

do normas concretas a partir del teorema de ceros de la construcción de potenciales solitónicos

en fondo del potencial de Lamé [5, 4]. También acá fueron estudiadas las superpercargas de

orden uno de la supersimetrı́a extendida N = 4 con coeficientes no lineales dada su relevante
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interpretación como operador de Dirac u operador de Bogoliubov-de Gennes, cuadro en que el

superpotencial cumple el rol de potencial transparente escalar para el operador de Dirac en una

dimensión o condensado no lineal de fermiones para el modelo de Gross-Neveu según el siste-

ma fı́sico correspondiente. Para efecto del siguiente texto debemo entender como se agrega un

solitón a un potencial en la forma de Its-Matveev para eso introducimos las transformaciones de

Darboux solitónicas

Transformaciones de Darboux solitónicas: construidas a partir de estados ψa1,a2(r1, r2, x) =

a1ψ(r1, x) + a2ψ(r2, x), acá a, b son C constantes y r1 y r2 son elementos en cartas distintas de

la superficie de Riemann relacionada a la curva compleja hiper-elı́ptica 1.57 con z(r1) = z(r2) y

y(r1) 6= y(r2), el cual produce los cambios

u(x) = −2 d2

dx2 ln(θ(xv + φ, τ)) + Λ0

→ û(x) = −2 d2

dx2 ln(a1θ(xv + φ + α(r1), τ) exp (−ixξ(r1))

+a2θ(xv + φ + α(r2), τ) exp (−ixξ(r2))) + Λ0, (3.24)

El operador

A = ψa1,a2(r1, r2, x)
d

dx

1

ψa1,a2(r1, r2, x)
, A# ≡ − 1

ψa1,a2(r1, r2, x)

d

dx
ψa1,a2(r1, r2, x), (3.25)

entrelaza H = A#A + z(r1) y Ĥ = AA# + z(r1) = − d2

dx2 + û(x), en la forma AH = ĤA y

A#Ĥ = HA#. El vestimiento de Darboux de la integral de Lax-Novikov P2g+1 de H nos permi-

te encontrar una integral de Lax-Novikov para Ĥ P̂2g+2+1 = AP2g+1A
#, tal que [P̂2g+2+1, Ĥ] =

−2i ddxfg+2(ûr(x), ∂σ(H) ∪ {z(r1), z(r1)}), y P̂2g+2+1
2 = (Ĥ − z(r1))2

∏2g
i=0(Ĥ − Ei). Dado que

P2g+2+1 es dos órdenes mayor que P2g+1, es posible notar que û(x) es solución estacionaria de

una ecuación de un orden más alta que la de u dentro de la jerarquı́a de KdV. Mediante trans-

formaciones de Crum-Darboux es posible generalizar este resultado para construir potenciales

con un número arbitrario de solitones, con sus respectivas integrales de Lax-Novikov, que seran

soluciones estacionarias de ecuaciones de altos órdenes en la jerarquı́a de KdV.

Sucesivas transformaciones de Darboux permiten obtener potenciales multisolitónicos. Para

obtener potenciales reales y no singulares es necesario elegir de forma cuidadosa los estados que

se utilizan en dicha transformacón, el estudio completo de la construcción de potenciales reales

y no singulares en fondo de Lamé y los condensados de Bogoliubov-de Gennes asociados son

estudiados en el siguiente artı́culo además de la supersimetria exótica asociada. El problema de

construcción de Wronskianos (de autoestados) no singulares es estudiado con el fin de construir

dos tipos distintos de defectos correspondientes a solitones en diferentes bandas prohibidas y ası́

tambien distintos tipos de superpotenciales con defectos solitónicos en fondo cristalino que son

soluciones del modelo de Gross y Neveu.
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By applying Darboux–Crum transformations to the quantum one-gap Lamé system, we introduce an
arbitrary countable number of bound states into forbidden bands. The perturbed potentials are reflectionless
and contain two types of soliton defects in the periodic background. The bound states with a finite number
of nodes are supported in the lower forbidden band by the periodicity defects of the potential well type,
while the pulse-type bound states in the gap have an infinite number of nodes and are trapped by defects of
the compression modulations nature. We investigate the exotic nonlinear N ¼ 4 supersymmetric structure
in such paired Schrödinger systems, which extends an ordinary N ¼ 2 supersymmetry and involves two
bosonic generators composed from Lax–Novikov integrals of the subsystems. One of the bosonic integrals
has a nature of a central charge and allows us to liaise the obtained systems with the stationary equations of
the Korteweg–de Vries and modified Korteweg–de Vries hierarchies. This exotic supersymmetry opens the
way for the construction of self-consistent condensates based on the Bogoliubov–de Gennes equations
and associated with them new solutions to the Gross–Neveu model. They correspond to the kink or
kink-antikink defects of the crystalline background in dependence on whether the exotic supersymmetry
is unbroken or spontaneously broken.

DOI: 10.1103/PhysRevD.90.125041 PACS numbers: 11.30.Pb, 03.65.-w, 11.10.Lm, 11.30.Na

I. INTRODUCTION

Quantum periodic finite-gap systems find many
interesting applications in physics [1–22]. They can be
related via the algebro-geometric approach with the
integrable Korteweg–de Vries (KdV) and modified
Korteweg–de Vries (mKdV) equations [23,24]. The poten-
tials of finite-gap Schrödinger systems correspond to the
“snapshots” of the evolving in time generalizations of
cnoidal waves solutions to the KdV equation [25]. In a
similar way, via the Miura transformation, the scalar Dirac
finite-gap potentials can be associated with solutions to the
mKdVequation. The infinite-period limit of such potentials
corresponds to reflectionless systems [26] and the solitary
waves solutions to the KdV and mKdV equations.
Reflectionless second- and first-order quantum systems

can be constructed via the Darboux–Crum transformations
[27] from the quantum free particle Schrödinger and Dirac
systems. The same transformations provide an effective
dressing method for construction of Lax–Novikov integrals
for these systems. The condition of conservation of them
generates the higher-order nonlinear stationary equations

for the KdV and mKdV hierarchies [28–31]. This picture
also applies for a more general case of Zakharov–Shabat/
Ablowitz–Kaup–Newell–Segur hierarchy [32].
It was shown recently in Ref. [31] that the Darboux–

Crum transformations yield a possibility to relate reflec-
tionless systems with a different number of bound states in
their spectra via a soliton scattering picture. It was also
demonstrated that the pairs of reflectionless Schrödinger
systems are described not by the ordinary linear or non-
linear N ¼ 2 supersymmetry, as this happens in the case
of ordinary, nontransparent quantum systems related by a
Darboux–Crum transformation. Instead, they are charac-
terized by exotic nonlinear N ¼ 4 supersymmetric struc-
ture. It is generated by two pairs of the supercharges, which
are the 2 × 2 matrix differential operators of the odd and
even orders. In addition, the exotic supersymmetric struc-
ture includes two bosonic generators composed from the
Lax–Novikov integrals of subsystems, which are differ-
ential operators of higher odd order [29,30].
Among all such paired reflectionless Schrödinger sys-

tems, there is a special class, in which two lower-order
supercharges have the differential order 1. In this case, one
of the two bosonic integrals transmutes into the central
charge of the exotic nonlinear N ¼ 4 superalgebra, while
the second bosonic integral generates rotations between
the first-order and even-order supercharges. One of the
first-order supercharges can be reinterpreted as the Dirac
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Hamiltonian, which is characterized by its own exotic
supersymmetry associated with the central charge of the
initial extended Schrödinger system. It is, in fact, the
Bogoliubov–de Gennes Hamiltonian, whose potential,
being the superpotential of the initial extended
Schrödinger system, provides us with self-consistent con-
densates. The latter supply us, particularly, with kink- and
kink-antikink-type solutions for the Gross–Neveu model
[30]. A similar picture related to the exotic supersymmetry
was also revealed in the pairs of mutually displaced one-
gap Lamé systems [22].
A natural question that appears here is whether the

Darboux–Crum transformations can be employed to unify
the reflectionless and finite-gap properties in the same
quantum system. Such a quantum system could be associated
with the KdV and mKdV equations, and its potential would
correspond to solitary wave solutions propagating in a
background of finite-gap, cnoidal-wave-type solutions. The
related question then is what happens with the exotic non-
linear supersymmetric structure in such quantum systems.
In this article, we answer the posed questions. To this

aim, we apply the Darboux–Crum transformations to the
quantum one-gap periodic Lamé system to introduce into
its spectrum an arbitrary countable number of bound states
in its two, the lowest and the intermediate, forbidden bands.
This procedure will provide us the reflectionless non-
periodic one-gap potentials, which will contain two essen-
tially different types of soliton defects in the periodic
background. The nature of defects depends on the for-
bidden band in which they support the bound states.
Coherently with this, as it will be shown, the corresponding
two types of the bound states possess essentially different
properties. We also investigate the exotic nonlinear super-
symmetric structure associated with such quantum systems.
Some general mathematical aspects of the theory of the

class of the systems we investigate here were discussed in
Ref. [33]. The simplest particular examples were consid-
ered in Ref. [34]. For the discussion of the problem of
defects in a more general context of integrable classical and
quantum field theoretical systems, see Refs. [35–37].
The article is organized as follows. In next section,

generic properties of the quantum one-gap periodic Lamé
system are summarized, and its infinite-period limit corre-
sponding to the simplest reflectionless Pöschl–Teller model
with one bound state is discussed in light of Darboux–Crum
transformations. In Sec. III, we consider Darboux trans-
lations for Lamé system. We apply Darboux–Crum trans-
formations in Sec. IV to introduce soliton defects into the
one-gap Lamé system. The procedure is developed first
to generate an arbitrary number of periodicity defects
supporting bound states in the lower forbidden band.
Then, we do the same for the gap separating the allowed
valence and conduction bands. As we shall see, the cases of
the even and odd numbers of the bound states in the
intermediate forbidden band are characterized by different

Darboux–Crum schemes. Finally, we show how to general-
ize the construction to introduce the bound states in both
forbidden bands. We discuss also the application of
Darboux–Crum dressing procedure for the construction of
the irreducible Lax–Novikov integrals. Section V is devoted
to investigation of the exotic nonlinear N ¼ 4 supersym-
metric structure that appears in the extended Shrödinger
systems composed from two arbitrary one-gap systems with
periodicity defects. Special attention is given there for the
most interesting from the viewpoint of physical applications
case when two of the four supercharges are given by the
matrix differential operators of the first order. We consider
the cases of the unbroken and spontaneously broken exotic
supersymmetries and indicate the relation of the obtained
systems with the KdVand mKdVequations. The results are
summarized in Sec. VI. We point out there further possible
research directions for the development of the obtained
results and some interesting applications. The Appendix is
devoted to a more technical demonstration of a nonsingular
nature of the constructed one-gap potentials of a generic
form with an arbitrary number of the periodicity defects.

II. ONE-GAP LAMÉ SYSTEM AND ITS
INFINITE-PERIOD LIMIT

In this section, we summarize generic properties of the
quantum one-gap periodic Lamé system and discuss its
infinite-period limit corresponding to the reflectionless
Pöschl–Teller model. The Darboux transformations asso-
ciate the latter system with a free particle and allow us,
particularly, to identify its nontrivial Lax–Novikov integral
via the dressing procedure. All this will form the basis for
application of the method of the Darboux–Crum trans-
formations to introduce two different types of nonperiodic
soliton defects into the Lamé system.

A. Spectral properties of one-gap Lamé system

The quantum one-gap Lamé system is described by the
Hamiltonian operator

H0;0 ¼ −
d2

dx2
þ V0;0ðxÞ;

V0;0ðxÞ ¼ 2k2sn2x − k2 ¼ −2dn2xþ 1þ k02; ð2:1Þ

with a periodic potential V0;0ðxÞ ¼ V0;0ðxþ 2KÞ.1 The
sense of the lower indices introduced here will be clarified

1K ¼ KðkÞ is a complete elliptic integral of the first kind
corresponding to the modular parameter k, 0 < k < 1. We also
denote K0 ¼ Kðk0Þ, where k0, 0 < k0 < 1, k2 þ k02 ¼ 1, is the
complementary modular parameter. For the properties of Jacobi
elliptic and related functions, see Ref. [38]. For a short summary
of the properties we use here, see the Appendix in Ref. [22]. The
dependence of these functions on k is not shown explicitly. In the
case in which they depend on k0 instead of k, we indicate such a
dependence explicitly.

ADRIÁN ARANCIBIA et al. PHYSICAL REVIEW D 90, 125041 (2014)

125041-2



in what follows. The eigenstates of H0;0 can be found in a
closed analytic form for any complex eigenvalue E.
Parametrizing the latter in terms of Jacobi’s elliptic dn
function, EðαÞ ¼ dn2α, we obtain the solutions of the
stationary Schrödinger equation H0;0Ψα

� ¼ EðαÞΨα
�,

Ψα
�ðxÞ ¼

Hðx� αÞ
ΘðxÞ exp ½∓ xZðαÞ�: ð2:2Þ

Here, Θ, H, and Z are Jacobi’s Theta, Eta, and Zeta
functions, while parameter α can take arbitrary complex
values. Since the periods of the doubly periodic elliptic
function dn2α are 2K and 2iK0, and it is an even function,
without any loss of generality, one can restrict a consid-
eration to a rectangular domain with vertices in 0, K,
Kþ iK0, and iK0. Hamiltonian (2.1) is a Hermitian
operator, and we are interested in the real eigenvalues
EðαÞ.2 These are provided by further restriction of the
values of the parameter α to the borders of the indicated
rectangle; see Fig. 1. The horizontal edges correspond
to the lower and upper forbidden zones (lacunas) in
the spectrum. The vertical edges correspond, respectively,
to the valence and conduction bands. The necessary
information on the bands’ structure, including the values
of quasimomentum κðαÞ, see below, is summarized in
Table I. We supply the parameters β and γ, corresponding to
real and imaginary parts of the complex parameter α, with
upper index −=þ to distinguish whether they correspond to
the lower/upper forbidden and allowed bands, respectively.
While the real parameter β− increases in the open

interval ð0;KÞ, the energy increases in the lower, semi-
infinite forbidden band but decreases in the finite gap
separating the allowed bands when βþ varies in the same
interval. In the valence band, the energy increases when the
parameter γ− decreases from K0 to 0; the variation of
the parameter γþ in the semiopen interval ½0;K0Þ gives
the energy monotonically increasing in the semi-infinite
conduction band.
Under the shift for the real period 2K of the potential, the

eigenstates (2.2) undergo the transformation

Ψα
�ðxþ 2KÞ ¼ exp ð∓ i2KκðαÞÞΨα

�ðxÞ;
where κðαÞ ¼ π

2K
− iZðαÞ ð2:3Þ

is the quasimomentum, in which the first term is asso-
ciated with the 2K antiperiodicity of the Eta function,
Hðxþ 2KÞ ¼ −HðxÞ. The analytical form of the quasi-
momentum κðαÞ allows us to determine explicitly when
it takes real or complex values and therefore to locate
the allowed and forbidden bands. Thus, making use of the

properties of Jacobi’s Zeta function, one finds that in the
lower forbidden band the quasimomentum takes pure
imaginary values, κðβ− þ iK0Þ ¼ −izðβ−Þ, zðβ−Þ ¼
d

dβ− logHðβ−Þ. In accordance with this, the quasimomen-
tum varies in the complex plane along the imaginary axis
so that κ → −i∞ for β− → 0, E → −∞, and κ → 0 when
β− → K, E → 0. The amplitude of the wave functions
(2.2) in this band increases exponentially in one of the two
directions on the real axis x, and eigenfunctions
Ψα¼β−þiK0

� ðxÞ correspond therefore to nonphysical states.
In the valence band, the quasimomentum takes real values,
κðKþ iγ−Þ ¼ π

2K ð1 − γ−

K0Þ − d
dγ− logΘðγ− þK0jk0Þ, where

it increases monotonically from κ ¼ 0 (E ¼ 0) to κ ¼
π
2K (E ¼ k02). The wave functions (2.2) inside the valence
band correspond to the two linearly independent Bloch
states. In the intermediate energy gap, the quasimomen-
tum is complex valued, κðβþÞ ¼ π

2K − iZðβþÞ. In accor-
dance with the relation d

dβZðβÞ ¼ dn2β − E
K, where E is the

complete elliptic integral of the second kind, and
k02 < E

K < 1, the imaginary part in κðβþÞ varies monoton-
ically in the interval βþ ∈ ð0; β��, 0 < Z ≤ Zðβ�Þ, where
β� corresponds to the equality dn2β� ¼ E

K and then
decreases monotonically approaching the zero value in
the interval βþ ∈ ðβ�;KÞ. In the conduction band, like in
the valence band, the quasimomentum takes real values,
κðiγþÞ ¼ π

2K ð1 − γþ
K0Þ − d

dγþ logHðγþ þK0jk0Þ. It increases
here monotonically from π

2K (E ¼ 1) to þ∞ (E → ∞).
Inside this band, for any value of the energy, the two wave
functions (2.2) correspond to the two linearly independent
physical Bloch states.
The properties of a periodic quantum system are effec-

tively reflected by the discriminant DðEÞ (Lyapunov
function) of the corresponding stationary Schrödinger
equation, which is defined as a trace of the monodromy
matrix representing the operator of the translation for the
period of the potential [23,41–43]. Its form DðEÞ ¼
2 cos ð2KκðEÞÞ for the one-gap Lamé system (2.1) is
shown on Fig. 2. In the lower prohibited zone and in
the valence band, the explicit analytic form is given,
respectively, by DðEðβ− þ iK0ÞÞ ¼ 2 cosh ð2Kzðβ−ÞÞ and
DðEðKþ iγ−ÞÞ ¼ 2 cos ð2Kκðγ−jk0ÞÞ. In the energy gap
separating the valence and conduction bands, it reduces to

FIG. 1 (color online). Spectrum of the one-gap Lamé system
(2.1) as a function of complex parameter α.

2The PT-symmetric generalization [39,40] of (2.1) can also be
associated with real values of EðαÞ; see below.
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DðEðβþÞÞ ¼ −2 cosh ð2KZðβþÞÞ. The minimum of the
curve at E ¼ dn2β� ¼ E

K corresponds to the maximum
value Zðβ�Þ > 0 of the Zeta function. In the conduction
band, we have DðEðγþÞÞ ¼ 2 cos ð2Kκðγþjk0ÞÞ. The infin-
ite number of oscillations of the curve between −2 and þ2
extrema values of the DðEÞ is associated in this band with
the zero of cnðγþjk0Þ at γþ ¼ K0 appearing in the denom-
inator of the function fþ in the structure of κðγþjk0Þ; see
Table I.
At the edges of the valence and conduction bands, where

jDj ¼ 2, dDdE ≠ 0, the two wave functions (2.2) reduce, up to
numerical factors, to the same periodic, ψ1 ¼ dn x (E ¼ 0),
and antiperiodic, ψ2 ¼ cn x (E ¼ k02) and ψ3 ¼ sn x
(E ¼ 1), eigenstates. The second, linear independent eigen-
functions at the edges of the valence and conduction bands
are given by ΨiðxÞ ¼ ψ iðxÞI i, i ¼ 1; 2; 3, where I iðxÞ ¼R
dx=ψ2

i ðxÞ are expressed in terms of the incomplete
elliptic integral of the second kind, EðxÞ ¼ R

x
0 dn

2xdx:
I1ðxÞ ¼ 1

k02 EðxþKÞ, I2ðxÞ ¼ x − 1
k02 EðxþKþ iK0Þ,

I3ðxÞ ¼ x − Eðxþ iK0Þ. The functions ΨiðxÞ are not
bounded on the real line and correspond to nonphysical
eigenstates of the Lamé Hamiltonian operator. They also
can be obtained from the states (2.2) by differentiation in α.
Namely, derivatives of the functions ΨαþðxÞ in α at α ¼ 0

and α ¼ K give some linear combinations of the functions
ψ iðxÞ and ΨiðxÞ with i ¼ 3 and i ¼ 2, respectively, while
the derivative of the function (2.6) in parameter β− at
β− ¼ K gives a linear combination of ψ1ðxÞ and Ψ1ðxÞ.
For any value of the parameter α, under the parity

reflection, PfðxÞ ¼ fð−xÞ, the states (2.2) satisfy the
relation

PΨα
�ðxÞ ¼ −Ψα∓ðxÞ: ð2:4Þ

The properties of the wave functions (2.2) in corresponding
bands under the T, TfðxÞ ¼ f�ðxÞ, and the composed PT
operations [39,40] are shown in Table II.
Notice that in the lower forbidden band

Ψβ−þiK0
� ðxÞ ¼ �iq−1=4 exp

�
−i

πβ−

2K

�
Fð�x; β−Þ; ð2:5Þ

where

Fðx; β−Þ ¼ Θðxþ β−Þ
ΘðxÞ expð−xzðβ−ÞÞ ð2:6Þ

is a real-valued function of x, which takes positive
values, Fðx; β−Þ > 0. Here, q ¼ expð−πK0=KÞ is Jacobi’s
nome, and we used the relation Hðxþ iK0Þ ¼
iq−1=4 expð−i πx

2KÞΘðxÞ. In this band, one can employ
alternatively the real functions Fðx; β−Þ and Fð−x; β−Þ ¼
PFðx; β−Þ as two linear independent solutions.
The operator PT distinguishes whether the function (2.2)

belongs to the forbidden or allowed band. When it
corresponds to the physical Bloch state, it is also the
eigenfunction of the PT. In contrast, the functions (2.2)
from the forbidden bands cease to be eigenstates of the PT
operator. Instead, certain linear combinations of the two
states (2.2) with the opposite sign of the quasimomentum
have to be taken to create the eigenstates of the PT operator
in the forbidden bands.

B. Infinite period limit: Reflectionless Pöschl–Teller
system and Darboux transformations

Before we pass to the discussion of the introduction of
the periodicity defects, corresponding to solitons, into the

TABLE I. Bands and their characteristics. Here zðβ−Þ ¼ Zðβ−Þ þ cn β−ds β−, κðγ�jk0Þ ¼ π
2K ð1 − γ�

K0Þ − Zðγ�jk0Þ þ f�,
f− ¼ k02snðγ−jk0Þcdðγ−jk0Þ, and fþ ¼ snðγþjk0Þdcðγþjk0Þ.
Band α ¼ β þ iγ EðαÞ κðαÞ
Lower forbidden β≡ β− ∈ ð0;KÞ, γ ¼ K0 ð−∞; 0Þ∋E ¼ −cs2β− −izðβ−Þ
Valence β ¼ K, γ ≡ γ− ∈ ½0;K0� ½0; k02�∋E ¼ k02cd2ðγ−jk0Þ κðγ−jk0Þ
Upper forbidden (gap) β≡ βþ ∈ ð0;KÞ, γ ¼ 0 ðk02; 1Þ∋E ¼ dn2βþ π

2K − iZðβþÞ
Conduction β ¼ 0, γ ≡ γþ ∈ ½0;K0Þ ½0;þ∞Þ∋E ¼ dc2ðγþjk0Þ κðγþjk0Þ

TABLE II. Properties of the eigenfunctions under the T and PT
operations. Here, c ¼ exp ði πβ−K Þ.
Band Ψα

�ðxÞ TΨα
�ðxÞ PTΨα

�ðxÞ
Lower forbidden Ψβ−þiK0

� ðxÞ −cΨβ−þiK0
� ðxÞ cΨβ−þiK0

∓ ðxÞ
Valence ΨKþiγ−

� ðxÞ −ΨKþiγ−∓ ðxÞ ΨKþiγ−

� ðxÞ
Upper forbidden (gap) Ψβþ

� ðxÞ Ψβþ
� ðxÞ −Ψβþ∓ ðxÞ

Conduction Ψiγþ
� ðxÞ Ψiγþ∓ ðxÞ −Ψiγþ

� ðxÞ

FIG. 2 (color online). The discriminant DðEÞ of the one-gap
Lamé system. The scale is linear in energy for E < 1, while for
E > 1 a logarithmic scale is used here. The parts shown in red
correspond to the lower (E < 0) and to the upper (k02 < E < 1)
forbidden bands.
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spectrum of the one-gap Lamé system, we consider briefly
the analogous procedure for the infinite-period limit case.
The picture in such a limit case is more simple and
transparent, and it is useful to bear it in mind when we
generalize the method to the very Lamé system.
In the infinite-period limit K → ∞, which is equivalent

to any of the three limits k → 1, k0 → 0, or K0 → π=2,
operator (2.1) transforms into the Hamiltonian of the
reflectionless Pöschl–Teller system

H1 ¼ −
d2

dx2
þ V1ðxÞ; V1ðxÞ ¼ −

2

cosh2x
þ 1: ð2:7Þ

In this limit, the valence band shrinks into one discrete
energy level E ¼ 0. The wave functions (2.2) of the valence
band with α ¼ Kþ iγ−, γ− ∈ ½0;K0� transform into the
unique bound state described by the normalizable wave
function ΨE¼0ðxÞ ¼ sechx. The conduction band, para-
metrized by α ¼ iγþ, γþ ∈ ½0;K0Þ, transforms into the
scattering part of the spectrum of the system (2.7). In
the limit, we have γþ ∈ ½0; π

2
Þ. Introducing the notation

tan γþ ¼ k, 0 ≤ k < ∞, we find that the rescaled wave

functions q−1=4Ψα¼iγþ∓ ðxÞ of the conduction band trans-
form, up to an inessential constant multiplicative factor,
into the wave functions

Ψk
�ðxÞ ¼ ð�ik − tanh xÞe�ikx: ð2:8Þ

Corresponding energy E ¼ dn2ðiγþjkÞ ¼ dc2ðγþjk0Þ trans-
forms in the limit k0 → 0 into 1=cos2γþ ¼ 1þ k2, which is
the eigenvalue of the eigenstates (2.8) of the Pöschl–Teller
Hamiltonian (2.7). The nondegenerate state Ψ0 ¼ tanh x
(k ¼ 0) corresponds here to the state of energy E ¼ 1
described by snx at the edge of the conduction band of the
Lamé system (2.1).
The scattering states (2.8) can be presented in the form

Ψk
�ðxÞ ¼ Aφe�ikx in terms of the first-order differential

operator

Aφ ¼ φðxÞ d
dx

1

φðxÞ ¼
d
dx

− tanh x; φðxÞ ¼ cosh x:

ð2:9Þ

Operator Aφ together with the Hermitian conjugate A†
φ

intertwine the reflectionless system (2.7) with the free
particle Hamiltonian shifted for an additive constant,

H0 ¼ −
d2

dx2
þ 1; ð2:10Þ

and provide the factorization of both:

AφA
†
φ ¼ H1; A†

φAφ ¼ H0;

AφH0 ¼ H1Aφ; A†
φH1 ¼ H0A

†
φ: ð2:11Þ

Relations (2.11) correspond to the Darboux transforma-
tions that relate the free particle system with the reflection-
less Pöschl–Teller system. The alternative form to express
the same relation between the systems corresponds to the
equality

H1 ¼ H0 − 2
d2

dx2
logφðxÞ: ð2:12Þ

The wave function φðxÞ ¼ cosh x is a nodeless nonphysical
eigenstate of the free particle H0, and the operator Aφ

produces an almost isospectral mapping of all the physical
and nonphysical states of H0, except φðxÞ, AφφðxÞ ¼ 0,
into corresponding states of the system H1. The only
physical bound state ΨE¼0ðxÞ ¼ sechx of H1 of zero
energy, for which there is no bound state analog in the
physical spectrum of H0, is obtained by applying the
operator Aφ to the wave function ~φðxÞ ¼ φðxÞ R dx

φ2ðxÞ.
This is the nonphysical eigenstate of (2.10) of the
same zero eigenvalue as φðxÞ. It reduces here just to
the derivative of the latter, ~φðxÞ ¼ sinh x ¼ φ0ðxÞ.
Analogously, the application of the operator A†

φ to the
eigenstates ofH1 in correspondence with the last relation in
(2.11) produces the eigenstates of H0. The unique bound
state ΨE¼0ðxÞ ¼ sechx of H1 is the zero mode of the
first-order operator A†

φ.
The free particle system (2.10) has a nontrivial integral

p ¼ −i d
dx. It distinguishes the plane waves e

�ikx, which are
the eigenstates of H0 of the same energy, and detects a
unique nondegenerate state ΨE¼1ðxÞ ¼ 1 corresponding to
k ¼ 0 by annihilating it. In correspondence with the last
two relations in (2.11) and the described picture of the
mapping associated with the Darboux transformations, one
finds that the operator

P ¼ −iAφ
d
dx

A†
φ ð2:13Þ

is the Hermitian integral for the reflectionless system H1.
We refer to this as the dressing procedure. Similarly to p,
this operator distinguishes the eigenstates (2.8), being
analogs of the plane wave states for the free particle,
PΨk

�ðxÞ ¼ �kð1þ k2ÞΨk
�ðxÞ. It annihilates the lowest

nondegenerate stateΨ0ðxÞ ¼ tanh x in the scattering sector,
and the bound state3 ΨE¼0ðxÞ ¼ sechx. Integral (2.13)
satisfies the Burchnall–Chaundy relation [45]

P2 ¼ H2
1ðH1 − 1Þ: ð2:14Þ

Since the free particle has the integral p ¼ −i d
dx ; the H0

and the Pöschl–Teller Hamiltonian (2.7) can be intertwined

3Being the third-order differential operator, (2.13) also turns
into zero the state φðxÞ ¼ cosh x, which is a nonphysical
eigenstate of the free particle Hamiltonian (2.10) [44].
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not only by the first-order operator (2.9) and its conjugate
A†
φ but also by the second-order operators

Bφ ¼ Aφ
d
dx

and B†
φ: ð2:15Þ

The first- and second-order intertwining operators together
with the integrals p and P of the systems H0 and H1

constitute the building blocks of the exotic centrally
extended N ¼ 4 nonlinear supersymmetry of the
system described by the 2 × 2 matrix Hamiltonian
H ¼ diagðH0; H1Þ [31].
Suppose now that we want to construct another reflec-

tionless system proceeding from the Pöschl–Teller system
(2.7) by means of a new Darboux transformation, or a
composition of them, that corresponds to the Darboux–
Crum transformation. There are three different ways to do
this. First, one can construct a reflectionless system with
an additional, second bound state lying below the unique,
zero energy bound state of the system (2.7). Another case
corresponds to the situation in which we want to introduce
a bound state with the energy level lying between the zero
energy level of the already existing bound state and the
edge of the scattering sector of energy E ¼ 1. At last, one
can construct a reflectionless system completely isospec-
tral to the system (2.7) but with the displaced potential
(“soliton center”). Having at hands the building blocks
corresponding to the described three possibilities, by the
appropriate generalization of the procedure, we can
construct a reflectionless system with an arbitrary number
of bound states and arbitrary positions of the correspond-
ing soliton centers [29,30].
The first situation is realized by the construction in a way

similar to (2.9) of the Darboux generator on the basis of the
nodeless function

φ1ðx; κ1; τ1Þ ¼ Aφ sinh κ1ðxþ τ1Þ; ð2:16Þ

where κ1 > 1 and τ1 is an arbitrary real parameter. The
function φ1ðx; κ1; τ1Þ is the nonphysical eigenstate of (2.7)
with energy 1 − κ21, and τ1 is associated with the center
(phase) of the second soliton (the first soliton is charac-
terized by τ0 ¼ 0 and the amplitude κ0 ¼ 1) in the potential
of the system

H2 ¼ H1 − 2
d2

dx2
logφ1ðxÞ ð2:17Þ

with two bound states; cf. (2.12). Note that alternatively
H2 can be presented in terms of the second-order
Darboux–Crum transformation applied to the free
particle, H2 ¼ H0 − 2 d2

dx2 logWðxÞ, where WðxÞ is the
Wronskian of the two nonphysical states of the free
particle, φ ¼ cosh x and ϕ ¼ sinh κ1ðxþ τ1Þ, WðxÞ ¼
Wðφ;ϕÞ ¼ φϕ0 − φ0ϕ.

To obtain a reflectionless system with an additional
bound state inside the energy interval (0, 1), which
separates the bound state level of the system (2.7) with
the continuous part of the spectrum, one can apply to (2.7)
the Darboux–Crum transformation generated by the two
nonphysical states ϕ1ðx; κ1; τ1Þ ¼ Aφ cosh κ1ðxþ τ1Þ and
ϕ2ðx; κ2; τ2Þ ¼ Aφ sinh κ2ðxþ τ2Þ. If we restrict the param-
eters κ1;2 by the condition 0 < κ1 < κ2 < 1, the corre-
spondingWronskianWðxÞ ¼ Wðϕ1;ϕ2Þ has no zeros. This
produces a system with a regular reflectionless potential

V3ðxÞ ¼ V1ðxÞ − 2
d2

dx2
logWðxÞ; ð2:18Þ

which has three bound states with energies 1 − κ21, 1 − κ22,
and 0. Sending then one of the two translation parameters,
τ2 or τ1, to any of the limits þ∞ or −∞, we get a
reflectionless system with two bound states of energies 1 −
κ21 and 0 when we send jτ2j → ∞, or with energies 1 − κ22
and 0 when jτ1j → ∞. The indicated limit changes the
translation parameters of the remaining added soliton as
well as of the initial one with κ0 ¼ 1 and τ0 ¼ 0 in
correspondence with the picture of soliton scattering;
see Ref. [31].
There is another possibility to introduce one additional

bound state into the spectrum of the system (2.7) with the
energy inside the interval (0, 1). One can apply to (2.7) a
Darboux transformation constructed on the basis of its
nonphysical state ϕðx; κ; τÞ ¼ Aφ sinh κðxþ τÞ, 0 < κ < 1.
This will produce a singular system. Shifting then
τ → τ þ i π

2κ ð1 − κÞ and x → xþ i π
2
, we get a regular

reflectionless system with two bound states with energies
1 − κ2 and 0.
Finally, to produce a system completely isospectral to

the system (2.7), one can apply to the latter the Darboux
transformation based on the function [31] fðx; κÞ ¼
Aφ expðκxÞ, where κ > 1. In the present simplest case of
H1, this will give us the shifted system (2.7), in which
the argument of the potential x changes for4 xþ λ,
where λ ¼ 1

2
log κ−1

κþ1
.

In all three indicated cases, the corresponding extended
system H ¼ diagðH1; ~HÞ will be described by the
exotic centrally extended nonlinear N ¼ 4 supersymmetry
[29–31]. Such reflectionless systems will correspond to the
k → 1 limit of the systems obtained from the one-gap Lamé
system by introducing into it the periodicity defects by
means of the appropriate Darboux(–Crum) transformation.

4In the case of a reflectionless system with n > 1 bound states,
the isospectral deformation of the potential, which can be
generated by applying the appropriate Darboux–Crum trans-
formation, corresponds to a “snapshot” of the evolved n-soliton
solution of the Korteweg–de Vries equation; see Refs. [29–31].
In that case, like in the case of Lamé system with periodicity
defects we consider below, the form of the isospectrally deformed
potential is different from the original one.
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In the subsequent sections, we describe how to introduce
such periodicity defects and discuss the associated exotic
nonlinear supersymmetric structure.

III. DARBOUX TRANSLATIONS
OF THE LAMÉ SYSTEM

Assume that we have a system described by a
Hamiltonian operator of the most general form H ¼
− d2

dx2 þ UðxÞ and that ψðxÞ is its an arbitrary physical,
or nonphysical eigenstate,Hψ ¼ Eψ . As in (2.9), we define
the first-order operators

Aψ ¼ ψ
d
dx

1

ψ
¼ d

dx
þ ΔðxÞ; ΔðxÞ ¼ −

d
dx

logψðxÞ;
ð3:1Þ

and

A♯
ψ ¼ −

1

ψ

d
dx

ψ ¼ −
d
dx

þ ΔðxÞ: ð3:2Þ

If ψðxÞ is a real valued function modulo a possible complex
multiplicative constant, then the operators Aψ and A♯

ψ are

mutually conjugate, A♯
ψ ¼ A†

ψ . Another, linear independent
eigenstate of H of the same eigenvalue E is given by
~ψðxÞ ¼ ψðxÞ R dx=ψ2ðxÞ. The action of the operator Aψ on

this eigenstate produces a kernel of the operator A♯
ψ ,

Aψ ~ψðxÞ ¼ 1=ψðxÞ. The second-order operator A♯
ψAψ ¼

− d2

dx2 þ Δ2ðxÞ − Δ0ðxÞ has exactly the same kernel,
spanned by ψðxÞ and ~ψðxÞ, as the second-order differential
operator H − E, and therefore A♯

ψAψ ¼ H − E, and
Δ2ðxÞ − Δ0ðxÞ ¼ UðxÞ − E.
Consider now the operator AψA

♯
ψ ¼− d2

dx2þΔ2ðxÞþ
Δ0ðxÞ¼A♯

ψAψ þ2Δ0ðxÞ≡ ~H−E. The wave function
1=ψðxÞ is the eigenstate of the Schrödinger Hamiltonian
operator ~H of eigenvalue E. Another, linear independent
eigenstate of ~H of the same eigenvalue E is 1

ψðxÞ
R
ψ2ðxÞdx.

The latter is mapped by the operator A♯
ψ into the state ψðxÞ

being the zero mode of Aψ .
Let us return now to the Lamé system (2.1). Its

eigenstates ΨαþðxÞ obey the property

Ψαþð−x − α − iK0Þ ¼ −Ψα
−ðxþ αþ iK0Þ ¼ CðαÞ

ΨαþðxÞ
;

ð3:3Þ

where CðαÞ ¼ − exp ðαðZðαÞ þ i π
2KÞ þ iK0ZðαÞÞ. Taking

ψðxÞ ¼ ΨαþðxÞ in (3.1), we obtain the factorization for
the one-gap Lamé Hamiltonian,

A♯
Ψα

þ
AΨα

þ ¼ H0;0ðxÞ − EðαÞ: ð3:4Þ

Making use of the relation (3.3), we find then that

AΨα
þA

♯
Ψα

þ
¼ H0;0ðxþ αþ iK0Þ − EðαÞ: ð3:5Þ

As the Darboux-partner of the Lamé Hamiltonian H0;0ðxÞ,
we obtain therefore the translated Hamiltonian opera-
tor H0;0ðxþ αþ iK0Þ.
In the case of the lower prohibited band, the wave

function Ψβ−þiK0
þ ðxÞ reduces to the real function Fðx; βÞ

modulo a constant multiplier, see Eqs. (2.5) and (2.6),
and we have AΨα

þ ¼ AF, A♯
Ψα

þ
¼ A†

F. The property

dnðxþ 2iK0Þ ¼ −dnx gives us then in (3.5) the same
Hermitian Lamé Hamiltonian operator but shifted for
the real distance β−, 0 < β− < K, H0;0ðxþ αþ iK0Þ ¼
H0;0ðxþ β−Þ. The obtained Darboux transformations,
supersymmetry, and physics associated with them were
studied in diverse aspects in Ref. [22]. Note here that the
real function Fðx; β−Þ takes positive values for all x, blows
up exponentially when x → −∞, and tends to zero for
x → þ∞. The limit case β− ¼ K corresponds to a trans-
lation for the half of the period of Lamé Hamiltonian. It is
produced on the basis of the ground state ψðxÞ ¼ dnx [19].
The obtained Darboux transformations are analogous to the
translation transformations in the case of the Pöschl–Teller
system (2.7) with one bound state, which are constructed
on the basis of the exponentlike nonphysical eigenstates
ψ ¼ Aφ exp κx, κ > 1, of H1.
In the forbidden band separating the allowed bands, the

eigenfunctionΨβþ
þ ðxÞ takes real values, but it has an infinite

number of zeros at the points −βþ þ 2nK, n ∈ Z. In this
case, relation (3.4) gives us the factorization of the Lamé
Hamiltonian H0;0ðxÞ in terms of the singular mutually
conjugate Darboux generators. The alternative product
(3.5) of these first-order differential operators produces
the Hermitian operator H0;0ðxþ βþ þ iK0Þ with the sin-
gular Treibich–Verdier potential [46]

V0;0ðxþ βþ þ iK0Þ ¼ 2

sn2ðxþ βþÞ − k2; ð3:6Þ

where we have taken into account the identity
snðxþ iK0Þ ¼ 1=ksn x. The limiting case βþ ¼ 0 corre-
sponds to the singular Darboux transformation constructed
on the basis of the eigenfunction ψðxÞ ¼ snx at the edge of
the conduction band. Another limit case βþ ¼ K gives rise
to the singular transformation based on the eigenfunction
ψðxÞ ¼ cnx at the edge of the valence band, for which the
Treibich–Verdier potential reduces to

V0;0ðxþKþ iK0Þ ¼ 2dc2x − k2; ð3:7Þ

where we have employed the identity snðxþKþ iK0Þ ¼
dnx=kcnx.
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Inside the valence band, the eigenstate ΨKþiγ−
þ ðxÞ takes

nonzero but complex values. The Darboux partner (3.5)
reduces in this case to the nonsingular PT-symmetric
Hamiltonian with the potential

V0;0ðxþ αþ iK0Þ ¼ 2dc2ðxþ iγ−Þ − k2: ð3:8Þ

The edge value γ− ¼ K0 corresponds here to the regular
Hermitian Lamé Hamiltonian operator shifted for the
half-period,H0;0ðxþKÞ. Another edge value γ− ¼ 0 gives
the singular Hermitian Treibich–Verdier Hamiltonian (3.7)
obtained on the basis of the edge state ψðxÞ ¼ cnx.
At last, inside the conduction band, the Hamiltonian in

(3.5) reduces to the regular PT-symmetric operator with the
potential

V0;0ðxþ iγþ þ iK0Þ ¼ 2

sn2ðxþ iγþÞ − k2: ð3:9Þ

The edge case γþ ¼ 0 reduces to the singular Treibich–
Verdier potential generated via the choice ψðxÞ ¼ snx.
The described first-order Darboux transformations can

also be considered for the values of the parameter α lying
inside the rectangle in Fig. 1. In this case, the partner
Hamiltonian will be nonsingular with the potential taking
complex values, which, however, will be neither a Hermitian
nor PT-symmetric operator. Indeed, under Hermitian
conjugation, the shifted Hamiltonian operator from (3.5)
transforms as ðH0;0ðxþ αþ iK0ÞÞ† ¼ H0;0ðxþ α� þ iK0Þ,
where we have taken into account the pure imaginary period
2iK0 of the potential V0;0ðxÞ. Analogously, we have
PTðH0;0ðxþ αþ iK0ÞÞ ¼ H0;0ðx − α� þ iK0Þ, where the
even nature of the potential has additionally been taken into
account. The shifted Hamiltonian is therefore Hermitian if
α − α� ¼ 2nKþ 2imK0, n;m ∈ Z, while it is PT sym-
metric when αþ α� ¼ 2nKþ 2imK0. For the α region
shown in Fig. 1, the first condition is satisfied only on
the upper and lower horizontal edges of the rectangle, which
correspond to the prohibited zones in the spectrum, while
the second relation takes place only on the vertical edges
corresponding to the allowed valence and conduction bands.
Below, we shall see that the higher-order Darboux–Crum

transformation corresponding to a composition of the
Darboux transformations, each of which generates
the translated Lamé system of the form (3.5), produces
the Lamé system with a shift of the argument equal to the
sum of individual translations.

IV. LAMÉ SYSTEM DEFORMED BY
NONPERIODIC, SOLITON DEFECTS

In this section, we show how to introduce the reflection-
less, soliton (nonperiodic) defects into the one-gap Lamé
system.

A. Lower forbidden band

The real-valued eigenfunction Fðx; β−Þ in the lower
prohibited band has the modulated exponentlike behavior.
Let us take a linear combination of the two eigenfunctions
of the same eigenvalue,

F�ðx; β−; CÞ ¼ CFðx; β−Þ � 1

C
Fð−x; β−Þ; ð4:1Þ

where K > β− > 0 and a real parameter C is restricted
by the condition C > 0. These states have the pro-
perties F�ð−x; β−; C−1Þ ¼ �F�ðx; β−; CÞ. The function
Fþðx; β−; CÞ takes strictly positive values and blows up
exponentially in the limits x → �∞. The function
F−ðx; β−; CÞ, on the other hand, tends exponentially to
þ∞ and −∞ when x tends to −∞ and þ∞, respectively,
and has a unique zero whose position depends on the values
of the parameters β− and C. The form of the functions
F�ðx; β−; CÞ is shown in Fig. 3.
Construct now the first-order operator

A0;1 ¼ Fþð1Þ
d
dx

1

Fþð1Þ
¼ d

dx
−

d
dx

logFþð1Þ; ð4:2Þ

where Fþð1Þ ¼ Fþðx; β−1 ; C1Þ. We have A†
0;1A0;1 ¼

H0;0 − ε−1 , and A0;1A
†
0;1 ¼ H0;1 − ε−1 , where ε−1≡

Eðβ−1 þ iK0Þ ¼ −cn2β−1 =sn2β−1 < 0,

H0;1 ¼ H0;0 − 2
d2

dx2
ðlogFþð1ÞÞ ¼ −

d2

dx2
þ V0;1ðxÞ;

ð4:3Þ

V0;1ðxÞ ¼ 1þ k02 − 2
E
K

− 2
d2

dx2
ðlog χβ−10;1ðx;C1ÞÞ; ð4:4Þ

FIG. 3 (color online). At C ¼ 1, Fþðx; β−; CÞ is an even
function, while F−ðx; β−; CÞ is odd. The symmetry of nonphysi-
cal eigenfunctions F�ðx; β−; CÞ of H0;0 is broken for C ≠ 1.
Here, the case C > 1 is shown. With C increasing, the minimum
of Fþðx; β−; CÞ > 0 and zero of F−ðx; β−; CÞ are displaced to
the right. A similar situation occurs when 0 < C < 1 but with a
displacement to the negative coordinate axis. In fact, the form of
the functions for 0 < C < 1 is obtained from that for C > 1 via
the relation F�ðx; β−; CÞ ¼ �F�ð−x; β−; C−1Þ.
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χ
β−
1

0;1ðx;C1Þ ¼ C1Θðxþ β−1 Þ expð−xzðβ−1 ÞÞ

þ 1

C1

Θðx − β−1 Þ expðxzðβ−1 ÞÞ: ð4:5Þ

The ΘðxÞ function appearing in the denominator of
FþðxÞ, see Eq. (2.6), cancels the nontrivial potential term
−2dn2x in the Lamé Hamiltonian H0;0 via the equality
d2

dx2 ðlogΘðxÞÞ ¼ dn2x − E
K, that results in the nonperiodic

potential (4.3), (4.4); see Fig. 4. By the Darboux con-
struction, the system H0;1 has the same spectrum as the
one-gap Lamé system except that it possesses an additional
discrete level of energy ε−1 . This is the eigenvalue of the
bound state described by the normalizable nodeless wave
function

Ψ;1
0;1ðx; β−1 ; C1Þ ¼

1

Fþðx; β−1 ; C1Þ
ð4:6Þ

shown in Fig. 5, which is a zero mode of the operator
A†
0;1. The nonzero lower index in the Hamiltonian and

potential reflects here the property that the system
possesses one bound state in the lower forbidden band.

The upper index in notation for the wave function of the
bound state is introduced bearing in mind a generaliza-
tion for the case of a perturbed Lamé system with various
bound states supported both in lower and upper for-
bidden bands.
Other physical and nonphysical eigenfunctions of H0;1

are given by A0;1Ψα
�ðxÞ. They correspond to the same

permitted and prohibited values of energy as the eigen-
states Ψα

�ðxÞ of the periodic Lamé Hamiltonian. This
shows that the introduced nonperiodic defect is reflec-
tionless; physical Bloch states are transformed into the
Bloch states.
Asymptotically, in the limit x → −∞, the potential

has a form of the one-gap periodic Lamé potential,
V0;1ðxÞ → V−∞

0;1 ðxÞ ¼ V0;0ðxþ β−1 Þ. In another limit
x → þ∞, we have V0;1ðxÞ → Vþ∞

0;1 ðxÞ ¼ V0;0ðx − β−1 Þ.
So, the defect produces a phase shift between the asymp-
totically periodic one-gap potentials that is equal to −2β−1 .
This observation follows also directly from (4.1).
Asymptotically, we have Fþðx; β−1 ; C1Þ → C1Fðx; β−1 Þ
when x → −∞, and Fþðx; β−1 ; C1Þ → C−1

1 Fð−x; β−1 Þ for
x → ∞. Employing the results discussed below (3.5), we
can write

A0;1A
†
0;1 → H0;0ðx� β−1 Þ − ε−1 for x →∓ ∞: ð4:7Þ

We get the phase displacement

Δϕðβ−1 Þ ¼ −2β−1 ; ε−1 ¼ −cd2β−1 < 0; ð4:8Þ

where we indicate the discrete energy level of the bound
state of H0;1. The potential V0;1ðxÞ may be treated as a
soliton defect in the background of the one-gap periodic
Lamé system.
Notice that in the limit C1 → ∞ (or C1 → 0) the soliton

“goes” to infinity, and in correspondence with Eq. (4.3),
H0;1 transforms into the shifted Lamé Hamiltonian
H0;0ðxþ β−1 Þ [or H0;0ðx − β−1 Þ].
Before we proceed further, let us show that the infinite-

period limit of the obtained system with a periodicity defect
corresponds to a reflectionless system of a generic form
(2.17) with two bound states of energies E0 ¼ 0 and
E1 ¼ 1 − κ21 < 0. To this aim, we apply the limit k → 1

FIG. 4 (color online). Potential with a one-soliton defect that supports a bound state in the lower forbidden band. The soliton is broader
when the energy of the bound state is closer to zero, and a greater number of oscillations are observable within it. The depth (amplitude)
of the soliton, on the other hand, increases when the negative energy of the bound state is deeper. The sequence of the pictures illustrates
the propagation of the soliton in the periodic background of the Lamé potential.

FIG. 5 (color online). The bound state eigenfunction of the
systemH0;1. The state on the left corresponds to the potential V0;1
with C ¼ 1 in the central picture in Fig. 4. The state on the right,
with C > 1, has energy closer to zero: when the energy modulus
is lower, the state is broader, and the oscillations in it are well
notable. By varying the parameter C, the soliton defect in the
potential is displaced as well as the position of the bound state
supported by it. In correspondence with this, in the case of
0 < C < 1 not shown here, a localization of the wave function of
the bound state is shifted to the x < 0 region in comparison with
the case C > 1.
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to the operator (4.2). The nonphysical eigenfunctionFþð1Þ
of the Lamé system in this limit transforms into the
eigenfunction (2.16), whose explicit form is

φ1ðx; κ1; τ1Þ ¼ 1

cosh x
Wðcosh x; sinh κ1ðx þ τ1ÞÞ:

ð4:9Þ

Indeed, in the indicated limit Zðβj1Þ ¼ tanh β, and
zðβ−1 Þ, defined in Table I, reduces to zðβ−1 Þ →
tanh β−1 þ 1

sinh β−
1
cosh β−

1

¼ cotanh β−1 ≡ κ1, where 1 < κ1 <

∞ since K → ∞, and then β−1 ∈ ð0;∞Þ. We have also
Θðx�βj1Þ
Θðxj1Þ ¼ coshðx�βÞ

cosh x . Introducing the notation C1 ≡ exp κ1τ1,

where τ1 is an arbitrary real parameter, we find that Fþð1Þ
transforms into 1

coshxðcoshðxþβ−1 Þexpð−κ1ðxþτ1ÞÞþ
coshðx−β−1 Þexpðκ1ðxþτ1ÞÞÞ. This function reduces, up
to inessential nonzero multiplicative constant sinh β−1 ,
to (4.9). Then, in correspondence with the discussion of
Sec. II B, the limit of the operator (4.2) is the Darboux
generator, which intertwines the reflectionless Pöschl–
Teller Hamiltonian (2.7) with the Hamiltonian operator
(2.17). Thus, we conclude that the infinite-period limit of
(4.3) corresponds to the reflectionless system (2.17).
To introduce several discrete energies into the spectrum

of the one-gap Lamé system by making use of its
nonphysical states from the lower prohibited band, consider
first the case of the two bound states. It is not difficult
to show that the Wronskian WðFþð1Þ;F−ð2ÞÞ ¼
Fþð1ÞF 0

−ð2Þ − F 0þð1ÞF−ð2Þ, where Fþð1Þ ¼
Fþðx; β−1 ; C1Þ, F−ð2Þ ¼ F−ðx; β−2 ; C2Þ, takes strictly
negative values, WðxÞ < 0, if K > β−1 > β−2 > 0; see
the Appendix. The corresponding energies of the
nonphysical eigenstates of H0;0 are ordered then as
0 > Eðβ−1 þ iK0Þ > Eðβ−2 þ iK0Þ. With such a choice of
the states, we can construct the Darboux–Crum trans-
formation producing a nonperiodic deformation of Lamé
system, which in addition to the one-gap spectrum of
H0;0ðxÞ has two discrete energy values ε−j ¼ Eðβ−j þ iK0Þ,
j ¼ 1; 2,

H0;2 ¼ −
d2

dx2
þ V0;2ðxÞ;

V0;2ðxÞ ¼ V0;0ðxÞ − 2
d2

dx2
ðlogWðFþð1Þ;F−ð2ÞÞÞ:

ð4:10Þ

The discrete energy levels ε−1 and ε−2 correspond, respec-
tively, to the two bound states

Ψ;1
0;2ðx; β−1 ; C1; β−2 ; C2Þ ¼

WðFþð1Þ;F−ð2Þ;F−ð1ÞÞ
WðFþð1Þ;F−ð2ÞÞ

;

ð4:11Þ

Ψ;2
0;2ðx; β−1 ; C1; β2; C2Þ ¼

WðFþð1Þ;F−ð2Þ;Fþð2ÞÞ
WðFþð1Þ;F−ð2ÞÞ

:

ð4:12Þ

Other physical and nonphysical eigenstates of the system
(4.10) are given by

Ψα
0;2;�ðx; β−1 ; C1; β−2 ; C2Þ ¼

WðFþð1Þ;F−ð2Þ;Ψα
�Þ

WðFþð1Þ;F−ð2ÞÞ
ð4:13Þ

and correspond to the Darboux–Crum mapping of the
eigenstates (2.2) of the initial Lamé system. The energies of
these states are defined by the values of the parameter α
exactly in the same way as for the system (2.1). In
accordance with (4.1), expressions (4.11) and (4.12) for
the bound states correspond to linear combinations of the
eigenstates (4.13) with α ¼ β−1 þ iK0 and α ¼ β−2 þ iK0,
respectively.
Let us take now n states

F sjðjÞ¼F sjðx;β−j ;CjÞ with K> β−1 > β−2 >…> β−n > 0;

ð4:14Þ

where sj corresponds to a linear combination of the form
(4.1) with index þð−Þ for j odd (even). Then, by applying
the Darboux–Crum construction on the basis of these
eigenstates, we obtain a nonperiodic deformation H0;n
of the Lamé system H0;0 with n bound states with energies
0 > ε−1 > ε−2 > …ε−n > −∞.
The potential of this system is given by a generalization

of Eq. (4.10), in which the Wronskian has to be changed for

W0;nðxÞ ¼ WðFþð1Þ; F−ð2Þ;…;F snðnÞÞ: ð4:15Þ

The n bound states of energies ε−j are described by the
normalizable wave functions

Ψ;j
0;nðx;β−1 ;C1;…;β−n ;CnÞ

¼WðFþð1Þ;F−ð2Þ;…;F snðnÞ;F−sjðjÞÞ
W0;n

; j¼ 1;…;n;

ð4:16Þ

while other corresponding eigenstates of H0;n are given by
the generalization of Eq. (4.13),

Ψα
0;n;�ðx; β−1 ; C1;…; β−n ; CnÞ

¼ WðFþð1Þ;F−ð2Þ;…;F snðnÞ;Ψα
�Þ

W0;n
: ð4:17Þ

As in the case (4.10), bound states (4.16) may be obtained
from (4.17) by putting there α ¼ β−j þ iK0, j ¼ 1;…; n,
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and changing the wave functions Ψα
� on the rhs for the

corresponding linear combinations of them.
Applying then the limit x → −∞ to the Wronskian

W0;nðxÞ, we find that it transforms, up to a multiplicative
constant, into W0;nðxÞ ¼ WðFðx; β−1 ÞðxÞ;…; Fðx; β−n ÞÞ.
Asymptotically, we get a potential V−∞

0;n ðxÞ¼
limx→−∞ð−2 d2

dx2 logW0;nðxÞÞ¼V0;0ðxþbÞ, where b ¼P
n
j¼1 βj. Analogously, in another limit x → þ∞, we

get the asymptotic form of the potential Vþ∞
0;n ðxÞ ¼

V0;0ðx − bÞ. The phase displacement produced by the n
solitons (defects) is

Δϕðβ−Þ ¼ −2
Xn
j¼1

β−j ; ð4:18Þ

which generalizes the one-soliton effect (4.8).
The eigenstates of the system H0;n (4.16) and (4.17) can

be presented in an alternative form [30],

Ψðx; β−1 ; C1;…; β−n ; CnÞ ¼ A0;nΨðxÞ;
A0;n ¼ A0;nA0;n−1…A0;1; ð4:19Þ

where the wave function on the lhs corresponds to (4.16)
for the choiceΨ ¼ F−sjðjÞ on the rhs, while it corresponds
to the eigenfunctions (4.17) for the choice Ψ ¼ Ψα

� on the
rhs. The operator A0;n is a differential operator of order n,
which is constructed in terms of the recursively defined
first-order differential operators (4.2) and

A0;j ¼ ðA0;j−1F sjðjÞÞ
d
dx

1

ðA0;j−1F sjðjÞÞ

¼ d
dx

þW0;j; j ¼ 2;…; ð4:20Þ

where

W0;j ¼ Ω0;j −Ω0;j−1; Ω0;j ¼ −ðlogW0;jÞx; ð4:21Þ

andW0;1 ≡ Fþð1Þ. Equations (4.20) and (4.21) can also be
used for j ¼ 1 by puttingW0;0 ¼ 1. Note here that, making
use of Eqs. (4.19), it is easy to see that in the case of the
two-soliton defect, particularly, the bound states (4.12) and
(4.11) are reduced modulo multiplicative constants to the
functions Fþð1Þ=W0;2 and F−ð2Þ=W0;2, respectively. This
shows explicitly that the first function describing the
discrete ground state is nodeless, while the second wave
function corresponding to the first excited bound state has
exactly one zero as it should be for the lowest bound states
in the spectrum.
Relation (4.19) means that the operator A0;n maps the

eigenstates of the Lamé system (2.1) into the corresponding
eigenstates of H0;n. Its n-dimensional kernel is spanned by
the eigenstates F sjðjÞ, j ¼ 1;…; n. These relations reflect

the fact that the Darboux–Crum transformation of order n
corresponds to a composition of n subsequent Darboux
maps H0;0 → H0;1 → … → H0;n. In accordance with this,
the operators A0;n and A†

0;n intertwine the Hamiltonian
operator H0;nðxÞ with the Lamé Hamiltonian H0;0ðxÞ,

A0;nH0;0 ¼ H0;nA0;n; A†
0;nH0;n ¼ H0;0A

†
0;n: ð4:22Þ

The products of the operator A0;n and its conjugate are

A0;nA
†
0;n ¼

Yn
j¼1

ðH0;n − ε−j Þ; A†
0;nA0;n ¼

Yn
j¼1

ðH0;0 − ε−j Þ:

ð4:23Þ

Alternative representation given by Eqs. (4.19) and
(4.20) is valid for arbitrary Darboux–Crum transformations
generated on the basis of n eigenstates of a generic
Schrödinger Hamiltonian [30]. In the particular case of
the one-gap Lamé system H ¼ H0;0 and the choice of
eigenstates ψ jðxÞ ¼ Ψ

αj
þ ðxÞ, each of which, as we saw in

the previous section, generates the translation of the Lamé
system for αj þ iK0, we obtain the Darboux–Crum trans-
formation producing the translation of H0;0ðxÞ forP

n
j¼1 αj þ inK0. Taking into account that the system

(2.1) besides the real period 2K possesses also the
imaginary period 2iK0, the shift produced by the
Darboux–Crum transformation reduces to

P
2r
j¼1 αj in

the case of even n ¼ 2r and to
P

2rþ1
j¼1 αj þ iK0 when

n ¼ 2rþ 1 is odd. Making use of this observation, it is
obvious that when the total shift produced by the Darboux–
Crum transformation reduces to a nontrivial period 2Kn1 þ
2iK0n2 of the system (2.1) with n21 þ n22 ≥ 2, the corre-
sponding higher-order generator An gives us the integral
(multiplied in a generic case by a polynomial in H0;0 [47])
of the one-gap Lamé system. This is the analog of the
integral (2.13) of the reflectionless Pöschl–Teller system
(2.7), which is the Lax–Novikov integral P0;0 for the
system (2.1),

iP0;0 ¼
d3

dx3
þ ð1þ k2 − 3k2sn2xÞ d

dx
− 3k2sn x cn x dn x:

ð4:24Þ

In the limit k → 1, it transforms into (2.13). The kernel of
this third-order differential operator is spanned by eigen-
functions dnx, cnx, and snx, which correspond to the edges
of the allowed bands. In correspondence with this, it admits
an infinite number of factorizations. Particularly, it can be
presented in the form

iP0;0 ¼ A1=cn xAcn x=dn xAdn x; ð4:25Þ
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where Adn x is defined by relation of the form (3.1) with
ψðxÞ ¼ dn x, etc.
The sense of the factorization (4.25) is the following.

The first factor on the right, Adn x, in accordance with its
definition, annihilates dnx, the lower edge state of the
valence band that is proportional to the limit of Fðx; β−Þ
for β− ¼ K. Acting on the wave function snx, which
corresponds to the lower edge of the conduction band,
the operator Adn x translates it, as well as all other
eigenstates of the Lamé system, for the half-period K,
snðxþKÞ ¼ cn x=dn x, and then this sn function with a
shifted argument is annihilated by the operator Acn x=dn x.
Acting on the wave function cn x, which describes the
upper edge state of the valence band, the Adn x transforms
it into cnðxþKÞ, while the subsequent action of the
Acn x=dn x transforms this into cnðxþKþ iK0Þ ¼
−ik0=kcn x, which is annihilated finally by the first-order
operator A1=cn x. In a similar way, one can construct five
other factorizations of P0;0 having a simple interpretation
in terms of the Darboux transformations (translations)
generated by the edge states. Relation (4.27) corresponds
here to the Darboux–Crum transformation that generates
the total shift for the nontrivial period 2Kn1 þ 2iK0n2
with n1 ¼ n2 ¼ 1 in correspondence with the discussion
presented above.
The Lamé system’s integral P0;0 satisfies the Burchnall–

Chaundy relation

P2
0;0 ¼ H0;0ðH0;0 − k02ÞðH0;0 − 1Þ; ð4:26Þ

which lies in the basis of the hidden bosonized nonlinear
supersymmetry of the one-gap Lamé system [18]. The
zeros of the third-order polynomials in H0;0 correspond to
the energies of the edges of the allowed bands of (2.1).
In the limit k → 1, (4.26) transforms into relation (2.14),
in which the double factor H2

1 originates from the first
two factors in (4.26) and roots in the shrinking of the
valence band.
By analogy with the Lax–Novikov integral (2.13) for

the reflectionless Pöschl–Teller system with one bound
state, we can find the analogous integral for the H0;n
system,

P0;n ¼ A0;nP0;0A
†
0;n; ½P0;n; H0;n� ¼ 0; ð4:27Þ

which is the differential operator of the order 2nþ 3.
In correspondence with (4.26) and (4.23), it satisfies the
Burchnal–Chaundy relation

P2
0;n ¼ H0;nðH0;n − k02ÞðH0;n − 1Þ

Yn
j¼1

ðH0;n − ε−j Þ2:

ð4:28Þ

The systems H0;0 and H0;n can be intertwined not only
by the operators A0;n and A†

0;n but also by the operators

B0;n ¼ A0;nP0;n and B†
0;n: ð4:29Þ

B. Intermediate forbidden band

Let us consider the intermediate prohibited band (gap)
and the linear combinations of eigenstates (2.2) in it,

Φþð1Þ≡ Φþðx; βþ1 ; C1Þ ¼ C1Ψ
βþ
1þ ðxÞ þ 1

C1

Ψ
βþ
1− ðxÞ;
ð4:30Þ

Φ−ð2Þ≡ Φ−ðx; βþ2 ; C2Þ ¼ C2Ψ
βþ
2þ ðxÞ − 1

C2

Ψ
βþ
2− ðxÞ;

ð4:31Þ

where 0 < βþl < K and Cl, l ¼ 1; 2 are arbitrary real
constants restricted by the condition Cl > 0. Taking into
account relation (2.4), the linear combinations used here
differ effectively in sign in comparison to those employed
in (4.1). This is related to the fact that the eigenvalue
Eðβ− þ iK0Þ is an increasing function of the real parameter
β− in the lower prohibited band, while dEðβþÞ=dβþ < 0
in the intermediate, upper forbidden band. Both these
functions have an infinite number of zeros on the real
line. The choice of any of these two functions as the
function ψ in operator (3.1) produces by means of the first-
order Darboux transformation a singular partner for the
system H0;0ðxÞ.

FIG. 6 (color online). Zeros of Ψβþ
� ðxÞ are in the equidistant points 2nK ∓ βþ, and the amplitudes of these two functions increase

exponentially in opposite directions. The amplitudes of the oscillating states Φ� increase exponentially in both directions. The graphic
on the right corresponds to the case βþ1 < βþ2 .
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Our next goal is to show how, by appropriate use of the
second-order Darboux–Crum transformation applied to
H0;0, one can generate a regular system with two bound
states in the gap.

Zeros of the nonphysical eigenfunctions Ψβþ
þ ðxÞ are

−βþ þ 2nK, while the infinite set of zeros of the eigen-
states Ψβþ

− ðxÞ is βþ þ 2nK, n ∈ Z. On the open intervals

ð−βþ; βþÞ þ 2nK, functions Ψβþ
þ ðxÞ and Ψβþ

− ðxÞ take non-
zero values of the opposite sign, whereas on the open
intervals ðβþ; 2K − βþÞ þ 2nK, they take values of the
same sign. Therefore, zeros of the linear combination

(4.30) of Ψβþ
þ ðxÞ and Ψβþ

− ðxÞ with βþ1 ¼ βþ are inside
the first of the indicated set of the open intervals, and zeros
of (4.31) with βþ2 ¼ βþ are inside the second set of the
intervals. Since Φþ and Φ− are linearly independent
eigenstates of the same eigenvalue EðβþÞ, in correspon-
dence with the oscillation theorem, each of the indicated
open intervals contains exactly one zero of the respective
function.
We want to generate a nontrivial nonsingular Darboux–

Crum transformation based on the pair of the eigenfunc-
tions (4.30) and (4.31). For this, the Wronskian of these
functions should take nonzero nonconstant values. The
choice

0 < βþ1 < βþ2 < K ⇔ Eðβþ1 Þ > Eðβþ2 Þ ð4:32Þ

guarantees then that the intervals containing zeros of the
functions (4.30) and (4.31) do not intersect, and between
each two neighbor zeros xþn and xþnþ1 of the Φþðx; βþ1 ; C1Þ,
there will appear exactly one zero x−n of the Φ−ðx; βþ2 ; C2Þ,

xþn ∈ Iþ
n ð1Þ; x−n ∈ I−

n ð2Þ; Iþ
n ð1Þ∩I−

n0 ð2Þ ¼ ∅;
ð4:33Þ

where

Iþ
n ð1Þ ¼ ð−βþ1 ; βþ1 Þ þ 2nK;

I−
n ð2Þ ¼ ðβþ2 ; 2K − βþ2 Þ þ 2nK: ð4:34Þ

The amplitudes of the oscillating functions Ψβþ
þ ðxÞ and

Ψβþ
− ðxÞ increase exponentially for x → −∞ and x → þ∞,

respectively. As a consequence, in the limit x → þ∞, the
zeros xþn tend to the right edges of the intervals Iþ

n ð1Þ,
while x−n tend to the left edges of the intervals I−

n ð2Þ.
In another limit x → −∞, the corresponding zeros tend to
the opposite edges of the indicated intervals.
The Wronskian of the eigenfunctions (4.30) and (4.31)

obeys the relation

d
dx

Wðy1; y2Þ ¼ ðEðβþ1 Þ − Eðβþ2 ÞÞy1ðxÞy2ðxÞ; ð4:35Þ

where y1 ¼ Φþð1Þ y2ðxÞ ¼ Φ−ð2Þ. From (4.35), it follows
that zeros x�n correspond exactly to the local extrema of the
Wronskian. Let us choose a zero xþn0 of y1, y1ðxþn0Þ ¼ 0,
such that y01ðxþn0Þ > 0. Then, in principle, we have two
possibilities: either (i) y2ðxþn0Þ > 0 or (ii) y2ðxþn0Þ < 0. In
case i, we find that Wðx�n Þ < 0, while in case ii, we would
haveWðx�n Þ > 0 for any n ∈ Z. Differentiation of (4.35) in
x shows that in case i the zeros x−n and xþn correspond to the
local maxima and minima of the Wronskian, respectively.
In case ii, the role of these zeros as local maxima and
minima would be interchanged. Then, in case i, we
conclude that the Wronskian takes strictly negative values
for all x, while in case ii, it would be a strictly positive
function. Though in both cases we would have a nodeless
Wronskian, let us show that case i, illustrated on Fig. 6, is
realized here. In the limits x → �∞, in correspondence
with definition (4.30), (4.31), we have

lim
x→þ∞

WðΦþð1Þ;Φ−ð2ÞÞ ¼ −
1

C1C2

WðΨβþ
1− ðxÞ;Ψβþ

2− ðxÞÞ;
ð4:36Þ

lim
x→−∞

WðΦþð1Þ;Φ−ð2ÞÞ ¼ C1C2WðΨβþ
1þ ðxÞ;Ψβþ

2þ ðxÞÞ:
ð4:37Þ

Using these relations and the above-described behavior of
the zeros of the functions Φþð1Þ and Φ−ð2Þ in the limit
x → þ∞, the corresponding local extrema values of W are
given by

lim
x�n →þ∞

Wðx�n Þ ¼ −
1

C1C2

H0ð0ÞHðβþ2 − βþ1 Þ
Θ2ðβjÞ

× expððβþj þ 2nKÞðZðβþ1 Þ þ Zðβþ2 ÞÞÞ;
n ≫ 1; ð4:38Þ

where j ¼ 1; 2 and βþ1 ðβþ2 Þ corresponds here to xþn ðx−n Þ.
For the limits x�n → −∞, we have a similar expression
with a unique change of the coefficient 1=ðC1C2Þ for C1C2.
Taking into account that H0ð0Þ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2kk0K=π
p

> 0, and that
Hðβþ2 − βþ1 Þ > 0 because 0 < βþ2 − βþ1 < K, we conclude
finally that W2;0ðxÞ ¼ WðΦþð1Þ;Φ−ð2ÞÞ takes strictly
negative values on all the real line. Additionally, we
conclude that −W2;0ðxÞ blows up exponentially in both
limits x → �∞.
Similarly to (4.10), we construct now the Hamiltonian

H2;0 ¼ −
d2

dx2
þ V2;0ðxÞ;

V2;0ðxÞ ¼ V0;0ðxÞ − 2
d2

dx2
logWðΦþð1Þ;Φ−ð2ÞÞ: ð4:39Þ
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This quantum system has the same spectrum as the
Lamé system except two additional discrete energy levels
εþl ≡ Eðβþl Þ, l ¼ 1; 2. These are described by the wave
functions given by relations of the form (4.11), (4.12) with
F�ðjÞ there changed for corresponding functions Φ�ðlÞ.
With some algebraic manipulations, the wave eigenfunc-
tions can be presented in the form

Ψ1;
2;0ðxÞ ¼ const

Φ−ð2Þ
W2;0

; H2;0Ψ
1;
2;0ðxÞ ¼ εþ1 Ψ

1;
2;0ðxÞ;

ð4:40Þ

Ψ2;
2;0ðxÞ ¼ const

Φþð1Þ
W2;0

; H2;0Ψ
2;
2;0ðxÞ ¼ εþ2 Ψ

2;
2;0ðxÞ:

ð4:41Þ
The amplitude of these oscillating functions tends expo-
nentially to zero in both limits x → �∞, which confirms
their bound state nature; see Fig. 7. The relations (4.36)
and (4.37) tell us that the Darboux–Crum transformation
generated on the basis of the states appearing there
on the right-hand sides produces a potential translated in
ðβþ1 þ iK0Þ þ ðβþ2 þ iK0Þ. Using this fact and taking into
account the imaginary period 2iK0 of V0;0ðxÞ, we find that

V−∞
2;0 ðxÞ ¼ lim

x→−∞
V2;0ðxÞ ¼ V0;0ðxþ βþ1 þ βþ2 Þ;

and, analogously,

Vþ∞
2;0 ðxÞ ¼ lim

x→þ∞
V2;0ðxÞ ¼ V0;0ðx − βþ1 − βþ2 Þ:

Therefore, similarly to the case of soliton defects corre-
sponding to the bound states in the lower forbidden band,
the two-soliton defect associated with the presence of the
two bound states in the intermediate (upper) prohibited
band produces the phase shift described by Eq. (4.18) with
n ¼ 2 and β−j there changed for βþl , where the parameters
βþ1 and βþ2 obey the condition (4.32). The bound states here
are described by infinitely oscillating wave functions,
which have an infinite number of zeros and exponentially
decreasing amplitudes. This situation contrasts with the
bound states introduced into the lower forbidden band,

where the wave functions are also exponentially decreasing
but have a finite number of zeros, similarly to the nature of
ordinary bound states.
The system (4.39) is also characterized by the

Lax–Novikov integral, which in the present case is the
differential operator of order 7,

P2;0 ¼ A2;0P0;0A
†
2;0; ½P2;0; H2;0� ¼ 0: ð4:42Þ

The second-order operators A2;0 and A†
2;0 intertwining the

Lamé system H0;0 with H2;0 have the form (4.20) and
(4.19) with the functions Fþð1Þ and F−ð2Þ changed here,
respectively, for Φþð1Þ and Φ−ð2Þ. They satisfy relations of
the form (4.23) with n ¼ 2, where H0;n has to be changed
for H2;0, and constants ε−j have to be changed for
corresponding energy values εþl , l ¼ 1; 2, of the nonphysi-
cal eigenstates from the intermediate prohibited band we
used in the construction.
Analogously to the discussion presented in the previous

subsection, it is not difficult to show that the infinite-period
limit applied to the system (4.39) corresponds to the
reflectionless system given by potential (2.18).
The described procedure of the introduction of the

periodicity defects with eigenvalues within the intermedi-
ate prohibited band can be generalized for the case of
an arbitrary even number of the solitons. This can be done
in a systematic way by choosing linear combinations
of the wave functions of the form (4.30) and (4.31) with
alternating lower indices þ and −, cf. (4.15), with the
restriction on the parameters βþ, which generalizes that
from (4.32),

0< βþ1 < βþ2 <…βþ2l <K⇔ Eðβþ1 Þ > Eðβþ2 Þ…> Eðβþ2lÞ:
ð4:43Þ

In the basis of such a construction, there is the property
jW2l;0ðxÞj > 0 guaranteed by the choice (4.43), where
W2l;0ðxÞ is the Wronskian of the corresponding 2l
nonphysical eingestates of the Lamé system,

W2l;0ðxÞ ¼ WðΦþð1Þ;Φ−ð2Þ;…;Φþð2l − 1Þ;Φ−ð2lÞÞ:
ð4:44Þ

FIG. 7 (color online). Each of the two pulse-type bound states of the system H2;0 is localized in one of the two periodicity defects of
the potential V2;0, which are showing up as compression modulations. The states also reveal a small tunnelling (asymmetry) in the
direction of the other deformation.
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The proof of this property is given in the Appendix.5 As a
generalization of (4.39) and (4.42), the Hamiltonian and
Lax–Novikov integral are given here by the relations

H2l;0 ¼ H0;0 − 2
d2

dx2
logW2l;0; ð4:45Þ

P2l;0 ¼ A2l;0P0;0A
†
2l;0; ½P2l;0; H2l;0� ¼ 0: ð4:46Þ

They satisfy the Burchnall–Chaundy relation of the form

P2
2l;0 ¼ H2l;0ðH2l;0 − k02ÞðH2l;0 − 1Þ

Y2l
l¼1

ðH2l;0 − εþl Þ2:

ð4:47Þ

Here, εþl ¼ Eðβþl Þ are the eigenvalues of the bound states

Ψl;
2l;0ðx; βþ1 ; C1;…; βþ2l; C2lÞ

¼ WðΦþð1Þ;Φ−ð2Þ;…;Φ−ð2lÞ;Φð−1ÞlðlÞÞ
W2l;0

;

l ¼ 1;…; 2l: ð4:48Þ

Other physical and nonphysical eigenstates of H2l;0 of
eigenvalues EðαÞ are given by

Ψα
2l;0;�ðx; βþ1 ; C1;…; βþ2l; C2lÞ

¼ WðΦþð1Þ;Φ−ð2Þ;…;Φ−ð2lÞ;Ψα
�Þ

W2l;0
: ð4:49Þ

From this picture with even number 2l ≥ 2 of bound
states in the intermediate forbidden band, one can obtain
systems that contain odd number 2l − 1 of discrete energy
levels in the same prohibited band of the initial one-gap
Lamé system. This can be achieved by sending any one of
the 2l solitons to infinity.
Let us see how this procedure works in the case of the

system (4.39). For the sake of definiteness, we send the first
soliton, associated with the higher discrete energy level
Eðβþ1 Þ, to infinity. Another case corresponding to the limit
associated with the soliton related to the lower discrete
energy level can be realized in a similar way. To send the
indicated soliton to infinity, we take a limit C1 → ∞.
In analogous way, one can also consider the limit C1 → 0.
In the limit C1 → ∞, the potential V2;0ðxÞ given by

Eq. (4.39) transforms into

lim
C1→∞

V2;0ðxÞ≡ V̆1;0ðx; βþ1 Þ

¼ V0;0ðxÞ − 2
d2

dx2
logWðΨβþ

1þ ;Φ−ð2ÞÞ:
ð4:50Þ

The Hamiltonian H̆1;0ðx; βþ1 Þ ¼ − d2

dx2 þ V̆1;0ðx; βþ1 Þ pos-
sesses single bound state of energy εþ2 , which can be
obtained as a limit of the bound eigenstate Ψ2;

2;0ðxÞ of H2;0,

lim
C1→∞

Ψ2;
2;0ðxÞ ¼ Ψ̆1;

1;0ðxÞ; ð4:51Þ

see Fig. 8. In correspondence with the results of Sec. III,
the Darboux transformation based on the single eigenfunc-

tion Ψ
βþ
1þ ðxÞ produces the Treibich–Verdier potential,

V0;0ðxÞ − 2 d2

dx2 logΨ
βþ
1þ ¼ V0;0ðxþ βþ1 þ iK0Þ, and we can

present (4.50) in the equivalent form

V̆1;0ðxÞ ¼ V0;0ðxþ βþ1 þ iK0Þ

− 2
d2

dx2

�
log

WðΨβþ
1þ ;Φ−ð2ÞÞ
Ψ

βþ
1þ

�
: ð4:52Þ

Function WðΨβþ
1þ ;Φ−ð2ÞÞ=Ψβþ

1þ appearing in the argument
of the logarithm is an eigenfunction of the system
H0;0ðxþ βþ1 þ iK0Þ. The Bloch-like eigenstates of this
Hamiltonian operator can be obtained from the corre-
sponding eigenstates of the Lamé system H0;0ðxÞ,
Ψα

�ðxþ βþ1 þ iK0Þ ¼ N�ðαÞΨ̆α
�ðxþ βþ1 Þ, where

Ψ̆α
�ðxÞ ¼

Θðx� αÞ
HðxÞ e∓xZðαÞ ð4:53Þ

and N�ðαÞ ¼ exp ð∓ iðαπ
2K þK0ZðαÞÞ. Therefore, we have

FIG. 8 (color online). Sending one soliton to infinity results in a
potential supporting one bound state less. System H̆1;0 is related
with the Lamé systemH0;0 by the Darboux–Crum transformation
of the second order, while it is related with the singular Treibich–
Verdier system by the first-order Darboux transformation. The
symmetric state (presented by odd function here) is centered in
the soliton deformation of the potential, and the tunnelling related
to the soliton sent to infinity disappears.

5Like in the procedure shortly discussed in Sec. II B corre-
sponding to the reflectionless Pöschl–Teller system, the defects
also can be introduced in such a way that their associated energies
will appear between the already placed discrete energy levels, but
the final picture will be described equivalently by the Darboux–
Crum transformation based on the Wronskian (4.44).
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WðΨβþ
1þ ;Ψ

βþ
2

� Þ
Ψ

βþ
1þ

¼ C�Ψ̆
βþ
2

� ðxþ βþ1 Þ: ð4:54Þ

Putting in both sides of the last relation x ¼ −βþ1
(or x ¼∓ βþ2 to escape simple poles at both sides), we
define the real nonzero constants C� in (4.54),

C� ¼∓ Hðβþ2 ∓ βþ1 ÞH0ð0Þ
Θðβþ1 ÞΘðβþ2 Þ

exp ð�βþ1 Zðβþ2 ÞÞ: ð4:55Þ

Making a shift x → x − βþ1 in (4.50), all this gives us

V1;0ðxÞ≡ V̆1;0ðx − βþ1 Þ ¼ 1þ k02 − 2
E
K

− 2
d2

dx2
log χ

βþ
2

1;0;

ð4:56Þ

χ
βþ
2

1;0ðxÞ ¼ C̆2Θðxþ βþ2 Þ exp ð−xZðβþ2 ÞÞ

þ 1

C̆2

Θðx − βþ2 Þ exp ðxZðβþ2 ÞÞ: ð4:57Þ

Here, a real constant C̆2 is given in terms of C2 by

C̆2 ¼ C2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Hðβþ

2
−βþ

1
Þ

Hðβþ
2
þβþ

1
Þ

r
exp ðβþ1 Zðβþ2 ÞÞ > 0, and we have

taken into account the relation d2

dx2 logHðxÞ ¼
dn2ðxþ iK0Þ − E

K. In the limit C1 → ∞, the Wronskian
in the denominator of the eigenstate (4.40) of energy
Eðβþ1 Þ of the system H2;0 blows up exponentially, and
this state disappears. On the other hand, the state (4.41)
transforms into the bound state of energy Eðβþ2 Þ of the
system H1;0ðxÞ ¼ − d2

dx2 þ V1;0ðxÞ,

Ψ2;
2;0ðx − βþ1 Þ → Ψ̆1;

1;0ðx − βþ1 Þ ¼ const
HðxÞ
χ
βþ
2

1;0ðxÞ
: ð4:58Þ

The presence of this bound state in the spectrum of
H1;0ðxÞ is the unique difference in comparison with the
spectrum of the one-gap Lamé system H0;0ðxÞ. The system
H1;0ðxÞ is related with H0;0ðxÞ, however, by the second-
order Darboux–Crum transformation of the form (4.50)
with x changed there for x − βþ1 . On the other hand, the
system H1;0ðxÞ can be related with the singular Treibich–
Verdier system described by the potential V0;0ðxþ iK0Þ,
by the first-order Darboux transformation based on the
function Ψ̆α

�ðx − βþ1 Þ given by Eq. (4.53), which is the
eigenfunction of the singular PT-invariant Hamiltonian
operatorH0;0ðxþ iK0Þ. This picture is analogous to that for
the Pöschl–Teller system when we want to introduce there
the bound state between the already existing bound state
and the continuous part of the spectrum; see Sec. II B.
In correspondence with the described picture, the system

H1;0ðxÞ is characterized by the irreducible Lax–Novikov
integral

P1;0ðxÞ ¼ AψP0;0ðxþ iK0ÞA†
ψ ; ψ ¼ Ψ̆

βþ
1þ ðx − βþ1 Þ;

ð4:59Þ

which is the differential operator of order 5, where
P0;0ðxÞ is the Lax–Novikov integral (4.24) of the Lamé
system H0;0ðxÞ. In (4.59), one can take, equivalently,
ψ ¼ Ψβþ

1 ðx − βþ1 þ iK0Þ.
Notice a remarkable similarity of the potential V1;0 given

by Eqs. (4.56) and (4.57) with the potential V0;1 defined by
Eqs. (4.4) and (4.5). The important difference of both
potentials is, however, that Zðβþ2 Þ presents in the structure
of V1;0, while in the structure of the potential V0;1, there
appears zðβ−1 Þ defined in Table I. Unlike the nodeless bound
state (4.6) of the system V0;1, the bound state (4.58) of the
system V1;0 has an infinite number of zeros at xn ¼ 2nK,
and its amplitude, like that of the wave function (4.6),
decreases exponentially as x goes to �∞.
When x → �∞, Hamiltonian H1;0ðxÞ asymptotically

transforms into H0;0ðx ∓ βþ2 Þ − Eðβþ2 Þ, and we get the
phase displacementΔϕðβþ2 Þ ¼ −2βþ2 generated by the one-
soliton potential defect, which supports one bound state
within the upper prohibited band of the original one-gap
Lamé system.
Let us notice that one can also introduce an odd number

of bound states into the gap by taking, instead of (4.32),
the set of parameters 0 ¼ βþ1 < βþ2 < …βþ2l < K, or
0 < βþ1 < βþ2 < …βþ2l ¼ K. This assumes the change of
the state Φþð1Þ in Wronskian (4.44) for sn x in the first
case, or Φ−ð2lÞ for cn x in the second case. Such alter-
natives, however, do not give anything new. They are
reproduced just by taking, respectively, limits βþ1 → 0 or
βþ2l → K in the general picture presented in this subsection.

C. Bound states in both forbidden bands

One can introduce periodicity defects into the Lamé
system by constructing the potentials that support bound
states in both lower and upper forbidden bands. Similarly to
the already discussed cases, the construction is based on the
property that the Wronskian

W2l;nðxÞ ¼ WðΦþð1Þ;Φ−ð2Þ;…;Φ−ð2lÞ;
Fþð1Þ;…;F snðnÞÞ ð4:60Þ

is a nodeless smooth function on all the real line; see the
Appendix. In this way, the most general family of the one-
gap Hamiltonians with 2lþ n defects (solitons) introduced
into the periodic background of Lamé potential V0;0ðxÞ is
defined by

H2l;n ¼ H0;0 − 2
d2

dx2
logW2l;nðxÞ: ð4:61Þ

The defects correspond to 2l bound states in the spectral
gap and n bound states in the lower prohibited band.
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In Fig. 9 is shown the form of the potential for the simplest
case l ¼ n ¼ 1.
Each member of the family of Hamiltonians (4.61)

possesses a nontrivial integral

P2l;n ¼ A2l;nP0;0A
†
2l;n; ½P2l;n; H2l;n� ¼ 0; ð4:62Þ

satisfying the relation

P2
2l;n ¼ H2l;nðH2l;n − k02ÞðH2l;n − 1Þ

×
Y2l
l¼1

ðH2l;n − εþl Þ2
Yn
j¼1

ðH2l;n − ε−j Þ2: ð4:63Þ

Here, A2l;n is the differential operator of order 2lþ n,
which is defined by A2l;n ¼ A2l;n…A2l;1A2l;0, where

A2l;j ¼
W2l;j

W2l;j−1

d
dx

W2l;j−1

W2l;j
; j ¼ 1;…; n: ð4:64Þ

The first-order differential operator A2l;n and its conjugate
generate the intertwining relations

A2l;nH2l;n−1 ¼ H2l;nA2l;n; A†
2l;nH2l;n ¼ H2l;n−1A

†
2l;n

ð4:65Þ

and factorize the neighbor Hamiltonians H2l;n and H2l;n−1
in the form

A2l;nA
†
2l;n ¼ H2l;n − ε−n ; A†

2l;nA2l;n ¼ H2l;n−1 − ε−n :

ð4:66Þ

The 2l bound states of H2l;n of energies ε
þ
l , l ¼ 1;…; 2l,

within the gap are given by

Ψl;
2l;n ¼

WðΦþð1Þ;Φ−ð2Þ;…;Φ−ð2lÞ;Fþð1Þ;…;F snðnÞ;Φð−1ÞlðlÞÞ
W2l;n

; ð4:67Þ

while the n bound states of energies ε−j , j ¼ 1;…; n, in the lower prohibited band have the form

Ψ;j
2l;n ¼

WðΦþð1Þ;Φ−ð2Þ;…;Φ−ð2lÞ;Fþð1Þ;…;F snðnÞ;F−sjðjÞÞ
W2l;n

: ð4:68Þ

Here, we do not indicate explicitly the parameters that define the functions Ψl;
2l;n and Ψ;j

2l;n being in general of the form
Ψðx; βþ1 ; Cþ

1 ;…; βþ2l; C
þ
2l; β

−
1 ; C

−
1 ;…β−n ; C−

n Þ. Other, physical as well as nonphysical, eigenstates of H2l;n of eigenvalues
EðαÞ are given by

Ψα
2l;n;� ¼ WðΦþð1Þ;Φ−ð2Þ;…;Φ−ð2lÞ;Fþð1Þ;…;F snðnÞ;Ψα

�Þ
W2l;n

: ð4:69Þ

It is always possible to eliminate any of the bound states
from the spectrum taking the limit C�

r → 0, or C�
r → ∞ for

the corresponding parameter. In the case we take such a
limit for the parameter Cþ

l of the state Φð−1Þlþ1ðlÞ, we obtain
H2l;nðxÞ → H̆2l−1;nðx; βþl Þ, where H̆2l−1;nðx; βþl Þ is the
Hamiltonian of the system with 2l − 1 bound states in
the gap. Similarly to the case discussed in the previous

subsection, the H̆2l−1;nðx; βþl Þ can also be obtained by the
Darboux–Crum transformation of order 2l − 1þ n applied
to the singular Treibich–Verdier system. The Lax–Novikov
integral P̆2l−1;nðx; βþl Þ of H̆2l−1;nðx; βþl Þ appears from
(4.62) via the indicated limit through the reduction,
P2l;nðxÞ → ðH̆2l−1;nðx; βþl Þ − εþl ÞP̆2l−1;nðx; βþl Þ. On the
other hand, if we take one of the two specified limits for the

FIG. 9 (color online). Potential supporting two bound states in
the gap and one bound state in the lower forbidden band. The
defects in the form of the two compression modulations and a
potential soliton well can be displaced arbitrarily in the periodic
background.
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parameter C−
j , we obtain the Hamiltonian ~H2l;n−1ðx; β−j Þ,

whichcorresponds to thesystemH2l;n−1ðxÞof the form(4.61)
with the displaced argument, x → xþ β−j . The initial param-
eters β−i with i ¼ jþ 1;…; n transform into the parameters
β−i , i ¼ j;…; n − 1, of the resulting system, and the same
happenswith the correspondingparametersC−

i .Moreover, all
parameters C� undergo rescaling, Cþ

l → cþl ðβþl ; β−j ÞCþ
l ,

l ¼ 1;…; 2l, C−
i → c−i ðβ−i ; β−j ÞC−

i , i ¼ 1;…; n − 1, where
cþl > 0 and c−i > 0 are some functions of the indicated
arguments, whose explicit form we do not write down in
detail here.
Notice that in the most general case of one-gap quantum

system H2l−m;n ¼ − d2

dx2 þ V2l−m;nðxÞ supporting 2l −
mþ n ≥ 1 bound states, relation (4.18) is generalized for

Δϕ ¼ −2
Xn
j¼1

β−j − 2
X2l−m
l¼1

βþl ; ð4:70Þ

where n ≥ 0, 2l −m ≥ 0, m ¼ 0; 1, and the omission of
the corresponding sum is assumed when n ¼ 0 or l ¼ 0.
This is the net phase displacement between x ¼ þ∞ and
x ¼ −∞ periodic asymptotics of the potential V2l−m;nðxÞ,
which is the one-gap Lamé potential V0;0ðxÞ perturbed by
n ≥ 0 soliton defects of the potential well type and
2l −m ≥ 0, periodicity defects of the compression mod-
ulations nature.
In conclusion of this section, let us note that the notion

of Hill’s discriminant (Lyapunov function) is defined for a
Schrödinger equation with periodic potential, and reflects
coherently the properties of the eigenstates under the shift
of the quantum system for its period [23,41]. The
Darboux–Crum transformations that do not violate the
periodicity of the potential produce isospectral systems
and do not change the corresponding discriminants
[42,43]. The systems we constructed here are almost
isospectral to the one-gap Lamé system. Their potentials
are not periodic functions, and so Hill’s discriminant
cannot be defined for them in a usual way. It can be
considered only in the regions x → −∞ and x → þ∞,
where the periodicity (with a relative phase displacement
defect) is restored asymptotically. At the same time, it is
necessary to bare in mind that the Lyapunov function
reflects the stability properties of the points in the
spectrum: for periodic quantum systems, two linearly
independent Bloch–Floquet states correspond to all the
points inside the allowed bands, while the edge points are
treated as nonstable because there one of the two solutions
is unbounded [41]. Since the periodicity defects we
constructed introduce into the spectrum of the Lamé
system only the discrete energy values corresponding to
nondegenerate bound states, one can say that they do not
change the properties of stability of the spectrum of the
initial system.

V. EXOTIC SUPERSYMMETRY

According to the analysis presented above, any pair
of the Hamiltonians H2l1−m1;n1 and H2l2−m2;n2 , where
m1;2 ¼ 0; 1, can be related by means of the two pairs of
intertwining operators. One pair of mutually conjugate
operators intertwines the Hamiltonians directly. Another
pair has higher differential order and does the same job via
a virtual periodic one-gap system. The operators of the
second pair involve in their structure the Lax–Novikov
integral of the Lamé system H0;0, or of its analog
corresponding to the singular on the real line Treibich–
Verdier one-gap system. Each of the subsystems in the pair
(H2l1−m1;n1 , H2l2−m2;n2) is also characterized by its proper
Lax–Novikov integral. As a result, if we consider the
extended system given by the matrix 2 × 2 Schrödinger
operator composed from the pair of the indicated
Hamiltonians, it will be described not just by the N ¼ 2
linear or nonlinear supersymmetry as it would be expected
for the ordinary pair of Darboux(–Crum) related quantum
mechanical systems. Instead, as in the case of nonperiodic
reflectionless systems, it will be characterized by an exotic
nonlinear N ¼ 4 supersymmetric structure that involves
the two nontrivial bosonic generators composed from the
Lax–Novikov integrals of the subsystems.
From the perspective of physical applications, the most

interesting case corresponds to the pairs of the Schrödinger
Hamiltonians, which can be related by the mutually
conjugate first-order Darboux intertwiners alongside with
the pair of higher-order intertwiners. It is this case that we
consider in this section in detail.
We start from the general discussion of the picture

corresponding to a basic case, from which other cases
can be obtained via certain limiting procedures. Then, we
illustrate this by considering the simplest examples, which
reveal all the peculiarities of the exotic supersymmetric
structure.

A. Exotic supersymmetry with the first-order
supercharges: Generic picture

The first-order differential operators A2l;n and A†
2l;n

intertwine the Hamiltonians H2l;n−1 and H2l;n,

A2l;nH2l;n−1 ¼ H2l;nA2l;n; H2l;n−1A
†
2l;n ¼ A†

2l;nH2l;n;

ð5:1Þ

and factorize them,

A†
2l;nA2l;n ¼ H2l;n−1 − ε−n ; A2l;nA

†
2l;n ¼ H2l;n − ε−n ;

ð5:2Þ

where ε−n ¼ Eðβ−n þ iK0Þ. These relations allow us to
consider the extended system described by the Hamiltonian
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H2l;n ¼
�
H2l;n−1 0

0 H2l;n

�
ð5:3Þ

and by the pair of matrix operators

S12l;n ¼
�

0 A†
2l;n

A2l;n 0

�
; S22l;n ¼ iσ3S12l;n: ð5:4Þ

Taking the trivial integral Γ ¼ σ3 as a Z2-grading operator,
we identify H2l;n as the bosonic operator, ½Γ;H2l;n� ¼ 0,
and Sa2l;n, a ¼ 1; 2, as the fermionic ones, fΓ; Sa2l;ng ¼ 0.
They generate a superalgebra of N ¼ 2 supersymmetric
quantum mechanics,

½H2l;n; Sa2l;n� ¼ 0; fSa2l;n; Sb2l;ng ¼ 2δabðH2l;n − ε−n Þ:
ð5:5Þ

By the redifinition of the Hamiltonian via an additive shift,
H2l;n − ε−n → H2l;n, one can transform (5.5) into the
standard form of N ¼ 2 superalgebra describing the
system with the zero energy of the nondegenerate ground
state appearing in the spectrum of the “lower” subsystem of
the extended matrix system. Since the subsystems H2l;n−1
and H2l;n possess the nontrivial Lax–Novikov integrals
being differential operators of orders 4lþ 2nþ 1 and
4lþ 2nþ 3, the extended system (5.3) possesses also
two nontrivial bosonic integrals that we define in the form

P1
2l;n ¼

� ðH2l;n−1 − ε−n ÞP2l;n−1 0

0 P2l;n

�
;

P2
2l;n ¼ σ3P1

2l;n: ð5:6Þ

We introduced here the additional factor in the upper
component whereby the upper and lower components of
these integrals are operators of the same differential order.
The commutation relations

½H2l;n; Pa
2l;n� ¼ 0; ½Pa

2l;n; P
b
2l;n� ¼ 0;

½P1
2l;n; S

a
2l;n� ¼ 0 ð5:7Þ

extend the superalgebraic relations (5.5) and show that the
integral P1

2l;n is the bosonic central charge. On the other
hand, the nontrivial commutator ½P2

2l;n; S
a
2l;n� generates the

second pair of the fermionic supercharges Qa
2l;n, which are

the matrix differential operators of the order 2ð2lþ nþ 1Þ.
As we shall see, the anticommutator of Qa

2l;n with Qb
2l;n

produces a polynomial in matrix Hamiltonian H2l;n, while
the anticommutator ofQa

2l;n with S
b
2l;n generates the central

charge P1
2l;n. The second bosonic integral P2

2l;n generates
finally a kind of a rotation between the supercharges Sa2l;n
and Qa

2l;n.

Taking in (5.3) the limit Cþ
l → ∞ or Cþ

l → 0 with l
chosen from the set 1;…; 2l, we obtain another extended
system:

H̆2l−1;n ¼
�
H̆2l−1;n−1 0

0 H̆2l−1;n

�
: ð5:8Þ

As we saw, the application of the limits Cþ
l → ∞ or Cþ

l →
0 to the corresponding Lax–Novikov integrals of the
subsystems produces the reducible operators. The irreduc-
ible nonsingular Lax–Novikov integrals of H̆2l−1;n−1 and
H̆2l−1;n have orders 4lþ 2n − 1 and 4lþ 2nþ 1 and
include in their structure the Lax–Novikov integral of the
singular Treibich–Verdier one-gap system. The bosonic
integrals P̆a

2l−1;n of the extended matrix system (5.8) are
constructed from P̆2l−1;n−1 and P̆2l−1;n like in (5.6).
Again, P̆1

2l−1;n will play the role of the central charge of
the nonlinear superalgebra, while the commutator
½P̆2

2l−1;n; S̆
a
2l−1;n� will generate the second pair of the

supercharges Q̆a
2l−1;n. The exotic superalgebra of the

system (5.8) will have as a result a form similar to that
for the system (5.3).
Let us change index n for nþ 1 in (5.3) and take one of

the two limits

lim
C−
nþ1

→0;∞
H2l;nþ1ðxÞ ¼ ~H2l;nðx;∓ β−nþ1Þ; ð5:9Þ

where the upper and lower signs on the rhs correspond,
respectively, to the 0 and ∞ cases. In such a limit, we get
the extended system described by the Hamiltonian,

~H2l;n ¼
�H2l;n 0

0 ~H2l;n

�
; ð5:10Þ

where ~H2l;n corresponds to one of the indicated limits,
~H2l;nðx;∓ β−nþ1Þ. Here, we have used the definition of the
functions (4.1) and have taken into account that for the
function (2.6) the identity Fð−x; β−Þ ¼ Fðx;−β−Þ is valid.
The initial subsystems H2l;n and H2l;nþ1 in (5.3) with n
changed for nþ 1 are related by the first-order intertwining
operators A2l;nþ1 and A†

2l;nþ1. Then, the pair of H2l;nðxÞ
and ~H2l;nðx;∓ β−nþ1Þ in (5.10) is related by the first-order
intertwining operators

X2l;nðx;∓ β−nþ1Þ≡ lim
C−
nþ1

→0;∞
A2l;nþ1

¼ Ŵ2l;nðFðx;∓ β−nþ1ÞÞ
W2l;n

d
dx

W2l;n

Ŵ2l;nðFðx;∓ β−nþ1ÞÞ
ð5:11Þ

and X†
2l;nðx;∓ β−nþ1Þ, where Ŵ2l;nðfðxÞÞ ≡WðΦþð1Þ;

…;Φ−ð2lÞ;Fþð1Þ…F snðnÞ; fðxÞÞ. The subsystems in
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(5.10) are completely isospectral, and the exotic super-
symmetry in this case has a structure similar to that of
the system (5.3). However, unlike (5.3), the system (5.10)
is characterized by the spontaneously broken exotic
supersymmetry, and this fact, as we shall see, is properly
reflected by the “fine structure” of the nonlinear
superalgebra.
Another interesting case that could be mentioned

corresponds to the limit

lim
β−nþ1

→β−n
H2l;nþ1 ¼ lim

β−nþ1
→β−n

~H2l;nðx;∓ β−nþ1Þ ¼ H2l;n−1:

ð5:12Þ

However, if we apply such a limit to the system (5.3) with
index n changed for nþ 1, we obtain just a system of the
form H2l;n but with the permuted upper and lower
corresponding Hamiltonians.

B. Unbroken exotic supersymmetry

Consider now the simplest case of the extended systems
(5.3) with l ¼ 0, n ¼ 1. Besides the first-order operators
A0;1 and A†

0;1, the pair of Hamiltonians H0;0 and H0;1 is
intertwined by the differential operators of order 4, B0;1 ¼
A0;1P0;0ðxÞ and B†

0;1. The systems H0;0 and H0;1 are also
characterized by the Lax–Novikov integrals P0;0ðxÞ and
P0;1ðxÞ ¼ A0;1P0;0ðxÞA†

0;1. Besides the integrals of the
form (5.4) and (5.6), the extended matrix system is
characterized also by the pair of the supercharges

Q1
0;1 ¼

�
0 B†

0;1

B0;1 0

�
; Q2

0;1 ¼ iσ3Q1
0;1: ð5:13Þ

The fermionic integrals Sa0;1 and Qa
0;1 and the bosonic

integrals Pa
0;1 together with the Hamiltonian H0;1 generate

the nonlinear superalgebra

fSa; Sbg ¼ 2δabðH − ε−1 Þ;
fQa;Qbg ¼ 2δabðH − ε−1 ÞC3ðHÞ; ð5:14Þ

fSa;Qbg ¼ 2δabP1; ð5:15Þ

½P2; Sa� ¼ −2iϵabðH − ε−1 ÞQb;

½P2; Qa� ¼ −2iϵabðH − ε−1 ÞC3ðHÞSb; ð5:16Þ

½P1; Qa� ¼ 0; ½P1; Sa� ¼ 0; ð5:17Þ

where C3ðHÞ ¼ HðH − k02ÞðH − 1Þ, ϵab is the antisym-
metric tensor, ϵ12 ¼ 1, and for the sake of simplicity, we
omit the lower indices. The unique nondegenerate state
with energy E ¼ ε−1 appearing in the spectrum of subsystem
H0;1 is annihilated by the shifted Hamiltonian H − ε−1 and
by all the integrals Sa, Qa, and Pa. This means that the
exotic supersymmetry of the extended Schrödinger system
is unbroken. The doubly degenerate energy values corre-
sponding to the edges of the allowed bands of the
subsystems are the zeros of the third-order polynomial
appearing in the superalgebra structure: C3ðEÞ ¼ 0 for
E ¼ 0; k02; 1. This reflects the property that the correspond-
ing edge states of the subsystems are detected by the fourth-
order supercharges Qa as well as by the bosonic integrals
Pa; all these operators annihilate them. One can also show
that the physical eigenstates Ψα

� and A0;1Ψα
� of the upper

and lower subsystems inside their valence and conduction
bands possessing the quasimomentum of the opposite sign
(they correspond to the different lower indices of the Bloch
states) are distinguished by the bosonic integrals Pa.
The second relation ½P1; Sa� ¼ 0 from (5.17) can be

rewritten as a nonlinear differential equation for the super-
potential W0;1ðxÞ shown in Fig. 10, see Eq. (4.21). This
corresponds here to the first equation of the stationary
mKdV hierarchy, which can be associated with the
extended system with one nonperiodic soliton defect
introduced into the one-gap Lamé system. At the same
time, the equation ½H; P1� ¼ 0 can be presented in the form
of the nonlinear differential equations of the third order
for the potentials V�ðxÞ≡W2

0;1 �W 0
0;1 þ ε−1 . These equa-

tions correspond to the first equation of the stationary KdV
hierarchy, which can be associated with the one-gap
Lamé system itself and with its deformation V−ðxÞ pro-
duced by the one-soliton defect introduced into the periodic
background of the one-gap Lamé system.
The generic case of the extended systems (5.3) and (5.8)

is described by the exotic nonlinear superalgebras of the

FIG. 10 (color online). Topological superpotentials in the form of the kink that incorporate one bound state into the spectrum. On the
left is shown the superpotential that relates the systems H0;0 with H0;1. The superpotential in the center corresponds to the pair of the
systems H0;1 and H0;2, while that on the right corresponds to the pair of H2;0 and H2;1.
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same form. The unique difference is that the third-
order polynomial C3ðHÞ appearing here will be changed
for the structure polynomials of the form (4.63), which
are associated with the square of the corresponding
Lax–Novikov integrals.

C. Spontaneously broken exotic supersymmetry

The case of the spontaneously broken exotic supersym-
metry realized in the one-gap systems with the nonper-
iodicity defects can be illustrated by the extended system
with the mutually displaced one-gap Lamé systemsH0;0ðxÞ
and ~H0;0ðx; β−Þ ¼ H0;0ðxþ β−Þ. Though such systems are
periodic, all the principle features of the structure of the
exotic supersymmetry we observe in this case appear also
in the extended systems composed from the completely
isospectral systems with soliton defects.
The isospectral Hamiltonians H0;0ðxÞ and H0;0ðxþ β−Þ

are connected by the first-order differential operator

X0;0ðx; β−Þ ¼ Fðx; β−Þ d
dx

1

Fðx; β−Þ ¼
d
dx

þ Δ0;0ðx; β−Þ

ð5:18Þ

and by its Hermitian conjugate operator, where

Δ0;0ðx; β−Þ ¼ ZðxÞ − Zðxþ β−Þ þ zðβ−Þ ð5:19Þ

is the superpotential shown in Fig. 11. To simplify
notations, in what follows in this subsection, we omit
lower indices in Hamiltonians, intertwining operators, and
corresponding Lax–Novikov integrals and put β− ¼ β.
Recall that 0 < β < K.
The operator (5.18) and its conjugate factorize the

Hamiltonians,

X†ðx; βÞXðx; βÞ ¼ HðxÞ − εðβÞ;
Xðx; βÞX†ðx; βÞ ¼ Hðxþ βÞ − εðβÞ; ð5:20Þ

and intertwine them,

Xðx; βÞHðxÞ ¼ Hðxþ βÞXðx; βÞ;
X†ðx; βÞHðxþ βÞ ¼ HðxÞX†ðx; βÞ; ð5:21Þ

where εðβÞ ¼ Eðβ þ iK0Þ ¼ −cs2β. These first-order
intertwining operators are related by X†ðx; βÞ ¼
−Xðxþ β;−βÞ, that follows from the identity
1=Fðx; βÞ ¼ Fðxþ β;−βÞ expð−βzðβÞÞ, and corresponds
according to (5.11) to the limit C− → ∞ of the first-order
operator A0;1. In this limit, the topologically nontrivial
superpotentialW0;1 transforms into the topologically trivial
superpotential Δ0;0, see Figs. 10 and 11. One can construct
the second intertwiner being the differential operator of the
order 2 by taking a composition of the two first-order
intertwiners (5.18),

Gðx; β0; βÞ ¼ Xðxþ β0; β − β0ÞXðx; β0Þ; ð5:22Þ
Gðx; β0; βÞHðxÞ ¼ Hðxþ βÞGðx; β; β0Þ, where we assume
that β0 ≠ β. The first factor on the rhs in (5.22) intertwines
the HðxÞ with the Hamiltonian of the virtual system
Hðxþ β0Þ, and then this is intertwined by the second
factor with Hðxþ βÞ. Notice also that G†ðx; β0; βÞ ¼
Gðxþ β; β0 − β;−βÞ.
One could think here that in this way intertwining

operators of the higher order n > 2 can be constructed,
but this is impossible because of the identity [22,47]

Gðx; β0; βÞ ¼ Gðx; β00; βÞ þGðβ; β0; β00ÞXðx; βÞ; ð5:23Þ
from where it follows that the third-order differential
operator

Xðxþ β0; β − β0ÞGðx; β00; β0Þ
¼ −ðHðxþ βÞ − εðβ0 − βÞÞXðx; βÞ
þGðβ0; β00; βÞGðx; β0; βÞ; ð5:24Þ

which intertwines HðxÞ and Hðxþ βÞ, reduces effectively
to the first- and second-order intertwining operators
Xðx; βÞ and Gðx; β0; βÞ. Here, we used the notations
Gðβ; β0; β00Þ≡ gðβ;−β0Þ − gðβ;−β00Þ,

FIG. 11 (color online). Nontopological superpotentials that allow us to displace the periodic potential network of the Lamé system
as well as the nonperiodic defects in it. The nontrivial displacements of the defects correspond to a nonlinear interaction between
the soliton defects themselves and to their interaction with the periodic background (see Fig. 4). According to Fig. 10, these
superpotentials are obtained by sending the kink, and the associated ground state of the Hamiltonian (5.3), to minus infinity, which
generates the supersymmetry breaking. The shown superpotentials relate the following isospectral pairs:H0;0 and ~H0;0 (on the left),H0;1
and ~H0;1 (in the center), and H2;0 and ~H2;0 (on the right).
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gðβ; β0Þ≡ ns β ns β0nsðβ þ β0Þð1 − cn β cn β0cnðβ þ β0ÞÞ:
ð5:25Þ

The relation (5.23) reflects effectively a kind of the
“gauge” nature of the parameter β0, which appears in the
structure of Gðx; β0; βÞ and is associated with a virtual
system Hðxþ β0Þ. On the other hand, from the same
relation and definition (5.22), one finds that the second-
order operator

Yðx; βÞ ¼ Xðxþ β0; β − β0ÞXðx; β0Þ − gðβ;−β0ÞXðx; βÞ
ð5:26Þ

is invariant under the change β0 → β00. Thus, being a
certain linear combination of (5.18) and (5.22), Yðx; βÞ
is the “gauge-invariant” second-order intertwining oper-
ator, Yðx; βÞHðxÞ ¼ Hðxþ βÞYðx; βÞ, which does not
depend on the value of the virtual parameter in spite
of its appearance on the rhs in (5.26). The conjugate
operator acts in the opposite direction, and similarly to
the first order intertwining operator, we have Y†ðx; βÞ ¼
Yðxþ β;−βÞ.
One can represent Yðx; βÞ in the explicitly β0-

independent form in terms of the superpotential (5.19)
and parameter β. However, we do not need here such an
expression and will use the representation (5.26).
From the properties of Xðx; βÞ and Yðx; βÞ, it

follows that the third-order operators X†ðx; βÞYðx; βÞ
and Y†ðx; βÞXðx; βÞ reduce, up to the additive constants,
to the third-order Lax–Novikov integral PðxÞ ¼ P0;0ðxÞ
given by Eq. (4.24) and to Pðxþ βÞ, respectively.
Namely, we have

X†ðx; βÞYðx; βÞ ¼ −iPðxÞ −N 0ðβÞ;
Xðx; βÞY†ðx; βÞ ¼ iPðxþ βÞ −N 0ðβÞ ð5:27Þ

and the pair of identity relations, which can be obtained
from (5.27) by the Hermitian conjugation. The β-depen-
dent constant N 0ðβÞ is given by6

N 0ðβÞ ¼ dn β cn β ns3β ¼ 1

2

d
dβ

εðβÞ: ð5:28Þ

Similarly to (5.21), the second-order intertwining oper-
ators generate the second-order polynomial in the isospec-
tral Hamiltonians,

Y†ðx; βÞYðx; βÞ ¼ N 2ðHðxÞ; βÞ;
Yðx; βÞY†ðx; βÞ ¼ N 2ðHðxþ βÞ; βÞ; ð5:29Þ

where

N 2ðHðxÞ; βÞ ¼ H2ðxÞ þ c1ðβÞHðxÞ þ c2ðβÞ; ð5:30Þ

c1ðβÞ ¼ −k02 − ns2β ¼ εðβÞ − 1 − k02;

c2ðβÞ ¼ dn2βns4β ¼ ðεðβÞ − 1ÞðεðβÞ − k02Þ: ð5:31Þ

Finally, for the products of the intertwining operators with
the Lax–Novikov integral, we obtain

−iXðx;βÞPðxÞ ¼N 1ðHðxþ βÞ;βÞYðx;βÞ þN 0ðβÞXðx;βÞ
ð5:32Þ

iPðxÞX†ðx; βÞ ¼ N 1ðHðxÞ; βÞY†ðx; βÞ þN 0ðβÞX†ðx; βÞ;
ð5:33Þ

iYðx;βÞPðxÞ¼N 2ðHðxþβÞ;βÞXðx;βÞþN 0ðβÞYðx;βÞ;
ð5:34Þ

−iPðxÞY†ðx; βÞ ¼ N 2ðHðxÞ; βÞX†ðx; βÞ þN 0ðβÞY†ðx; βÞ
ð5:35Þ

and four other relations given by the Hermitian conjuga-
tion. Here, we introduce the notation

N 1ðHðxÞ; βÞ ¼ HðxÞ − εðβÞ: ð5:36Þ

The operators Xðx; βÞ and Yðx; βÞ and their conjugate ones
intertwine the Lax–Novikov integrals PðxÞ and Pðxþ βÞ
exactly in the same way as they do this with the corre-
sponding Hamiltonians.
Now, we are in a position to identify the superalgebra

of the extended Schrödinger system ~H ¼ diagðHðxÞ;
Hðxþ βÞÞ, which corresponds to (5.10) with l ¼ n ¼ 0

and lower component ~H0;0ðx; β−1 Þ. This extended system is
characterized by the two pairs of the fermion integrals
~Saðx; βÞ and ~Qaðx; β0; βÞ, constructed from the first-,
X†ðx; βÞ, Xðx; βÞ, and second-order, Y†ðx; βÞ, Yðx; βÞ,
intertwining operators in the form similar to that in
(5.4), and by the two boson integrals ~P1 ¼ diagðPðxÞ;
Pðxþ βÞÞ and ~P2 ¼ σ3 ~P

1. These 2 × 2 matrix operators
generate the exotic nonlinear N ¼ 4 superalgebra,

f ~Sa; ~Sbg ¼ 2δabN 1ð ~H; βÞ;
f ~Qa; ~Qbg ¼ 2δabN 2ð ~H; βÞ; ð5:37Þ

f ~Sa; ~Qbg ¼ −2ϵab ~P1 − 2δabN 0ðβÞ; ð5:38Þ

6Notice here that, for the limit case β ¼ K, N 0ðKÞ ¼ 0.
Then, for the choice β0 ¼ Kþ iK0, the coefficient g in (5.26)
turns into zero, and the Hermitian conjugate form of the first
relation in (5.27) corresponds to factorization (4.27). Another
choice, for instance, β0 ¼ iK0, gives a factorization iP0;0ðxÞ ¼
A1=sn xAsn x=dn xAdn x.
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½ ~P2; ~Sa� ¼ −2iN 1ð ~H; βÞ ~Qa − 2iN 0ðβÞ ~Sa;
½ ~P2; ~Qa� ¼ 2iN 2ð ~H; βÞ ~Sa þ 2iN 0ðβÞ ~Qa; ð5:39Þ

½ ~P1; ~Qa� ¼ 0; ½ ~P1; ~Sa� ¼ 0; ð5:40Þ

where N 1ð ~H; βÞ and N 2ð ~H; βÞ are defined as above with
the operator argument HðxÞ changed for ~H. The matrix
Hamiltonian operator ~H plays here, as well as in the
superalgebra we considered in the previous subsection,
the role of the central element. Note that the constants
appearing in the structure of N 1ð ~H; βÞ and N 2ð ~H; βÞ
correspond to the energies of the doubly degenerate states
of the systemat the edges of the allowed bands:E ¼ 0; k02; 1.
The sub-superalgebra generated by the supercharges ~Sa

and by the Hamiltonian ~H with 0 < β < K corresponds to
the case of the spontaneously broken linear (Lie) N ¼ 2
supersymmetry. The first-order supercharges do not anni-
hilate the two ground states Ψtþ ≡ ðdnx; 0Þ and Ψt

− ≡
ð0; dnðxþ βÞÞ being eigenstates of zero energy of the
extended system. This is obvious from the first relation
from (5.37) and Eq. (5.36). The quantity −εðβÞ ¼ cs2β > 0
defines here the scale of supersymmetry breaking. The
second relation from (5.37) and Eqs. (5.30) and (5.31) show
that the second-order supercharges ~Qa also do not anni-
hilate these states. These edge states, however, as well as
the edge states of energies k02 and 1, which correspond to
the two other doubly degenerate energy levels of ~H, are
zero modes of the bosonic generators ~Pa.
The limit case β ¼ K corresponding to ε ¼ 0 is special

here. At β ¼ K, the coefficient N 0 turns into zero, and the
indicated two ground states are zero modes of the first-
order supercharges. The structure of the nonlinear super-
algebra (5.37)–(5.40) essentially simplifies because of the
disappearance of the three terms in Eqs. (5.38) and (5.39).
In this case, the second-order supercharges ~Qa annihilate
the doubly degenerate states at the edges of the valence and
conduction bands of energies k02 and 1. Since the second-
order supercharges ~Qa do not annihilate the degenerate pair
of the ground states in this case either, the extended system
~H with β ¼ K is characterized by the partially broken
exotic nonlinear N ¼ 4 supersymmetry.
Notice that, though at β ¼ K the sub-supersymmetry

N ¼ 2 generated by ~H and ~Sa is unbroken, the subsystems
HðxÞ and Hðxþ βÞ are completely isospectral, and the
superextended system is characterized by the zero Witten
index [48]. This is a characteristic peculiarity of the
quantum supersymmetric systems composed from the
periodic completely isospectral pairs, which was noted
for the first time by Braden and Macfarlane [3] for the
particular case of the pair of one-gap periodic Lamé
systems shifted mutually for the half-period β ¼ K
and later was discussed in a more broad context of

“self-isospectrality” by Dunne and Feinberg [11]. In the
framework of the nonlinear “tri-supersymmetric” structure,
it was analyzed then in Refs. [19,42].
In the context of the breaking of the exotic supersym-

metry, it is worth noticing that, generally speaking, the
second-order supercharges are not defined uniquely here.
Instead of ~Qa, one can take linear combinations of ~Qa and
~Sa, for instance, Q̂a ¼ ~Qa þ γ ~Sa, where γ is a real constant.
The particular choice γ ¼ dn β=sn β cn β gives then the
supercharges Q̂a, which satisfy the anticommutation
relations fQ̂a; Q̂bg ¼ 2δab ~Hð ~Hþ ϱðβÞÞ, where ϱðβÞ ¼
k02sc2β. Hence, for β ≠ K, the supercharges Q̂a annihilate
the ground states of zero energy of the system ~H (while
other states from their kernels correspond to nonphysical
eigenstates of ~H). In this case, the exotic supersymmetry
generated by ~Sa, Q̂a, ~Pa, and ~H should be interpreted as
partially broken. However, the second-order supercharges
Q̂a, unlike ~Qa, are not defined for the limit case β ¼ K.
The supercharges Q̂a with the indicated choice of the
parameter γ correspond to the second-order intertwining
generators (5.22) with β0 ¼ K.
As in the case of the unbroken exotic supersymmetry we

considered in the previous subsection, the Lax–Novikov
matrix integral ~P1 plays here the role of the bosonic central
charge, and the second relation in (5.40) corresponds to
the stationary equation of the mKdV hierarchy for the
topologically trivial superpotential Δ0;0ðx; βÞ. The relation
½ ~H; ~P1� ¼ 0 corresponds to the pair of stationary equations
of the KdV hierarchy for the functions V�ðxÞ ¼
Δ0;0ðx; βÞ2 � Δ0

0;0ðx; βÞ þ εðβÞ, which represent the poten-
tials of the corresponding mutually shifted Schrödinger
systems.
The superalgebra (5.37)–(5.40) in comparison with that

of the unbroken exotic supersymmetry case (5.14)–(5.17)
contains the terms with the coefficient N 0ðβÞ in (5.38) and
(5.39), which are absent in (5.15) and (5.16). There are also
other obvious differences in these two forms of super-
algebras, which reflect properly the unbroken and sponta-
neously broken character of the exotic supersymmetries
and different topological nature of the corresponding
superpotentials. At the formal level, some of these
differences are associated with a nontrivial limit procedure
applied to the fourth-order intertwining operators B0;1 ¼
A0;1P0;1ðxÞ and B†

0;1, in terms of which the fourth-order
supercharges Qa were constructed in the previous sub-
section. In correspondence with the limit (5.11), we have
B0;1 → Xðx; βÞPðxÞ, PðxÞ ¼ P0;0ðxÞ. But according to the
relation (5.32), the fourth-order intertwining operator we
obtain in the limit is reducible, and, finally, instead of the
fourth-order intertwining operators, here we have the
second-order operators Yðx; βÞ and Y†ðx; βÞ, which inter-
twine the completely isospectral pair of the Schrödinger
systems HðxÞ ¼ H0;0ðxÞ and Hðxþ βÞ ¼ H0;0ðxþ βÞ.
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VI. DISCUSSION AND OUTLOOK

To conclude, we summarize shortly the results and point
out further possible research directions.
We showed how, by applying the Darboux–Crum trans-

formations to the quantum one-gap Lamé system, an
arbitrary countable number of bound states can be intro-
duced into the forbidden bands of its spectrum. These states
are trapped by localized perturbations of the periodic
potential background of the initial system. The nature of
the perturbations depends on whether they support discrete
energy levels in the lower forbidden band, or in the finite gap
separating the allowed valence and conduction bands. In the
first case, the perturbations have a nature of the smooth
soliton potential wells superimposed on the background of
the Lamé system, while the discrete energy levels in the gap
are supported by compression modulations of the periodic
background. Though both types of perturbations have a
soliton nature, to distinguish, we identify them here as the
W-type and M-type defects, respectively. The nature of the
bound states is essentially different in these two cases.
The n ≥ 1 bound states trapped by the W-type defects are
described by the wave functions with finite number 0 ≤ j ≤
n − 1 of nodes on the real line. In contrast, the bound states
supported by the M-type defects have an infinite number of
nodes and represent oscillating trapped pulses.
The obtained nonperiodic systems are reflectionless;

their physical states inside the valence and conduction
bands are described by the Darboux–Crum transformed
Bloch states of the Lamé system, just like the scattering
states of quantum systems with multisoliton potentials are
given by a Darboux–Crum transformation of free particle
plane waves. Similarly to the multisoliton reflectionless
potentials, which exponentially tend to a constant value
corresponding to the free particle case, here the asymptotics
of the perturbed potentials corresponds to the periodic one-
gap Lamé potential. We show that the net phase displace-
ment (defect) between x ¼ þ∞ and x ¼ −∞ periodic
asymptotics of the potential are given by a simple sum
of the same parameters that determine, via the elliptic dn2

parametrization, the discrete energy levels.
The procedure for introducing the W- and the M-type

periodicity defects has some important differences. In the
first case, the order n of the Darboux–Crum transformation
corresponds exactly to the number of the introduced bound
states. In the second case, the same is true when the number
of discrete energy values is even. The odd number of the
discrete energy levels in the gap is obtained by sending
one of the already introduced 2lM-type defects to infinity.
The resulting potential with 2l − 1 M defects is related to
the initial Lamé system by 2l-th-order Darboux–Crum
transformation. At the same time, it can be related by the
Darboux–Crum transformation of order 2l − 1 with a
singular one-gap Treibich–Verdier system obtained by a
displacement of the regular Lamé system for one of its two
complex half-periods. The indicated complex displacement

can itself be generated by the first-order Darboux trans-
formation. This explains the existence of two alternative
Darboux–Crum transformations whose orders differ by 1.
The procedure described in this article allows us to

construct the irreducible Lax–Novikov integrals of motion
for the perturbed systems H2l−m;n via the Darboux–Crum
dressing of the Lax–Novikov integral of the initial periodic
Lamé system H0;0. This is similar, again, to the situation
with the transparent quantum systems described by multi-
soliton potentials, for which the Lax–Novikov integrals are
the Darboux–Crum dressed form of the momentum operator
of the free particle. The Lax–Novikov integrals here are
differential operators of order 2ðnþ 2l −mÞ þ 3 for the
system with n ≥ 0 W-type and 2l −m ≥ 0, m ¼ 0; 1, M-
type defects. The condition of conservation of these integrals
generates a nonlinear differential equation of order 2ðnþ
2l −mÞ þ 3 for the potential V2l−m;nðxÞ. This ordinary
nonlinear differential equation of odd order in the highest
derivative belongs to the stationary KdV hierarchy.
For an extended system composed from an arbitrary pair

of the Hamiltonians H2l1−m1;n1 and H2l2−m2;n2 , which
possess ni ≥ 0, i ¼ 1; 2, discrete energy levels in the lower
forbidden band, and 2li −mi ≥ 0, mi ¼ 0; 1, bound states
in the gap, the presence of the Lax–Novikov integrals
has an essential consequence. The whole system is now
described not just by an N ¼ 2 linear or nonlinear
supersymmetry as would be expected in the case of a
Darboux–Crum related pair of ordinary, nontransparent, or
not periodic finite-gap, quantum Hamiltonians. Instead,
such a system is characterized by an exotic nonlinear
N ¼ 4 supersymmetry that, besides two pairs of the
fermion supercharges of odd and even differential orders,
involves two bosonic generators composed from the
Lax–Novikov integrals of the subsystems. We investigated
in more detail the most interesting, from the point of view
of physical applications, case in which two of the four
fermionic supercharges are matrix differential operators
of order 1. In this case, one of the matrix Lax–Novikov
bosonic integrals plays a role of central charge of a
nonlinear superalgebra, and its commutativity with first-
order supercharges generates a higher-order differential
equation for the superpotential that belongs to the sta-
tionary mKdV hierarchy. The second bosonic integral
generates rotations between the pair of first-order super-
charges and the pair of higher-order supercharges.
When the spectra of Schrödinger superpartners are

different only in the lowest discrete energy level present
in one of the two subsystems, which corresponds to the
almost isospectral case, the superpotential has a topologi-
cally nontrivial modulated crystalline kink-type nature.
This case is described by an unbroken exotic nonlinear
N ¼ 4 supersymmetry, in which the ground state is
annihilated by all four supercharges and two bosonic
integrals. On the other hand, in the completely isospectral
case, the pair of Schrödinger Hamiltonians is characterized
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by a superpotential of a topologically trivial, modulated
kink-antikink-type nature. Such pairs can be obtained from
the pairs of the almost isospectral case just by sending theW-
type defect associated with the lowest-energy discrete value
to infinity. The completely isospectral pairs are described by
a spontaneously broken exotic nonlinearN ¼ 4 supersym-
metry. Unlike the unbroken supersymmetry case, in such
systems, the two states corresponding to the lowest doubly
degenerate energy value are annihilated (in a generic case)
only by the bosonic Lax–Novikov integrals.
When one of the two first-order supercharges is reinter-

preted as the matrix Hamiltonian operator, we arrive at the
Bogoliubov–de Gennes system, in which the superpotential
will play the role of a scalar Dirac potential. The results
presented here allow us then, particularly, to obtain new
types of self-consistent condensates and associate with
them new solutions for the Gross–Neveu model, which
correspond to the kink- and kink-antikink-type configura-
tions in the crystalline background. We are going to
consider this problem elsewhere.
It is worth noticing that Dirac Hamiltonians with scalar

potential appear, in different physical context, in the
description of the low-energy charge carriers in graphene
and related carbon nanostructures. This fact opens potential
applications of the results in physics of condensed matter
systems, following the ideas of Refs. [49–51].
The discussed constructions can be generalized to the

case of the PT-symmetric one-gap potentials. To achieve
this, it is sufficient to apply the complex shift considered in
Sec. III to the described Hermitian systems with periodicity
defects. Such systems have an immediate application in
the context of the PT-symmetric quantum mechanics and
optics.
An interesting development of the presented results is to

“reconstruct” the time dependence for defects in a periodic
background of the one-gap Lamé system in correspondence
with dynamics illustrated, as an example, by Fig. 4. This
would provide us a new class of solutions for the KdV and
mKdVequations. At the same time, it is natural to consider
the generalization of the construction to the case of
quantum n-gap systems with n > 1. One can also wonder
if, somehow, bothW-type andM-type defects are the result
of “shrinking” bands from a more generic finite-gap
Hamiltonian, under some special limit.
Finally, it would also be very interesting to look for the

ð1þ 1Þ-dimensional field theories, in which nontrivial
solutions are controlled by a stability operator of the
Schrödinger type [52] with the potentials of the nature
considered here.
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APPENDIX: NON-SINGULARITY
OF POTENTIALS

We show here that the family of Hamiltonians

H2l;n ¼ H0;0 − 2
d2

dx2
ðlogWðΦþð1Þ;Φ−ð2Þ;…;

Φ−ð2lÞ;Fþð1Þ;…;F snðnÞÞÞ ðA1Þ

is given in terms of the nonsingular potentials, which
correspond to the soliton defects introduced into the
periodic background of the one-gap Lamé system. To
achieve this, we demonstrate successively that the
Wronskians appearing in the structure of H0;n, H2l;0,
and, finally, H2l;n are nodeless on the real line. The
notations we employ are explained in the main text.

1. Lower prohibited band

To show that the potential of H0;n is regular, i.e., has no
zeros on the real line, we will demonstrate that

ð−1Þnðnþ1Þ
2 WðFþð1Þ;…;F snþ1

ðnþ 1ÞÞ > 0: ðA2Þ

First, we define the two sets of functions,

fnðxÞ≡ ð−1Þn WðFþð1Þ;…;F snþ1
ðnþ 1ÞÞ

WðFþð1Þ;…;F snðnÞÞ
ðA3Þ

and

gnðxÞ≡ ð−1Þn WðFþð1Þ;…;F snðnÞ;F snþ2
ðnþ 2ÞÞ

WðFþð1Þ;…;F snðnÞÞ
;

ðA4Þ
which are nonphysical eigenstates ofH0;n with eigenvalues
ε−nþ1 and ε−nþ2, respectively. We will check below that
fnðxÞ > 0, while gnðxÞ has only one zero.
In correspondence with the definition W0;0 ¼ 1 intro-

duced in Eq. (4.21), for n ¼ 0, we have f0 ¼ Fþð1Þ > 0,
and g0 ¼ F−ð2Þ. The second function (plotted for a
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particular case with C2 ¼ 1 in Fig. 3) has one zero, which
we denote by x0. Thus, we have g0ðxÞ > 0 for x < x0 and
g0ðxÞ < 0 for x > x0.
For the case n ¼ 1, we also define the functions

fðxÞ ¼ WðFþð1Þ;F−ð2ÞÞ; gðxÞ ¼ WðFþð1Þ;Fþð3ÞÞ;
ðA5Þ

which appear in the numerators of (A3) and (A4). Taking
into account that F are solutions of the stationary
Schrödinger equation, it is straightforward to check that

f0ðxÞ ¼ ðε−1 − ε−2 ÞFþð1ÞF−ð2Þ; ðA6Þ

g0ðxÞ ¼ ðε−1 − ε−3 ÞFþð1ÞFþð3Þ: ðA7Þ

As ε−2 < ε−1 < 0, we observe that signðf0ðxÞÞ ¼
signðF−ð2ÞÞ. Then,

fðx0Þ ¼ Fþðx0; β−1 ; C1ÞF 0
−ðx0; β−2 ; C2Þ ðA8Þ

since F−ðx0; β−2 ; C2Þ ¼ 0. From the Schrödinger equation,
we have also F 0

−ðx0; β−2 ; C2Þ ≠ 0, and from the definition
(4.1), it follows that F 0

−ðx0; β−2 ; C2Þ < 0. We have then
fðx0Þ < 0, and hence signðf0ðxÞÞ ¼ signðF−ð2ÞÞ. Thus,
the function fðxÞ increases monotonically from
fð−∞Þ ¼ −∞, it takes a maximum negative value
fðx0Þ < 0 at x ¼ x0, and then it decreases again mono-
tonically to fð∞Þ ¼ −∞. This means that fðxÞ < 0 and, as
a consequence,

f1ðxÞ ¼ −
WðFþð1Þ;F−ð2ÞÞ

Fþð1Þ
> 0 ðA9Þ

for all x.
The derivative g0ðxÞ takes positive values and grows up

exponentially for x → �∞. Therefore, gðxÞ passes through
zero only once at some point x1. The function

g1ðxÞ ¼ −
WðFþð1Þ;Fþð3ÞÞ

Fþð1Þ
ðA10Þ

has then only one zero at this point x1 and takes positive
and negative values for x < x1 and x > x1, respectively.
So, we see that the nonphysical eigenstates f0 and f1 of
H0;0 and H0;1, respectively, have no zeros, while their
eigenfunctions g0 and g1 have one zero, where their slope is
negative.
We extend now this result by induction for arbitrary n by

showing that fnðxÞ > 0 while gn has only one zero xn and
that gnðxÞ > 0 and gnðxÞ < 0 for x < xn and x > xn,
respectively, and so, g0nðxnÞ < 0.
By using the Darboux–Crum construction, we can check

that functions fnðxÞ and gnðxÞ are nonphysical eigenstates
of the Schrödinger operator

H0;n ¼ H0;0 − 2
d2

dx2
logWðFþð1Þ;…;F snðnÞÞ ðA11Þ

with eigenvalues ε−nþ1 and ε−nþ2. For nþ 1, we have

fnþ1ðxÞ ¼ ð−1Þnþ1
WðFþð1Þ;…;F snþ2

ðnþ 2ÞÞ
WðFþð1Þ;…;F snþ1

ðnþ 1ÞÞ

¼ −
Wðfn; gnÞ

fn
; ðA12Þ

W0ðfn; gnÞ ¼ ðε−nþ1 − ε−nþ2Þfngn; ðA13Þ

from where we obtain that signW0ðfn; gnÞ ¼ signgnðxÞ.
The zero xn of gn corresponds therefore to the maximum of
Wðfn; gnÞ,

Wðfn; gnÞðxnÞ ¼ g0nðxnÞfnðxnÞ < 0: ðA14Þ

Since signW0ðfn;gnÞ¼ signgnðxÞ, the function −Wðfn; gnÞ
decreases for x < xn and increases for x > xn, and then
−Wðfn; gnÞðxnÞ > 0 for all x. From Eq. (A12), we con-
clude that fnþ1ðxÞ > 0 for all x.
Let us change β−nþ1 by β−nþ3 in the numerator of the

function fnðxÞ in (A3) and redefine the resulting function
as hnðxÞ. This function takes positive values, hnðxÞ > 0,
and we obtain the following relations:

gnþ1 ¼ ð−1Þnþ1
WðFþð1Þ;…;F snþ1

ðnþ 1Þ;F snþ3
ðnþ 3ÞÞ

WðFþð1Þ;…;F snþ1
ðnþ 1ÞÞ

¼ −
Wðfn; hnÞ

fn
; ðA15Þ

W0ðfn; hnÞ ¼ ðε−nþ1 − ε−nþ3Þfnhn > 0: ðA16Þ

Consequently,Wðfn; hnÞ increases exponentially from −∞
toþ∞ passing through one zero, which we call xnþ1. Since
fnðxÞ > 0 is a regular function, and gnþ1 has only one zero
at xnþ1, we find that gnþ1ðxÞ > 0 for x < xnþ1 and
gnþ1ðxÞ < 0 for x > xnþ1.
Finally, from the definition (A3) of fnðxÞ, we obtain

fnfn−1…f1Fþð1Þ
¼ ðð−1Þ

P
n
i¼1

iÞWðFþð1Þ;…;F snþ1
ðnþ 1ÞÞ; ðA17Þ

and since

fnfn−1…; f1Fþð1Þ > 0; ðA18Þ
we demonstrate the necessary relation (A2).

2. Upper prohibited band

To show that H2l;0 is nonsingular on the whole real line,
we show that the Wronskian is a regular nodeless function
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WðΦþð1Þ;Φ−ð2Þ;…;Φ−ð2lÞÞ, where the functions
Φþð2l − 1Þ and Φ−ð2lÞ, l ¼ 1; 2… correspond to a gener-
alization of those defined in (4.30) and (4.31) for l ¼ 1.
Before, we showed that WðΦþð1Þ;Φ−ð2ÞÞ < 0 by

choosing parameters 0 < βþ1 < βþ2 < K. This condition
means that 1 > εþ1 > εþ2 > k02 for the eigenvalues of the
nonphysical eigenstates Φþð1Þ and Φ−ð2Þ inside the
intermediate forbidden band of H0;0.
To demonstrate the validity of the formulated statement

for the next case l ¼ 2, we define an eigenstate of the
one-gap Lamé system with the displaced argument,
x → xþ βþ3 þ iK0, in the following form:

Φ̆½1�ðx; βþ3 Þ ¼
WðΨβþ

3þ ðxÞ;Φþð1ÞÞ
Ψ

βþ
3þ ðxÞ

: ðA19Þ

This state has an infinite number of poles at the zeros of

Ψ
βþ
3þ ðxÞ. Between each pair of poles, Φ̆½1�ðx; βþ3 Þ does not

change the sign and takes nonzero values. Its sign is
inverted in the neighbor regions separated by poles.
From the theorem on zeros, the linearly independent state

Φ̆½2�ðx; βþ3 Þ ¼
WðΨβþ

3þ ðxÞ;Φ−ð2ÞÞ
Ψ

βþ
3þ ðxÞ

ðA20Þ

has also an infinite number of poles, but between each pair
of poles, it possesses one zero, which we denote as xi.
The function (A20) preserves the sign when the argument
passes through any pole.
Now, it is necessary to show thatWðΦ̆½1�; Φ̆½2�Þ does not

have zeros. For this, we redefine the function Φ̆½2� up to a
sign in such a way that its derivative in some xi0 will be
positive. In the same way, we also redefine, up to a global
sign, the function Φ̆½1�ðxÞ to have Φ̆½1�ðxi0Þ < 0. Thus,
we obtain that

WðΦ̆½1�; Φ̆½2�ÞðxiÞ ¼ Φ̆½1�ðxiÞΦ̆0½2�ðxiÞ < 0; ðA21Þ
while

W0ðΦ̆½1�; Φ̆½2�Þ ¼ ðεþ1 − εþ2 ÞΦ̆½1�Φ̆½2�: ðA22Þ

The function WðΦ̆½1�; Φ̆½2�Þ has a local extremum at each
xi, and its derivative is positive for x < xi until a pole and is
negative for x > xi until the next pole since xi is a local
maximum of WðΦ̆½1�; Φ̆½2�ÞðxÞ. From here, we conclude
that WðΦ̆½1�; Φ̆½2�ÞðxÞ does not have zeros and hence is of
one sign.
Because of the identity

WðΦþð1Þ;Φ−ð2Þ;Ψβþ
3þ ðxÞÞ ¼ Ψ

βþ
3þ ðxÞWðΦ̆½1�; Φ̆½2�Þðx; βþ3 Þ;

ðA23Þ

the Wronskian WðΦþð1Þ;Φ−ð2Þ;Ψβþ
3þ ð�xÞÞ has exactly

the same zeros as Ψ
βþ
3

� ðxÞ. Note that we have

WðΦþð−x; βþ1 ; 1=C1Þ; Φ−ð−x; βþ2 ; 1=C2Þ; Ψβþ
3þ ð−xÞÞ ¼

−Wð−Φþð1Þ; Φ−ð2Þ; Ψβþ
3þ ð−xÞÞ ¼ − WðΦþð1Þ; Φ−ð2Þ;

−Ψβþ
3þ ð−xÞÞ. Using the Wronskian properties, it is easy to

see that Wða; bÞðxÞ ¼ −Wða; bÞð−xÞ and Wða; b; cÞðxÞ ¼
−Wða; b; cÞð−xÞ, but Wða;b;c;dÞðxÞ¼Wða;b;c;dÞð−xÞ.
Taking in account the above relations, we can write

signWðΦ̆½1�; Φ̆½2�Þðx; βþ3 Þ ¼ signWðΦ̆½1�; Φ̆½2�Þð−x; βþ3 Þ:
ðA24Þ

Thus, the zeros of the nonphysical states of H2;0,

WðΦþð1Þ;Φ−ð2Þ;Φþð3ÞÞ
WðΦþð1Þ;Φ−ð2ÞÞ

and
WðΦþð1Þ;Φ−ð2Þ;Φ−ð4ÞÞ

WðΦþð1Þ;Φ−ð2ÞÞ
;

ðA25Þ

are within the intervals Iþ
n ðβþ3 Þ and I−

n ðβþ4 Þ, respectively,
see Eq. (4.34), where Iþ

n ð3Þ ⋂ I−
n ð4Þ ¼ ∅. As a conse-

quence of the theorem on zeros, their zeros are alternated.
Next, we can check that under the condition

0 < βþ1 < βþ2 < βþ3 < βþ4 < K, the Wronskian

W

�
WðΦþð1Þ;Φ−ð2Þ;Φþð3ÞÞ

WðΦþð1Þ;Φ−ð2ÞÞ
;
WðΦþð1Þ;Φ−ð2Þ;Φ−ð4ÞÞ

WðΦþð1Þ;Φ−ð2ÞÞ
�

¼ WðΦþð1Þ;Φ−ð2Þ;Φþð3Þ;Φ−ð4ÞÞ
WðΦþð1Þ;Φ−ð2ÞÞ

ðA26Þ

does not have zeros nor the function WðΦþð1Þ;
Φ−ð2Þ;Φþð3Þ;Φ−ð4ÞÞ.
This result can be generalized for the case of

the Wronskian of 2l states, WðΦþð1Þ;Ψ−ð2Þ;…;
Φþð2l − 1Þ;Φ−ð2lÞÞ, under the condition 0 < βþ1 <
βþ2 < … < βþ2l < K.
Using the identity

WðΦþð1Þ;…;Φ−ð2lÞ;Ψβþ
2lþ1þ ðxÞÞ

¼ WðΦþð1Þ;…;Φ−ð2l − 2Þ;Ψβþ
2lþ1þ ðxÞÞ

×WðΦ̆½1;…; 2l − 1�; Φ̆½1;…; 2l − 2; 2l�Þ; ðA27Þ

we have

Ψ
βþ
2lþ1þ ðxÞWðΦ̆½1�; Φ̆½2�Þ ×WðΦ̆½1; 2; 3�; Φ̆½1; 2; 4�Þ ×…

×WðΦ̆½1;…; 2l − 2; 2l − 1�; Φ̆½1;…; 2l − 2; 2l�Þ
¼ WðΦþð1Þ;…;Φ−ð2lÞ;Ψβþ

2lþ1þ ðxÞÞ; ðA28Þ

where
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Φ̆½1;…; l; lþ r�ðx;βþÞ

¼WðΨβþ
þ ðxÞ;Φþð1Þ;…;Φ−ð2lÞ;Φs2lþr

ð2lþ rÞÞ
WðΨβþ

þ ðxÞ;Φþð1Þ;…;Φ−ð2lÞÞ
ðA29Þ

and r ¼ 1; 2, l ¼ 0; 1;…. Having in mind all previous
demonstrations, it is clear that

jWðΦ̆½1;…; 2l − 2; 2l − 1�; Φ̆½1;…; 2l − 2; 2l�Þj > 0;

ðA30Þ

and the functions

WðΦþð1Þ;…;Φ−ð2lÞ;Φþð2lþ 1ÞÞ
WðΦþð1Þ;…;Φ−ð2lÞÞ

and

WðΦþð1Þ;…; :Φ−ð2lÞ;Φ−ð2lþ 2ÞÞ
WðΦþð1Þ;…;Φ−ð2lÞÞ

ðA31Þ

have alternating zeros in the intervals Iþ
n ðβþ2lþ1Þ and

I−
n ðβþ2lþ2Þ, respectively. Then,

W

�
WðΦþð1Þ;…;Φ−ð2lÞ;Φþð2lþ 1ÞÞ

WðΦþð1Þ;…;Φ−ð2lÞÞ
;
WðΦþð1Þ;…;Φ−ð2lÞ;Φ−ð2lþ 2ÞÞ

WðΦþð1Þ;…;Φ−ð2lÞÞ
�

¼ WðΦþð1Þ;…;Φ−ð2lþ 2ÞÞ
WðΦþð1Þ;…;Φ−ð2lÞÞ

ðA32Þ

is regular and has no zeros, which means that
WðΦþð1Þ;…;Φ−ð2lþ 2ÞÞ is nonsinguar and nodeless if
and only if WðΦþð1Þ;…;Φ−ð2lÞÞ is regular and has no
zeros.
Besides, if the potentials of the systems H2l;0 are

nonsingular for all real x, by taking limits Cl → ∞ or
Cl → 0, the regularity is preserved, and we get a regular
Hamiltonians H2l−1;0 with 2l − 1 states in the gap of the
Lamé system.

3. Mixed case

Finally, using the all previous demonstrations, we show
that the most general Hamiltonian

H2l;n ¼ H0;0 − 2
d2

dx2
ðlogWðΦþð1Þ;Φ−ð2Þ;…;

Φ−ð2lÞ;Fþð1Þ;…;F snðnÞÞÞ ðA33Þ

has also a nonsingular potential. To this aim, we define

F2lðx; β−Þ ¼
WðΦþð1Þ;…;Φ−ð2lÞ; Fðx; β−ÞÞ

WðΦþð1Þ;…;Φ−ð2lÞÞ
; ðA34Þ

which is a nonphysical eigenstate of H2l;0 with eigenvalue
Eðβ− þ iK0Þ. Using the Wronskian identity

Wð ~Φ1;…; ~ΦlÞ ¼ WðWðF;Φ1Þ=F;…;WðF;ΦlÞ=FÞ
¼ WðF;Φ1;…;ΦlÞ=F; ðA35Þ

where ~Φ ¼ WðF;ΦÞ=F, we obtain

F2lðx; β−Þ ¼
Wð ~Φþð1Þ;…; ~Φ−ð2lÞÞ
WðΦþð1Þ;…;Φ−ð2lÞÞ

Fðx; β−Þ

¼ G2lðx; β−ÞFðx; β−Þ: ðA36Þ
~Φi is the eigenstate of the displaced Lamé system
H0;0ðxþ β−Þ, with the properties similar to those as Φi.

We have shown thatWðΦþð1Þ;…;Φ−ð2lÞÞ is nodeless and
takes finite values of a definite sign. This implies that
Wð ~Φþð1Þ;…; ~Φ−ð2lÞÞ share the same properties. Hence,
function G2lðx; β−Þ also possesses the same indicated
properties. Taking into account the properties of the
functions inside the Wronskian under the reflection
x → −x, it is not difficult to show that signG2lðx; β−Þ ¼
signG2lðx;−β−Þ. Having the identity Fð−x; β−Þ ¼
Fðx;−βÞ, we find that

F 2l;þðx; β−Þ ¼
WðΦþð1Þ;…;Φ−ð2lÞ;Fþðβ−ÞÞ

WðΦþð1Þ;…;Φ−ð2lÞÞ
ðA37Þ

¼ CG2lðx; β−ÞFðx; β−Þ

þ 1

C
G2lðx;−β−ÞFð−x; β−Þ: ðA38Þ

Since G2lðx;�β−Þ take values of the same sign and
increase exponentially, the function F 2l;þ has no zeros.
Then,

F 2l;−ðx; β−Þ ¼
WðΦþð1Þ;…;Φ−ð2lÞ;F−ðβ−ÞÞ

WðΦþð1Þ;…;Φ−ð2lÞÞ
ðA39Þ

¼ CG2lðx; β−ÞFðx; β−Þ

−
1

C
G2lðx;−β−ÞFð−x; β−Þ ðA40Þ

has only one zero. Here, the functions F 2l;� are linearly
independent eigenstates of the operator H2l;0 with
eigenvalues Eðβ− þ iK0Þ, which are analogous to the
eigenfunctions F� of the Lamé system H0;0; see (4.1).
Using the arguments presented in Appendix A 1, one can
show that

WðF 2l;þð1Þ;…;F 2l;snþ1
ðnþ 1ÞÞ ðA41Þ
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has no zeros. From the Crum theorem,

H2l;n ¼ H2l;0 − 2
d2

dx2
logWðF 2l;þð1Þ;…;F 2l;snðnÞÞ

¼ H0;0 − 2
d2

dx2
logW2l;n; ðA42Þ

and it follows that

WðΦþð1Þ;Φ−ð2Þ;…;Φ−ð2lÞ;Fþð1Þ;…;F snðnÞÞ ðA43Þ

is a smooth and nodeless function.
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Capı́tulo 4

Supersimetrı́a extendida N = 4 en mecánica cuántica con coeficientes de

estructura nolineales

Como hemos visto en los capı́tulos anteriores la transformación de Crum-Darboux nos pro-

vee de una formulacón nolineal de supersimetrı́a en mecánica cuántica, pudiendose interpretar

el Hamiltoniano supersimétrico como el de una partı́cula no relativista de espı́n 1
2 , si sumamos a

esto que el par de potenciales supersimétricos son transformaciones de Darboux de un potencial

transparente(g = 0) o finite(g)-gap ug,l y por tanto solución de alguna ecuación de la jerarquı́a

inhomogénea de KdV estacionaria, entonces dicho Hamiltoniano supersimétrico tendrá una inte-

gral adicional análoga a la integral de Lax-Novikov asociada a Hg,l (P2g+2l+1), definidos en 1.2,

en adelante mostraremos como la supersimetrı́a usual N = 2 (con dos integrales fermiónicas) se

ve extendida a una supersimetrı́a N = 4 con coeficientes de estructura nolineales.

Sea H = diag(Hg,l, H
′
g′,l′) un sistema extendido completamente transparente o finite-gap (con

g y g′ el genero de la curva hiper-elı́ptica asociada al espectro del Hamiltoniano Hg,l y H ′g′,l′ ,

respectivamente) y que por lo tanto posee una integral de Lax-Novikov extendida en la forma P1 =

diag(P2g+2l+1, P
′
2g′+2l′+1) y una integral (de graduación) trivial σ3, acá los datos de dispersión del

HamiltonianoHg,l están dados por v,φ ∈ Cg, la matriz τ (g×g con Imτ > 0), aj,b y rj,b , j = 1, . . . , l

y los datos espectrales del Hamiltoniano H ′g′,l′ están dados por v′,φ′ ∈ Cg′ , la matriz τ ′ (g′×g′con

Imτ ′ > 0), a′j′,b y r′j′,b , j′ = 1, . . . , l′, a, b = 1, 2.

Para estudiar las posibles simetrı́as del Hamiltoniano H debemos diferenciar entre tres casos

i) sı́ g′ 6= g o u′g′,0 6= ũr1,r2,...,rng,0 , ũr1,r2,...,rng,0 es alguna transformación de tipo auto Darboux de

orden n de ug,0 (Una transformacón de Crum-Darboux compuesta de n auto transformaciones

de Darboux iteradas), con n ≤ g: en este caso Hg,l y H ′g′,l′ no pueden ser conectados mediante

transformaciones de Darboux, ya que estas no pueden modificar el espectro de las bandas y por

otro lado aunque ambos operadores sean isospectrales es posible que no puedan ser conectados

a traves de efectos de dispersión de un número finito de solitones (transformaciones de tipo auto
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Darboux), el operador de graduación Γ1 = σ3 define P como integral bosónica con álgebra

[H,Pb] = 0, b = 1, 2, P2 = σ3P1, (4.1)

pero el operador de graduación nolocal Γ2 = Γ, ΓO = (−1)|O|OΓ, Γ# = Γ , Γ2 = 1 define P1 y

P2 = ΓP1 como integrales fermiónicas ({Γ,Pb} = 0) cuya superálgebra toma la forma

[H,Pa] = 0, (4.2)

{Pa,Pb} = δab

(1 + σ3)

2g∏
j=0

(H− Ej)
l∏

j=1

(H− zj)2 + (1− σ3)

2g′∏
j′=0

(H− E′j′)
l′∏

j′=1

(H− z′j′)2

 ,

(4.3)

la cual muestra una reducción espontánea de orden en los limites mostrados en la sección ante-

rior, Γ3 = Γσ3 reproduce el mismo superálgebra.

Emerge un superálgebra extendida con coeficientes nolineales en dos casos ii) cuando u′g′,0 =

ug,0 y iii) cuando u′g′,0 = ũr1,r2,...,rng,0 : en ambos casos Hg,l y H ′g′,l′ están conectados vı́a transfor-

maciones de Crum-Darboux. En adelante estudiaremos por separado el superálgebra de Lie de

los generadores de simetrı́as en cada uno de estos casos.

4.1. Supersimetrı́a extedida con coeficientes de estructura nolineales, en

ausencia de auto transformaciones de Darboux.

En el caso ii) A′l′ entrelaza Hg,0 = H ′g,0 con H ′g,l′
1 mientras que Al entrelaza Hg,0 = H ′g,0 con

Hg,l, por lo que Yl′+l = A′l′A
#
l y X2g+l+l′+1 = A′l′P2g+1(ug,0, ∂σ(Hg,0))A#

l entrelazan Hg,l con

H ′g,l′ de la forma

Yl+l′Hg,l = H ′g,l′Yl+l′ , Y#
l+l′H

′
g,l′ = Hg,lY#

2g+l+l′+1, (4.4)

X2g+l+l′+1Hg,l = H ′g,l′X2g+l+l′+1, X#
2g+l+l′+1H

′
g,l′ = Hg,lX#

2g+l+l′+1, (4.5)

estos operadores de entrelazamiento definen las siguientes factorizaciones nolineales

Y#
l+l′Yl+l′ =

l∏
j=1

(Hg,l − zj)2
l′∏
j=1

(Hg,l − z′j)2, (4.6)

Yl+l′Y#
l+l′ =

l∏
j=1

(H ′g,l′ − zj)2
l′∏
j=1

(H ′g,l′ − z′j)2, (4.7)

X#
2g+l+l′+1X2g+l+l′+1 =

2g∏
j=0

(Hg,l − Ej)
l∏

j=1

(Hg,l − zj)2
l′∏
j=1

(Hg,l − z′j)2, (4.8)

1Los operadores primados solo indican que han sido construidos con datos de dispersión distindos, en este caso el

número de estados l′ puede ser distinto de l y los estados que se ocupan para construir H′
g,l′ y A′

l′ pueden coincidir o no

con los usados para construir Hg,l y Al según se indique en el texto.
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X2g+l+l′+1X#
2g+l+l′+1 =

2g∏
j=0

(H ′g,l′ − Ej)
l∏

j=1

(H ′g,l′ − zj)2
l′∏
j=1

(H ′g,l′ − z′j)2, (4.9)

y para zi 6= z′j nos permite construir doce integrales de movimiento irreducibles para H

Q1 =

 0 Y#
l+l′

Yl+l′ 0

 , Q2 = iσ3Q1, Q3 = Γil+l
′
Q1, Q4 = il+l

′+1σ3ΓQ1, (4.10)

S1 =

 0 X2g + l′ + l + 1
#

X2g+l′+l+1 0

 , S2 = iσ3S1, S3 = il+l
′+1ΓS1, S4 = il+l

′
σ3ΓS1,

(4.11)

P1 =

 P2g+2l+1 0

0 P ′2g+2l′+1

 , P2 = σ3P1, P3 = iΓP1, P2 = iσ3ΓP1 . (4.12)

junto con tres posibles operadores de graduación (dos de ellos no locales) Γi = σ3,Γ,Γσ3 [Γi,H] =

0, Γ2
i = 1

Γi| IOM Q1 Q2 Q3 Q4 S1 S2 S3 S4 P1 P2 P3 P4

σ3 - - - - - - - - + + + +

Γ + + + + - - - - - - - -

σ3Γ - - - - + + + + - - - -

Cuadro 4.1: Representación de la graduación de las integrales de movimiento para los diferentes

operadores de graduacón, + para operadores bosónicos y − para operadores fermiónicos.

A modo de ejemplo el subsuperálgebra sin el operador de graduación no local Γ y σ3 operador

de graduación, presenta cuatro integrales fermiónicas antidiagonales: Q1, Q2, S1 y S2,las cuales

anticonmutan con σ3 más dos integrales bosónicas diagonales: P1 y P2, las cuales conmutan con

σ3. Su subsuperálgebra toma la forma

[H,Qa] = [H,Sa] = [H,Pa] = [H, σ3] = [Pa,Pb] = 0, a, b = 1, 2, (4.13)

{Qa,Qb} = 2δa,b

l∏
j=1

(H− zj)2
l′∏
j=1

(H− z′j)2, (4.14)

{Sa,Sb} = 2δa,b

2g∏
j=0

(H− Ej)
l∏

j=1

(H− zj)2
l′∏
j=1

(H− z′j)2, (4.15)

{Sa,Qb} = δa,b

 l′∏
j=1

(H− z′j) +

l∏
j=1

(H− zj)

P1 +

 l′∏
j=1

(H− z′j)−
l∏

j=1

(H− zj)

P2

 , (4.16)

[P1,Qa] = (−1)ai

 l∏
j=1

(H− zj)−
l′∏
j=1

(H− z′j)

Sa′ , (4.17)
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[P2,Qa] = (−1)ai

 l∏
j=1

(H− zj) +

l′∏
j=1

(H− z′j)

Sa′ , (4.18)

[P1,Sa] = (−1)ai

2g∏
j=0

(H− Ej)

 l∏
j=1

(H− zj)−
l′∏
j=1

(H− z′j)

Qa′ , (4.19)

[P2,Sa] = (−1)ai

2g∏
j=0

(H− Ej)

 l∏
j=1

(H− zj) +

l′∏
j=1

(H− z′j)

Qa′ , (4.20)

acá a, a′ = 1, 2, a 6= a′. Los operadores P juegan el rol de generadores de rotaciones entre las

integrales Q y S, pero además en el caso completamente isospectral, l = l′ y zi = z′i, P1 juega

un rol más importante como carga central. Este último resultado como veremos más adelante

conectara la jerarquı́a de KdV con la de mKdV.

Esta supersimetrı́a no esta rota si el estado fśico de energı́a más baja entre los estados deHg,l

y H ′g,l′ es un estado ligado en cambio esta parcialmente rota si el estado más bajo corresponde a

un borde de banda (Q).

Este sperálgebra muestra una reducción de orden espontánea cuando los estados usados en

la Crum-Darboux construcción de los Hamiltonianos coinciden en la forma ψaj,1,aj,2(rj,1, rj,2, x) =

ψa′
j′,1,a

′
j′,2

(r′j′,1, r
′
j′,2, x) acá j = 1, 2, . . . , l y j′ = 1, 2, . . . , l′, Sin perder generalidad2 podemos estu-

diar el caso en que ψaj,1,aj,2(rj,1, rj,2, x) = ψa′j,1,a′j,2(r′j,1, r
′
j,2, x) para j = 1, 2, . . . , k en este caso el

par (Hg,l, H
′
g,l′) están ambos crum-Darboux conectados conHg,k. En este caso el operador de en-

trelazamiento A′l′A
#
l contiene información redundante3, en este caso es Yl+l′,k = Aj,k+1A′j,k+1

#el

constituyente irreducible en Yl+l′ el cual se factoriza en la forma Yl+l′ = Yl+l′,k
∏k
j=1(Hg,l −

zj) por lo que la integral Qa debe ser cambiada por una integral reducida Qa,k, tal que Qa =

Qa,k
∏k
j=1(H− zj)

Q1,k =

 0 Y#
l+l′,k

Yl+l′,k 0

 , Q2,k = iσ3Q1,k, Q3,k = ΓQ1,k, Q4,k = iσ3ΓQ1,k. (4.21)

Las demás integrales no se ven reducidas en este limite y el subsuperálgebra reducida toma la

siguiente forma

[H,Qa,k] = 0, a = 1, 2, (4.22)

{Qa,k,Qb,k} = 2δa,b

l∏
j=k+1

(H− zj)2
l′∏

j=k+1

(H− z′j)2, (4.23)

2 Siempre es posible una redefinición en el ı́ndice j → n(j), j′ → n′(j′), con n y n′ una permutación de (1, 2, . . . , l) y

(1, 2, . . . , l′) respectivamente.
3Guarda relación con los arboles genealógicos por ejemplo si dos personas tienen un padre en común (Hg,k) es obvio

que tienen un abuelo en común (Hg,k−1) y asi hacia atras hasta llegar a un tatarak−2abuelo en común (Hg,0).
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{Sa,Qb,k} = δa,b

 l′∏
j=k+1

(H− z′j) +

l∏
j=k+1

(H− zj)

P1 +

 l′∏
j=k+1

(H− z′j)−
l∏

j=k+1

(H− zj)

P2

 ,

(4.24)

[P1,Qa,k] = (−1)ai

 l∏
j=k+1

(H− zj)−
l′∏

j=k+1

(H− z′j)

Sa′ , (4.25)

[P2,Qa,k] = (−1)ai

 l∏
j=k+1

(H− zj) +

l′∏
j=k+1

(H− z′j)

Sa′ , (4.26)

[P1,Sa] = (−1)ai

2g∏
j=0

(H− Ej)
k∏
j=1

(H− zj)

 l∏
j=1

(H− zj)−
l′∏
j=1

(H− z′j)

Qa′,k, (4.27)

[P2,Sa] = (−1)ai

2g∏
j=0

(H− Ej)
k∏
j=1

(H− zj)

 l∏
j=1

(H− zj) +

l′∏
j=1

(H− z′j)

Qa′,k. (4.28)

Es posible notar que el orden de la no linealidad de los coeficientes de estructura decrece

cuando existen estas coincidencias entre los estados generadores de la transformación de Crum-

Darboux. Es necesario notar que en que Hg,l y H ′g,l′ son completamente isospectrales (σ(Hg,l) =

σ(H ′g,l), l = l′) la integral P1 juega el rol de elemento central del superálgebra. Tambien es posible

notar como las super cargas fermiónicas factorizan a la integrales bosónicas (4.24).

4.2. Supersimetrı́a extedida con coeficientes de estructura nolineales, en

presencia de auto transformaciones de Darboux.

Definamos el Hamiltoniano 4 como no singular y real o PT simétrico

H̆ ′kg,l′ = H̆k
g,0 − 2

d2

dx2
ln(WDkl′ (Dkψa′1,1,a′1,2(r′1,1, r

′
1,2, x), . . . ,Dkψa′

l′,1,a
′
l′,2

(rl′,1, r
′
l′,2, x))) (4.29)

con

WDkj = W(Dkψa′1,1,a′1,2(r′1,1, r
′
1,2, x), . . . ,Dkψa′j,1,a′j,2(rj,1, r

′
j,2, x))), (4.30)

el operador Dk es definido como en (2.11). El Hamiltoniano definido en (4.29) está Crum-Darboux

conectado con H̆k
g,0 por medio del operado de entrelazamiento

A′Dkl′ = A′Dkl′ × · · · ×A
′Dk
1 , A′Dkj =

WDkj
WDkj−1

d

dx

WDkj−1

WDkj
(4.31)

en la forma A′Dkl′ H̆k
g,0 = H̆ ′kg,l′A′

Dk
l′ y por lo tanto Hg,l y H̆ ′kg,l′ están conectados mediante una

mezcla de auto transformaciones de Crum-Darbux y transformaciones solitónicas de tipo Crum-

Darboux, constituyendo operadores de entrelazamiento irreducibles entre Hg,l y H̆ ′kg,l′ en la forma

Dl′,k,l = A′Dkl′ DkA
#
l , Bl′,2g+1−k,l = A′Dkl′ B2g+1−kA#

l (4.32)

4H̆′k
g,l′ podrı́a ser singular
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B2g+1−k es definido en (2.12). Los operadores de intrelazamiento en (4.32) definen integrales de

movimiento antidiagonales para H̆ = diag(Hg,l, H̆
′k
g,l′) que denotaremos por Q̆ y S̆ y están dadas

en la forma

Q̆1 =

 0 D#
l′,k,l

Dl′,k,l 0

 , Q̆2 = iσ3Q̆1, Q̆3 = il+l
′+kΓQ̆1, Q̆4 = il+l

′+k+1σ3ΓQ̆1, (4.33)

S̆1 =

 0 B#
l′,2g+1−k,l

Bl′,2g+1−k,l 0

 , S̆2 = iσ3S̆1, S̆3 = il+l
′+1+kΓS̆1, S̆4 = il+l

′+kσ3ΓS̆1,

(4.34)

además de las respectivas integrales de Lax-Novikov

P̆1 =

 P2g+2l+1(ug,l, ∂σ(Hg,l)) 0

0 P2g+2l′+1(ŭ′Dkg,l′ , ∂σ(H̆ ′Dkg,l′))

 , (4.35)

P̆2 = σ3P̆1, P̆3 = iΓP̆1, P̆2 = iσ3ΓP̆1 . (4.36)

las cuales describen el siguiente superálgebra para σ3 como operador de graduación.

[H̆, Q̆a] = [H̆, S̆a] = [H̆, P̆a] = [H̆, σ3] = [P̆a, P̆b] = 0, a, b = 1, 2, (4.37)

{Q̆a, Q̆b} = 2δa,b

k∏
j=1

(H̆ − z̆j)2
l∏

j=1

(H̆ − zj)2
l′∏
j=1

(H̆ − z′j)2, (4.38)

{S̆a, S̆b} = 2δa,b

2g+1∏
j=k+1

(H̆ − z̆j)
l∏

j=1

(H̆ − zj)2
l′∏
j=1

(H̆ − z′j)2, (4.39)

{S̆a, Q̆b} = 2δabG2g(H̆)

l′∏
j=1

(H̆ − z′j)
l∏

j=1

(H̆ − zj) + (4.40)

εab

 l′∏
j=1

(H̆ − z′j) +

l∏
j=1

(H̆ − zj)

 P̆1 +

εab

 l′∏
j=1

(H̆ − z′j)−
l∏

j=1

(H̆ − zj)

 P̆2,

[P̆a, Q̆b] = (−1)g+1i

 l∏
j=1

(H̆ − zj) + (−1)a
l′∏
j=1

(H̆ − z′j)

× (4.41)

×

S̆b k∏
j=1

(H̆ − z̆j)−G2g(H̆)Q̆b

 ,

[P̆a, S̆b] = (−1)g+1i

 l∏
j=1

(H̆ − zj) + (−1)a
l′∏
j=1

(H̆ − z′j)

× (4.42)

×

Q̆b 2g+1∏
j=k+1

(H̆ − z̆j)−G2g(H̆)S̆b

 , (4.43)
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esta supersimetrı́a está rota si alguna energı́a z̆i es más baja que la menor entre {zi}, {z′i} y {Ei}

Esté superálgebra es reducido de forma espontánea cuando se cumplen las siguientes coin-

cidencias espectrales Dkψaj,1,aj,2(rj,1, rj,2, x) = Dkψa′
j′,1,a

′
j′,2

(r′j′,1, r
′
j′,2, x) acá j′ = 1, 2, . . . , l′ y

j = 1, 2, . . . , l, o B2g+1−kψaj,1,aj,2(rj,1, rj,2, x) = Dkψa′
j′,1,a

′
j′,2

(r′j′,1, r
′
j′,2, x).

Sin perder generalidad estudiaremos el caso en queDkψaj,1,aj,2(rj,1, rj,2, x) = Dkψa′j,1,a′j,2(r′j,1, r
′
j,2, x)

para j = 1, 2, . . . , n y Bkψaj,1,aj,2(rj,1, rj,2, x) = Dkψa′j,1,a′j,2(r′j,1, r
′
j,2, x) para j = n + 1, . . . , n + m.

Usando la identidad (4.74) podemos demostrar que

DkA#
n = A′Dkn #D̆k;n, (4.44)

con D̆k;n un operador de entrelazamiento entre Hg,n y H̆ ′g,n, D̆k;nHg,n = H̆ ′g,nD̆k;n y Hg,nD̆#
k;n =

D̆#
k;nH̆

′
g,n, el cual reduce (4.32) en la forma

Dl′,k,l → Dl′,k,l;n
n∏
j=1

(Hg,l − zi)2, (4.45)

con

Dl′,k,l;n = A′Dkn+1,l′D̆k;nA#
n+1,l, (4.46)

y

D̆k;n = Xk;n ≡ X1;n(k)× · · · ×X1;n(1), (4.47)

X1;n(k′) = (Xk′−1;nAnψ(r̆k′))
d

dx

1

(Xk′−1;nAnψ(r̆k′))
, X1;n(1) = (Anψ(r̆1))

d

dx

1

Anψ(r̆1))
, (4.48)

por otro lado para mostrar como el operador Bl′,2g+1−k,l es reducido debemos introducir el super-

ı́ndice π en Aπj el cual significa que el orden de los estados en la construcción del operador Aj

fue cambiado en la forma

ψai,1,ai,2(ri,1, ri,2)→ ψaπ(i),1,aπ(i),2
(rπ(i),1, rπ(i),2), (4.49)

con π la permutación

π =

 1 . . . m m+ 1 . . . m+ n n+m+ 1 . . . l

n+ 1 . . . n+m 1 . . . n n+m+ 1 . . . l

 , (4.50)

bajo esta permutación Aπj>m+n = Aj>m+n. De esta forma podemos describir la reducción de

orden en la forma

Bπl′,2g+1−k,l → Bπl′,2g+1−k,l;m

n+m∏
j=n+1

(Hg,l − zi)2, (4.51)

con

Bπl′,2g+1−k,l;m = A′Dkn+m+1,l′A
′π,Dk
m+1,n+mB̆π2g+1−k,mAπ#

m+1,n+mA#
n+m+1,l, (4.52)

y

B̆π2g+1−k,m = Xπ#
1,m(k + 1)× · · · ×Xπ#

1,m(2g + 1), (4.53)
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un operador de entrelazamiento irreducible de orden 2g + 1 − k entre los Hamiltonianos Hπ
g,m

y H̆ ′πg,m, cumpliendo las relaciones de entrelazamiento B̆2g+1−k,mH
π
g,m = H̆ ′πg,mB̆2g+1−k,m y

Hπ
g,mB̆

#
2g+1−k,m = B̆#

2g+1−k,mH̆
′π
g,m,

Xπ
1,m(k′) = (Xπ

k′−1;nAπmψ(r̆k′))
d

dx

1

(Xπ
k′−1;nAπmψ(r̆k′))

, Xπ
1,m(1) = (Aπmψ(r̆1))

d

dx

1

Aπmψ(r̆1))
.

(4.54)

Usando (4.45) y (4.51) podemos escribir las siguientes integrales irreducibles de movimiento

para H̆

Q̆1;n =

 0 D#
l′,k,l;n

Dl′,k,l;n 0

 , S̆1;m =

 0 Bπ#
l′,2g+1−k,l;m

Bπl′,2g+1−k,l;m 0

 , (4.55)

Las integrales de Lax-Novikov no cambian su forma. El subsuperálgebra en este caso se ve

reducido a la forma

[H̆, Q̆a;n] = [H̆, S̆a,m] = [H̆, P̆a] = [H̆, σ3] = [P̆a, P̆b] = 0, a, b = 1, 2, (4.56)

{Q̆a;n, Q̆b;n} = 2δa,b

k∏
j=1

(H̆ − z̆j)2
l∏

j=n+1

(H̆ − zj)2
l′∏

j=n+1

(H̆ − z′j)2, (4.57)

{S̆a,m, S̆a,m} = 2δa,b

2g+1∏
j=k+1

(H̆ − z̆j)
l∏

j=m+1

(H̆ − zπ(j))2
l′∏

j=m+1

(H̆ − z′π(j))2, (4.58)

{S̆a;m, Q̆b;n} = 2δabG2g;m;n(H̆)

l′∏
j=n+m+1

(H̆ − z′j)
l∏

j=n+m+1

(H̆ − zj) + (4.59)

εab

 l′∏
j=n+m+1

(H̆ − z′j) +

l∏
j=n+m+1

(H̆ − zj)

 P̆1 +

εab

 l′∏
j=n+m+1

(H̆ − z′j)−
l∏

j=n+m+1

(H̆ − zj)

 P̆2,

[P̆a, Q̆b;n] = (−1)g+1i

 l∏
j=n+m+1

(H̆ − zj) + (−1)a
l′∏

j=n+m+1

(H̆ − z′j)

× (4.60)

×

S̆b;m n+m∏
j=n+1

(H̆ − zj)2
k∏
j=1

(H̆ − z̆j)−G2g;m;n(H̆)Q̆b;n

 , (4.61)

[P̆a, S̆b;m] = (−1)g+1i

 l∏
j=m+1

(H̆ − zπ(j)) + (−1)a
l′∏

j=m+1

(H̆ − z′π(j))

× (4.62)

×

Q̆b;n n∏
j=1

(H̆ − zj)2

2g+1∏
j=k+1

(H̆ − z̆j)−G2g;m;n(H̆)S̆b;m

 , (4.63)

99



acá G2g;m;n es un polinomio definido en la forma

2G2g;m;n(Hg,n+m) = D#
n+m,k,n+m;nB

π
n+m,2g+1−k,n+m;m + (4.64)

Bπ#
n+m,2g+1−k,n+m;mDn+m,k,n+m;n, (4.65)

el cual es una integral de movimiento de orden 2g + 2m+ 2n para Hg,n+m, como la única integral

adicional deHg,n+m, es P2g+2n+2m+1(ug,n+m, ∂σ(Hg,n+m)) y tiene orden 2g+2m+2n+1, entonces

G2g;m;n(Hg,n+m) solo puede ser un polinomio en el propio Hamiltoniano Hg,n+m.

Podemos observar que es ua caracterı́stica del cuadro supersimetrico en general que las inte-

grales fermiónicas factorizan a las integrales bosónicas. Además en el caso isospectral σ(Hg,l) =

σ(H ′g,l), l = l′, siempre una de las integrales bosónicas se convierte en un elemento central del

superálgebra. Este resultado en particular juega un rol fundamental en la busqueda de soluciones

para modelos de interacción no lineal entre fermiones, ya que conecta algunos cuadros superal-

gebraicos con soluciónes de la jerarquı́a de ecuaciones estacionarias e inhomogéneas de mKdV.

En el trabajo adjunto al final de este capı́tulo se ha estudiado este problema en especifico para

potenciales transparentes (g = 0) conectando este cuadro superalgebraico con condensados au-

to consistentes para los modelos de Bogoliubov-de Gennes y el de Gross-Neveu, diferenciando

entre dos familias de condensados según su topologı́a, dependiendo esta, de cual de los dos tipos

de superálgebra mostradas en las subsecciónes anteriores rige la supersimetria exótica asociada

a dicho condensado. También es estudiado el efecto de dispersión de solitones y como conec-

ta estas dos familias para ciertos limites en los datos espectrales, lo cual pasamos a detallar a

continuación.

4.3. Reducción espontánea de orden en operadores, transmutación de

superálgebra de Lie y rompimiento espontáneo de simetrı́as

Las auto transformaciones de Darboux pueden ser interpretadas como un lı́mite de una trans-

formación solitónica (tomando el lı́mite a1 o a2 igual a cero o∞), ya que corresponde a la interac-

ción no lineal de un solitón con energı́a z(r) que desaparece en x = ±∞ según la carta a la que

pertence r. En este caso, el defecto desaparece y el operador P2g+2+1 experimenta una reduc-

ción espontánea de orden en la forma P̂2g+2+1 → X(r)P2g+1X(r)# = (H̃r − z(r))P̃ r2g+1. Estas

reducciones de orden espontáneas, bajo cambios en los parámetros espectrales, enriquecen la

estructura de las simetrı́as en que aparecen los potenciales transparentes (g = 0) o finite(g)-gap,

ya que la misma simetrı́a observa una dinámica en dependencia de los datos espectrales.

Por otro lado para soluciones que ya contienen solitones también son posibles transforma-

ciones de Darboux de tipo anti-solitónicas: las cuales bajan en uno el orden de la ecución es-

tacionaria de la jerarquı́a de KdV que satisface el potencial transformado con respecto al orden
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de la ecuación de la jerarquı́a que soluciona el potencial inicial. Por ejemplo: usando el estado
1

ψa1,a2 (r1,r2,x) de Ĥ con energı́a z(r) podemos borrar el solitón en û reconstruyendo u(x) nueva-

mente. En este caso el vestimiento de P̂ r2g+2+1 es una integral I = A#P̂ r2g+2+1A formal de H

pero si recordamos la factorización de H en función de los operadores de entrelazamiento más

la correspondiente ecuación de la jerarquı́a de KdV en su formulación de par de Lax otenemos la

siguiente reducción de orden para I

I = (H − z(r))2P2g+1 → P2g+1, (4.66)

siendo en realidad P2g+1 la integral de Lax-Novikov irreducible para H, como era de esperarse.

La integral P2g+2l+1 muestra una reducción de orden espontánea en dependencia del valor

de los datos de disperción en la construcción de Hg+l. En los lı́mites ai,(1,2) tiende a cero, o

lo que es lo mismo ψai,1,ai,2(ri,1, ri,2, x) → ψ(ri,(2,1)) o en el lı́mite ai,b tiende a infinito , o que

es lo mismo ψai,1,ai,2(ri,1, ri,2, x) → ψ(ri,b) with b = 1, 2. la i-ésima transformación de Darboux

solitónica es espontáneamente transformada en una auto transformación de Darboux permitiendo

una reducción de orden espontánea del operador P2g+2l+1. Podemos resumir este lı́mite en la

forma ψai,1,ai,2(ri,1, ri,2, x) → ψ(ri,bi), con bi igual a 1 o 2. En este lı́mite los potenciales sufren la

siguiente transformación

ug,j<i → ũ
ri,bi
g,j = ũri,bi (x)− 2

d2

dx2
ln ( W̃j ) , (4.67)

ug,j≥i → ũ
ri,bi
g,j−1 = ũri,bi (x)− 2

d2

dx2
ln ( W̃j−1,i ) , (4.68)

y los operadores de entrelazamiento cambian en la forma

Aj<i → Ã
ri,bi
j =

W̃j

W̃j−1

d

dx

W̃j

W̃j−1

, (4.69)

W̃j = W(X(ri,bi)ψa1,1,a1,2(r1,1, r1,2, x), . . . X(ri,bi)ψaj,1,aj,2(rj,1, rj,2, x)), (4.70)

Aj>i → Ã
ri,bi
j−1 =

W̃j,i

W̃j−1,i

d

dx

W̃j,i

W̃j−1,i

, (4.71)

W̃j,i = W(X(ri,bi)ψa1,1,a1,2(r1,1, r1,2, x), . . . ,

X(ri,bi)ψai−1,1,ai−1,2
(ri−1,1, ri−1,2, x),

X(ri,bi)ψai+1,1,ai+1,2(ri+1,1, ri+1,2, x), . . . ,

X(ri,bi)ψaj,1,aj,2(rj,1, rj,2, x)), (4.72)

acáX(ri,bi)ψaj,1,aj,2(rj,1, rj,2, x) son estados del Hamiltoniano H̃ri,bi
g,0 = H̃ri,bi con la misma energı́a

que los estados ψaj,1,aj,2(rj,1, rj,2, x) de Hg,0 (X(ri,bi)Hg,0 = H̃
ri,bi
g,0 X(ri,bi)). El i-ésimo operador
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de entrelazamiento se convierte en un operador de tipo desfase en la forma Ai → Xi−1(ri,bi), acá

Xj<i(ri,bi) es un operador de Darboux de tipo dasfase que entrelaza Hg,j<i y

H̃g,j<i(ri,bi) = H(u(x)→ ũ
ri,bi
g,j<i), (4.73)

y satisface

Xk(ri,bi)Ak = Ãk(ri,bi)Xk−1(ri,bi), X0(r) = X(r), (4.74)

y

Xk(r) = (Akψ(r))
d

dx

1

(Akψ(r))
. (4.75)

Usando esta relación entre operadores de Darboux de tipo solitónicos y de tipo auto Darboux

o desfase, podemos mostrar fácilmente que en este lı́mite la integral de Lax-Novikov de Hg,l

muestra una reduccón de orden espontánea en la forma

P2g+2l+1(ug,l, ∂σHg,l)→ (H̃g,l−1(ri,bi)− z(ri,bi))2 ×

P2g+2(l−1)+1(ũ
ri,bi
g,l−1, ∂σHg,l/{z(ri,bi), z(ri,bi)}), (4.76)

acá P2g+2(l−1)+1(H̃
ri,bi
g,l−1, ∂σHg,l/{z(ri,bi), z(ri,bi)}) conmuta con H̃ri,bi

g,l−1 y su relación de Burchnal-

Chaundy nos da la superálgebra nolineal reducida (en dos ordenes)

[H̃, P̃a] = 0, {P̃a, P̃b} = 2δab

2g∏
j=0

(H̃ − Ej)
l∏

i 6=j=1

(H̃ − zj)2, (4.77)

acá H̃ = H̃g,l−1(ri,bi) y P̃1 = P2g+2(l−1)+1(ũ
ri,bi
g,l−1, ∂σHg,l/{z(ri,bi), z(ri,bi)}), ΓP̃1.

Otro ejemplo de reducción es cuando zi+1 → zi . En este lı́mite un solitón elimina al otro.

Existe un pseudo principio de exclusión entre solitones, ya que no pueden existir dos solitones

con idéntica energı́a, tal como no puede haber degeneración dos en un energı́a ligada para un

operador de Schrödinger no extendido, debido a que si un estado es normalizable su densidad

de probabilidad tiende a cero cuando la coordenada espacial tiende a infinito. Formalmente la

segunda solución de misma energı́a es inversamente proporcional a esta solución, por lo cual

debe crecer exponencialmente cuando nos acercamos a los infinitos espaciales. En este lı́mite el

potencial observa los siguientes cambios

ug,l → ŭg,l−2 = ug,0 − 2
d2

dx2
ln( W(ψa1,1,a1,2(r1,1, r1,2, x), . . . ,

ψai−1,1,ai−1,2
(ri−1,1, ri−1,2, x),

ψai+2,1,ai+2,2(ri+2,1, ri+2,2, x),

. . . , ψal,1,al,2(rl,1, rl,2, x))), (4.78)

y el operador de entrelazamiento Ai+1 cambia en la forma Ai+1 → −A#
i permitiendo la factoriza-

ción de Hamiltonianos en la estructura de P y por lo tanto una reducción de orden espontánea.
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Para mantener las caracterı́sticas fı́sicas de u debemos demandar que no existe ε ∈ ∂σ(Hg,l) tal

que zi < ε < zi+1 para zi < zi+1 o zi > ε > zi+1 para zi > zi+1. En este caso la nolinealidad del

superálgebra es reducida pero en orden cuatro.

[H̆, P̆a] = 0, {P̆a, P̆b} = 2δab

2g∏
j=0

(H̆ − Ej)
l∏

i,i+16=j=1

(H̆ − zj)2. (4.79)

En la siguiente publicación se muestra de forma muy ilustrativa como los potenciales y super-

potenciales en fondo libre se deforman en los limites indicados anteriormente. Las dos familias

más generales de potenciales transparentes escalares para operador de Dirac estacionario en

1+1D son estudiadas. Los efectos de dispersión son estudiados mostrando como se pasa de una

familia de potenciales a la otra, a nivel de solitones de KdV estos limites corresponden a hacer

desaparecer solitones en los infinitos espaciales. Ambas familias de potenciales de Dirac poseen

una integral de movimiento correspondiente a la integral de Lax-Novikov asociada al par de Lax

de la jerarquı́a de mKdV y permite reconstruir la supersimetrı́a extendida N = 4 observada para

pares de operadores de Schrödinger, ahora para pares de operadores de tipo Dirac.
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We consider the two most general families of the ð1þ 1ÞD Dirac systems with transparent scalar
potentials and two related families of the paired reflectionless Schrödinger operators. The ordinary N ¼ 2

supersymmetry for such Schrödinger pairs is enlarged up to an exoticN ¼ 4 nonlinear centrally extended
supersymmetric structure, which involves two bosonic integrals composed from the Lax-Novikov
operators for the stationary Korteweg–de Vries hierarchy. Each associated single Dirac system displays
a proper N ¼ 2 nonlinear supersymmetry with a nonstandard grading operator. One of the two families of
the first- and second-order systems exhibits the unbroken supersymmetry, while another is described by
the broken exotic supersymmetry. The two families are shown to be mutually transmuted by applying a
certain limit procedure to the soliton scattering data. We relate the topologically trivial and nontrivial
transparent potentials with self-consistent inhomogeneous condensates in the Bogoliubov–de Gennes and
Gross-Neveu models and indicate the exotic N ¼ 4 nonlinear supersymmetry of the paired reflectionless
Dirac systems.
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I. INTRODUCTION

The Schrödinger and Dirac equations with reflectionless
or soliton potentials are exactly solvable. The reflectionless
potentials of a general form for the one-dimensional
Schrödinger equation were obtained for the first time by
Kay and Moses by solving the problem of a theoretical
construction of a solid dielectric medium which is perfectly
transparent to electromagnetic radiation [1]. Such perfectly
transparent potentials appear in the ð1þ 1Þ-dimensional
Gross-Neveu (GN) model [2–4] and are closely related
with a nonlinear problem of self-consistency of the
Bogoliubov–de Gennes (BdG) equations [5–7]. They find
applications in the description of a broad spectrum of
phenomena in diverse areas of physics such as conducting
polymers [8–13], charge fractionalization [14–17], and
superconductivity [5–7], [18–22], just to mention a few.
There is also a great interest in supersymmetry associated
with fermions in soliton backgrounds [23–28].
Reflectionless potentials play a fundamental role in the

theory of integrable systems. They appear as soliton
solutions, particularly, to the Korteweg–de Vries (KdV)
and modified Korteweg–de Vries (mKdV) equations. Their
explicit form can be obtained by means of the inverse
scattering method, by Bäcklund transformation, or by
Darboux-Crum transformations [1], [29–41]. A character-
istic feature of the two last methods is a possibility to
construct these potentials from simple (formal) solutions of
the free particle.

In the present work, we focus on the Darboux trans-
formations. In this picture, there appear the first-
order differential operators, which intertwine reflectionless
Schrödinger and perfectly transparent Dirac Hamiltonians.
This will allow us, following the line of Refs. [34–36,42–45],
to study the interrelations between the exotic nonlinear
supersymmetric structures emerging in the first- and
second-order quantum reflectionless systems of the most
general form corresponding to the KdV and mKdV
solitons.1 We also will observe an interesting phenomenon
of transmutation of supersymmetry associated with the
soliton scattering and will relate the construction to the
self-consistent inhomogeneous condensates appearing in
the GN and BdG models.
A relation of the soliton potentials with the GNmodel [2]

goes back to the famous result of Dashen, Hasslacher, and
Neveu [3], who found that minimizing the effective action
of the model for the “condensate function” σðxÞ ¼ −gψ̄ψ
results in the condition that the Schrödinger potentials
U�ðxÞ given in terms of the Miura transformation [40],
U�ðxÞ≡ g2σ2ðxÞ � gdσðxÞ=dx, have to be reflectionless.
On the other hand, the Dirac system with transparent
potential σðxÞ appears in the Takayama–Lin-Liu–Maki
(TLM) model for conducting polymers [8], which is a
continuous model for solitons in polyacetylene, where the
kink and kink-antikink solutions were found [12]. Though
these two models have distinct physical interpretations,
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1For the earlier studies related to the appearance of the exotic
extended supersymmetric structure in such a class of systems
characterized by the presence of the nontrivial Lax-Novikov
integral, see also Refs. [46–50].
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they are equivalent mathematically, and the methods
developed in the context of the GN model were applied
in the study of the TLM model [9,11,13]. In general, the
self-consistent solutions of the GN model are related with
the Ablowitz-Kaup-Newell-Segur hierarchy [45,51] and by
the same reason are intimately related with integrable
systems in 1þ 1 dimensions. Particularly, some solu-
tions to the GN model were found to be related with the
breather-type solutions of the sinh-Gordon and nonlinear
Schrödinger equations [52].
The integrability of the equations of the KdVand mKdV

hierarchies can be associated with the existence of an
auxiliary spectral problem given in terms of the spectral
operatorH and the evolution generator Pj. The consistency
condition appears there in the form of the equation for the
Lax pair ðH;PjÞ, dH

dtj
¼ ½H;Pj�, which is equivalent to the

corresponding evolution equation. For the jth equation of
the KdV hierarchy, H ¼ − d2

dx2 þU is the Schrödinger
operator, while Pj, j ¼ 0; 1;…, is an anti-Hermitian monic

differential operator of the form Pj ¼ d2jþ1

dx2jþ1 þ a2j−1
d2j−1

dx2j−1 þ
� � � þ a0 with coefficient functions ai given in terms of
the potential U and its x derivatives. The case of the
KdV equation corresponds to j ¼ 1, and its n-soliton
solution Unðx; tÞ satisfies simultaneously the equation
½Ln; Hn� ¼ 0, which is the nonlinear ordinary differential
equation of the order of 2nþ 1 in the x variable. This is the
nth stationary equation for the KdV hierarchy, in which
t1 ¼ t plays a role of an external parameter. The operator
Ln ¼ Pn þ

P
n−1
j¼0 cjPj, where cj are some real coefficients,

is the Lax-Novikov nontrivial integral of motion for Hn ¼
− d2

dx2 þ Un [32,33,48]. According to a celebrated result of
Burchnall and Chaundy [41], the square of the order of
the 2nþ 1 differential operator Ln reduces to a certain
polynomial in Hn.
One can construct the pair (Hn, Ln) corresponding to an

n-soliton potential Un recursively, starting from the free
particle case with H0 ¼ − d2

dx2 and L0 ¼ d
dx (U0 ¼ 0) and

using the Darboux transformations. If we restrict ourselves
by regular on the x-axis potentials, then at each step,

(i) from Un, we construct an almost isospectral reflec-
tionless potential Unþ1 with one more bound state in
comparison with Un, and from the Lax-Novikov
integral Ln for Hn ¼ − d2

dx2 þUn, we obtain the
integral Lnþ1 for reflectionless Schrödinger system
Hnþ1.

The interesting point here is that having reflectionless
Schrödinger potentialUn of a general form, by applying the
Darboux transformation of another nature,
(ii) we can construct fromUn another n-soliton potential

~Un to be completely isospectral to Un, and from Ln
we can obtain the corresponding integral ~Ln for ~Hn.

The latter construction can be realized by applying a
certain limit procedure for soliton scattering data of the

reflectionless potential Unþ1. By a similar limit procedure,
one can also relate ~Un with Un−1, and Un with Un−2. In
both cases (i) and (ii) above, one can associate with the
corresponding pairs of the reflectionless second-order
Hamiltonians the exotic N ¼ 4 nonlinear supersymmetry
that includes two bosonic integrals composed from
Lax-Novikov integrals for the partner subsystems.
Exploiting the knowledge of the Darboux transforma-

tions for the KdV, one can generalize the construction for
the case of the mKdV to get the transparent Dirac systems
with the multikink scalar potentials and to identify for each
such single first-order matrix system a proper exoticN ¼ 2

supersymmetry. As in the Schrödinger case, the transparent
Dirac multikink potentials are separated into two groups:
one of them is formed by topological and another by
nontopological scalar potentials. The topological potentials
are associated with case (i) above and represent the
configurations of n kinks and n� 1 antikinks. The non-
topological transparent potentials correspond to case
(ii) and represent a certain superposition of n kinks and
n antikinks. We shall show how the kinks and antikinks in
transparent Dirac potentials gather together in such a way
that their amplitudes and phases are fixed by supersym-
metry of the paired reflectionless Schrödinger systems.
The paper is organized as follows. In Sec. II, we review

shortly the recursive construction of the multisoliton
Schrödinger potentials of the most general form in terms
of the Darboux transformations and describe the spectra of
the corresponding reflectionless Schrödinger operators. We
identify there the independent differential operators of the
orders of 1 and 2n, which intertwine the neighbor in a
recursive chain Schrödinger Hamiltonians Hn and Hn−1,
and find the Lax-Novikov integral of differential order
2nþ 1 for Hn. In Sec. III, we describe another unique
family of the reflectionless pairs (Hn, ~Hn) with completely
isospectral partners, which are also intertwined by the
Darboux generators to be differential operators of the same
orders 1 and 2n, and find a certain limit procedure, related
to the soliton scattering, which mutually transmutes the
two indicated families of the pairs of the transparent
Schrödinger systems. In Sec. IV, we study the exotic
nonlinear supersymmetries of the two families of the
Schrödinger systems composed from the reflectionless
isospectral (Hn, ~Hn) and almost isospectral (Hn, Hn−1)
pairs and observe the transmutations between these two
families through the soliton scattering. In Sec. V, we study
the transparent Dirac systems associated with the two
families of the superextended reflectionless Schrödinger
systems, where we show that each single transparent Dirac
system possesses its own exotic nonlinear supersymmetry.
Section VI is devoted to the discussion of the obtained
results and outlook. There we relate the perfectly trans-
parent scalar Dirac potentials with the self-consistent
inhomogeneous condensates appearing in the BdG and
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GN models and indicate the exotic N ¼ 4 nonlinear
supersymmetry of the paired reflectionless Dirac systems.

II. REFLECTIONLESS SCHRÖDINGER
POTENTIALS AND DARBOUX-CRUM

TRANSFORMATIONS

Let Hn ¼ −d2=dx2 þ UnðxÞ be a reflectionless
Schrödinger system with a potential of a general 2n-
parametric form UnðxÞ ¼ Unðx; κ1; τ1;…; κn; τnÞ such that
UnðxÞ → 0 for x → �∞. Parameters κj, j ¼ 1; 2;…; n,
0 < κ1 < � � � < κn, correspond to the energy levels of the n
bound states, Ej ¼ −κ2j . They also define the transmission
amplitude in the scattering sector with E ¼ k2 ≥ 0:

tðkÞ ¼Qn
j¼1

kþiκj
k−iκj

, and so jtðkÞj ¼ 1 for any real value of

the wave number k. The parameters τj are related to the
norming constants of the bound state solutions [33,53], and
their variation provides an isospectral deformation of the
quantum system.
From the viewpoint of the inverse scattering method,

function Unðx; κ1; τ1;…; κn; τnÞ corresponds to the instant
image of the n-soliton solution Unðx; tÞ to the KdV
equation ut − 6uux þ uxxx ¼ 0. For large negative and
positive values of time t, the Unðx; tÞ can be represented
as a superposition of n one-soliton solutions of the
amplitudes 2κ2j propagating to the right at speeds vj ¼ 4κ2j :

Unðx; tÞ ¼ −
Xn
j¼1

2κ2jsech
2κjðx− 4κ2j t−φ�

j Þ for t→�∞:

ð2:1Þ

The phases φ�
j defined for t → �∞ are given by [33,53]

φ�
l ¼ τ0l �

1

2κl

�Xn
j¼lþ1

log

���� κl þ κj
κl − κj

���� −Xl−1
j¼1

log

���� κl þ κj
κl − κj

����
�
;

ð2:2Þ

where it is implied that for l ¼ n and l ¼ 1 the first and,
respectively, the second sum disappears. The parameter τ0l
corresponds to the mean of the asymptotic phases,
τ0l ¼ 1

2
ðφþ

l þ φ−
l Þ. According to (2.2), the solitons demon-

strate in some sense a fermionlike behavior: jφ�
l j; jφ�

lþ1j →
∞ as soon as κl → κlþ1. In the two-soliton case, (2.2)
gives

φ�
1 ¼ τ01 �

1

2κ1
log

���� κ1 þ κ2
κ1 − κ2

����;
φ�
2 ¼ τ02∓ 1

2κ2
log

���� κ1 þ κ2
κ1 − κ2

����: ð2:3Þ

Our consideration will be based on the method of iterated
Darboux transformations (or, that is the same, the Darboux-
Crum transformations) [29], by which the quantum
mechanical reflectionless system with n bound states can
be constructed from a free particle system H0 ¼ − d2

dx2:

Hn ¼ H0 þ UnðxÞ; Un ¼ −2
d2

dx2
logWn: ð2:4Þ

Here Wn is the Wronskian of n formal (nonphysical)
eigenstates ψ j of H0, H0ψ j ¼ −κ2jψ j:

Wn ¼ Wðψ1;…;ψnÞ ¼ detA;

Aij ¼
di−1

dxi−1
ψ j; i; j ¼ 1;…; n; ð2:5Þ

which are chosen as follows:

ψ j ¼
�
coshðκjðxþ τjÞÞ for j ¼ odd;

sinhðκjðxþ τjÞÞ for j ¼ even;
0 < κ1 < κ2 < � � � < κj−1 < κn: ð2:6Þ

Eigenfunctions Ψ0ðx;EÞ ≠ ψ j of H0, H0Ψ0ðx;EÞ ¼
EΨ0ðx;EÞ, are mapped into the eigenfunctions Ψnðx;EÞ
of Hn, HnΨnðx;EÞ ¼ EΨnðx;EÞ, by means of the
Wronskian fractions:

Ψnðx;EÞ ¼ Wðψ1;…;ψn;Ψ0ðEÞÞ=Wn: ð2:7Þ

The eigenfunctions in the scattering sector with E ¼
k2 ≥ 0, k ≥ 0, and (not normalized) bound states with
energies Ej ¼ −κ2j , j ¼ 1;…; n, of the systemHn are given
then by the relations

Ψ�
n ðk2Þ ¼ Wðψ1;…;ψn; e�ikxÞ=Wn;

Ψnð−κ2jÞ ¼ W
�
ψ1;…;ψn;

dψ j

dx

�
=Wn: ð2:8Þ

The derivative dψ j

dx is a nonphysical eigenfunction of H0

which is linearly independent from the corresponding
nonphysical eigenfunction ψ j from (2.6).
Coherently with (2.4), we put W0 ¼ 1 and define the

prepotentials Ωn, n ¼ 0; 1;…:
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Ωn ¼ −
d
dx

logWn ⇒
d
dx

Ωn ¼
1

2
Un: ð2:9Þ

Then we introduce the first-order differential operators

An ¼
d
dx

þWn; Wn ¼ Ωn −Ωn−1; ð2:10Þ

where, particularly, W1 ¼ Ω1 ¼ −κ1 tanh κ1ðx þ τ1Þ.
These operators and their conjugate ones factorize the
reflectionless systems Hn−1 and Hn having the ðn − 1Þ-
and n-soliton potentials Un−1ðx; κ1; τ1;…; κn−1; τn−1Þ and
Unðx; κ1; τ1;…; κn−1; τn−1; κn; τnÞ:

A†
nAn ¼ Hn−1 þ κ2n; AnA

†
n ¼ Hn þ κ2n; ð2:11Þ

and intertwine them:

AnHn−1 ¼ HnAn; A†
nHn ¼ Hn−1A

†
n: ð2:12Þ

The operator An can be presented equivalently as
An¼ΨA

n−1
d
dxð1=ΨA

n−1Þ, whereΨA
n−1≡ Wn

Wn−1
is a nodeless non-

physical eigenfunction of Hn−1, Hn−1ΨA
n−1 ¼ −κ2nΨA

n−1.
This function is a formal (exponentially blowing up at
x ¼ �∞) zero mode of the first-order differential operator
An, AnΨA

n−1 ¼ 0. Any other (physical or nonphysical)
eigenstate Ψn−1ðEÞ of Hn−1, Hn−1Ψn−1ðEÞ ¼ EΨn−1ðEÞ,
is mapped by An into the eigenstate of Hn:

ΨnðEÞ ¼ AnΨn−1ðEÞ; ð2:13Þ

with the same eigenvalue, HnΨnðEÞ ¼ EΨnðEÞ.
By iteration of (2.12), reflectionless system Hn can be

related with the free particle H0:

AnH0 ¼ HnAn; A†
nHn ¼ H0A

†
n; ð2:14Þ

where An is the differential operator of the order of n:

An ≡ An…A1: ð2:15Þ

In terms of (2.15), we define the differential operator of the
order of 2n:

B1 ¼ A1

�
−

d
dx

þ κ1

�
;

Bn ¼ An

�
−

d
dx

þ κn

�
A†

n−1 for n ¼ 2;…: ð2:16Þ

The iteration of relations (2.12) shows that Bn and B†
n also

intertwine reflectionless Hamiltonians Hn and Hn−1:

BnHn−1 ¼ HnBn; B†
nHn ¼ Hn−1B

†
n: ð2:17Þ

Unlike An and A†
n, they do this not directly but via the

“virtual” free particle system H0, for which the first-order
differential operator d

dx appearing explicitly in the structure
of Bn is an integral of motion. Instead of (2.11), we have the
relations

BnB
†
n ¼

Yn
j¼1

ðHn þ κ2jÞ2; B†
nBn ¼

Yn
j¼1

ðHn−1 þ κ2jÞ2:

ð2:18Þ

The operator (2.15) also allows us to find a nontrivial
integral for reflectionless system Hn:

Ln ¼ AnpA
†
n; L†

n ¼ Ln; ½Ln;Hn� ¼ 0: ð2:19Þ

This differential operator of the order of 2nþ 1 is the Lax-
Novikov integral for the Hn. It is a Darboux-dressed form
of the integral p ¼ −i d

dx for the free particle system H0,
which satisfies the nonlinear supersymmetry-type relation

L2
n ¼ Hn

Yn
i¼1

ðHn þ κ2i Þ2: ð2:20Þ

The property of commutativity of Ln with Hn means that
the potential Un ¼ 2 d

dxΩn is a solution of the nth member
of the KdV stationary hierarchy.2

Using analogs of the integrals (2.19) for Hl with
0 < l < n, one could try to construct the operators inter-
twiningHn−1 andHn with n > 1 via a virtualHl system. In
such a way we obtain, however, a combination of Bn and
An with a coefficient before the latter operator to be a
polynomial of the order of ðn − 1Þ in Hn−1. For instance,
−iAnLn−1 is the differential operator of the order of 2n,
which, like Bn, intertwines Hn−1 with Hn but reduces to
−iAnLn−1 ¼ Bn − κnAn

Q
n−1
i¼1 ðHn−1 þ κ2i Þ and, so, is not a

new, independent intertwining operator. At the same time,
note that the intertwining operators An and Bn, and the
integral Ln are related with the Hamiltonian Hn by the
identity

BnA
†
n þ iLn ¼ κn

Yn
i¼1

ðHn þ κ2i Þ: ð2:21Þ

In conclusion of this section, it is worth stressing once
more that the existence of the nontrivial, order 2n inter-
twining operator Bn in addition to the first-order Darboux
generator An as well as of the order 2nþ 1 integral Ln
originates from the fact that the reflectionless system Hn is
related to the free particleH0 by the chain of the subsequent
Darboux transformations, and theH0 possesses a nontrivial
integral of motion p ¼ −i d

dx.

2Note that, unlike Sec. 1, we take Ln here in a Hermitian form.
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III. SOLITON SCATTERING AND DARBOUX
TRANSFORMATIONS

Besides the discussed pairs (Hn, Hn−1) of reflectionless
Schrödinger systems related by the first-order Darboux
intertwining operators, there is another class of such
systems, for which the paired Hamiltonians are also
interrelated by the first-order Darboux generators. Unlike
the described case, the reflectionless partners in these
pairs are completely isospectral. The corresponding
n-soliton partner potentials Unðx; κ1; τ1;…; κn; τnÞ and
Unðx; κ1; ~τ1;…; κn; ~τnÞ are characterized by the same scal-
ing parameters κi, i ¼ 1;…; n, but different sets of the
translation parameters correlated as follows [35]:

τi − ~τi ¼
1

κi
arctanh

κi
C
¼ 1

2κi
log

C þ κi
C − κi

; ð3:1Þ

where C is an additional real parameter such that jCj > κn.
A comparison of the quantities (3.1) and (2.3) indicates that
(3.1) can be related somehow to the effect of the scattering
of solitons. In this section, we show how each indicated
family of the paired reflectionless systems, with partners
intertwined by the first-order Darboux generators, can be
transformed into another by a certain limit procedure,
which admits a soliton scattering interpretation.
To this aim, we first consider the limits τn → �∞

applied to the reflectionless system Hn. To study the
induced deformation of the potential Un and superpotential
Wn (the latter will play a role of the potential for an

associated Dirac system), it is sufficient to investigate the
limits of the prepotential Ωn because of the relations
2 d
dxΩn ¼ Un and Ωn − Ωn−1 ¼ Wn. We shall demonstrate

that Ωn ¼ − d
dx logWn → ~Ωn−1ðCÞ − C for τn → �∞,

where C ¼ �κn and ~Ωn−1 is identical to Ωn−1 with τi,
i ¼ 1;…; n − 1, changed for ~τi ¼ τi − 1

2κi
log Cþκi

C−κi
. From

here, it follows also that if we apply subsequently another
limit κn → κn−1, or that is the same, ~τn−1 → ∓∞, the
deformed (by κ-dependent τ displacements) prepotential
transforms as ð ~Ωn−1 − CÞ → Ωn−2. So, the effect of sending
subsequently the two solitons with indices n and n − 1 to
infinity in opposite directions results in the disappearance
of the two bound states from the spectrum, without
changing the rest of the 2ðn − 2Þ soliton parameters in
the reflectionless potential Un−2. This corresponds to a
fermionlike behavior of solitons already mentioned
below Eq. (2.2).
In the limit τn → �∞, for the prepotential

Ωn ¼ −ðlogWðψ1;…;ψnÞÞx we find that
Ωn → −ðlogWðψ1;…;ψn−1; C�

n e�κnxÞÞx, where C�
n ¼

ϵ�n 1
2
e�κnτn is an exponentially divergent multiplicative

factor with ϵþn ¼ 1 and ϵ−n ¼ ð−1Þnþ1. By the Wronskian
properties, we have Wðψ1; …; ψn−1; C�

n e�κnxÞ ¼
C�
nWðψ1; …; ψn−1; e�κnxÞ. The logarithmic derivative

eliminates the x-independent divergent multiplicative
factor C�

n , and in the limit τn → �∞ we obtain
Ωn → −ðlogWðψ1;…;ψn−1; e�κnxÞÞx. We note now that
Wðψ1;…ψn−1; e�κnxÞ ¼ e�κnx det ∥W♮

n∥, where

∥W♮
n∥ ¼

0
BBBBB@

chκ1x1 shκ2x2 … ψn−1 1

κ1shκ1x1 κ2chκ2x2 ∂xψn−1 �κn

..

. . .
. ..

. ..
.

∂n−1
x chκ1x1 ∂n−1

x shκ2x2 … ∂n−1
x ψn−1 ð�1Þn−1κn−1n

1
CCCCCA ð3:2Þ

and xi ≡ xþ τi. By changing the rows Lj, j ¼ 1;…; n − 1, of the matrix (3.2) for the linear combinations:

Lj → κnLj∓Ljþ1, we find that ðlog det ∥W♮
n∥Þx ¼ ðlog det ∥Ŵn∥Þx where

∥Ŵn∥ ¼

0
BBBBBB@

Ch∓1 Sh∓2 Ch∓3 … 0

κ1Sh
∓
1 κ2Ch

∓
2 κ3Sh

∓
3 … 0

κ21Ch
∓
1 κ22Sh

∓
2 κ23Ch

∓
3 … 0

: : … :

∂n−1
x cosh κ2x2 ∂n−1

x sinh κ2x2 ∂n−1
x cosh κ3x3 … ð�1Þn−1κn−1n

1
CCCCCCA
: ð3:3Þ

Here we denote Ch∓i ¼ κn cosh κixi ∓ κi sinh κixi and Sh∓i ¼ κn sinh κixi ∓ κi cosh κixi, i ¼ 1;…; n − 1, where the signs
− andþ correspond to the limits τn → þ∞ and τn → −∞, respectively. These functions can be represented equivalently
as Ch∓i ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2n − κ2i

p
cosh κiðxþ τi∓φiÞ and Sh∓i ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2n − κ2i

p
sinh κiðxþ τi∓φiÞ, where φi ¼ 1

2κi
log κnþκi

κn−κi
,

i ¼ 1;…; n − 1. As a consequence, we find that ðlogWðψ1;…;ψn−1; e�κnxÞÞx ¼ �κn þ ðlogWð ~ψ1;…; ~ψn−1ÞÞx, where
~ψ i is identical to ψ i but with τi, i ¼ 1;…; n − 1, changed for
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~τi ¼ τi∓ 1

2κi
log

κn þ κi
κn − κi

for τn → �∞; ð3:4Þ

that translates finally into the transformation
Ωn !

τn→�∞
~Ωn−1 ∓ κn. Note that ~τi − τi given by (3.4)

corresponds to the change of the phase in the two-soliton
scattering given by the first relation in (2.3), with indices
1 and 2 changed for i and n, respectively.
In the limit τn → þ∞ we find that

An ¼
d
dx

þWn →
d
dx

− Δn−1ðκnÞ ¼ −X†
n−1ðκnÞ; ð3:5Þ

where

Xn−1 ¼
d
dx

þ Δn−1;

Δn−1ðκnÞ ¼ Ωn−1 − ~Ωn−1ðκnÞ þ κn: ð3:6Þ

The subsequent application of the limit κn → κn−1
gives

Xn−1ðκnÞ → An−1; ~An−1 → Xn−2ðκn−1Þ; ð3:7Þ

where the first-order operator ~An−1 is of the same form as
An−1 but with the parameters τi changed for ~τi ¼
τi − 1

2κi
log Cþκi

C−κi
. The relations corresponding to the limit

τn → −∞ can be written down explicitly in a similar way.
Since the n-soliton potentials are given by the relation

Un ¼ 2 d
dxΩn, by taking the limit τn → þ∞ we eliminate

the bound state with En ¼ −κ2n from the spectrum of Hn
and obtain a new Hamiltonian with ðn − 1Þ bound states,
which we call ~Hn−1. This Hamiltonian is isospectral to
Hn−1, but each soliton in it is displaced with a phase
dependent on κn:

HnðτiÞ !
τn→þ∞

Hn−1ð~τiÞ≡ ~Hn−1ðκnÞ;

~τi ¼ τi −
1

2κi
log

κn þ κi
κn − κi

: ð3:8Þ

The limit τn → −∞ corresponds to the change of κn for −κn
in (3.8). In general, from the viewpoint of ~Hn−1, the κn
(or −κn) is just an additional parameter, and from now
on we call ~Hn−1 ≡ ~Hn−1ðCÞ, assuming for the sake of
definiteness that C > κn−1.
On the other hand, both the Hamiltonians Hn in the limit

κn → κn−1 and ~Hn−1 in the limit C → κn−1 correspond to a
Hamiltonian Hn−2:

Hn !
κn→κn−1

Hn−2; ~Hn−1ðCÞ !
C→κn−1

Hn−2: ð3:9Þ

As analogs of factorizations (2.11), we obtain

X†
nXn ¼ ~Hn þ C2; XnX

†
n ¼ Hn þ C2; ð3:10Þ

where Xn is defined in (3.6) with index n − 1 changed for n,
and it is assumed here that C2 > κ2n. In correspondence with
(3.10), Xn and X†

n not only factorize the isospectral
Hamiltonians, but also intertwine them: Xn

~Hn ¼ HnXn,
X†
nHn ¼ ~HnX

†
n. We also have the factorization relations

~An
~A†
n ¼ ~Hn þ κ2n; ~A†

n
~An ¼ ~Hn−1 þ κ2n: ð3:11Þ

Using these last relations, one can construct the generators
which intertwine ~Hn and Hn, being the differential oper-
ators of the order of 2n:

Yn ¼ An
~A†
n; Y†

n ¼ ~AnA
†
n; ð3:12Þ

Yn
~Hn ¼ HnYn, Y

†
nHn ¼ ~HnY

†
n, where ~An is defined as in

(2.15) but with Ai changed for ~Ai.
Another pair of important identities is

AnXn−1 ¼ Xn
~An; X†

nAn ¼ ~AnX
†
n−1: ð3:13Þ

The operators appearing in the first equality intertwine
the Hamiltonians ~Hn−1 and Hn, ðAnXn−1Þ ~Hn−1 ¼
HnðAnXn−1Þ, ðXn

~AnÞ ~Hn−1 ¼ HnðXn
~AnÞ, and the equal

operators from the other relation intertwine in a similar
manner Hn−1 and ~Hn. The Hermitian conjugate forms of
the operators from (3.13) intertwine the indicated pairs of
the Hamiltonians in the opposite direction. The relations in
(3.13) are equivalent to the identity

ðCþΩn−1− ~ΩnÞðΩn − ~Ωn−Ωn−1þ ~Ωn−1Þ ¼ ð ~Ωn−Ωn−1Þx;
ð3:14Þ

which, in turn, is reduced to trigonometric identities [35]. In
the limit τn → ∞, we find then that the intertwining
between Hn−1 and Hn operator Bn [see Eq. (2.17)] trans-
forms into

Bn → ð ~Hn−1ðκnÞ þ κ2nÞY†
n−1ðκnÞ

− 2κn

�Yn−1
i¼1

ð ~Hn−1ðκnÞ þ κ2i Þ
�
X†
n−1ðκnÞ: ð3:15Þ

This is a reducible intertwining operator for a pairHn−1 and
~Hn−1. From (3.15) we extract the irreducible operators
Y†

n−1 and X†
n−1ðκnÞ which intertwine the Hamiltonians

Hn−1 and ~Hn−1. At the same time, for the Lax-Novikov
integral Ln we have
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Ln → ð ~Hn−1ðκnÞ þ κ2nÞ ~Ln−1; ð3:16Þ

that provides us with the irreducible nontrivial integral ~Ln−1
for ~Hn−1.

3

Figures 1 and 2 illustrate different limits for super-
potentials Wn and Δn, while Figs. 3 and 4 show the
transformations between potentials Un and ~Un.
We have considered the limit when the translation

parameter τn in the n-soliton potential Un tends to infinity.
It is interesting to see what happens with reflectionless
system Hn when we take the limit τj → �∞ with j < n.
Considering the same procedure as in the case j ¼ n, we
find that the prepotential Ωn changes for Ω0

n−1, in which
instead of (3.4) the arguments τi are replaced by

τi
0 ¼

8>><
>>:

τi∓ 1
2κi

log κjþκi
κj−κi

for i < j;

τi � 1
2κi

�
log κjþκi

κi−κj
þ iπ

�
for i > j:

ð3:17Þ

For i > j we have cosh κiðxþ τ0iÞ ¼ �i sinh κiðxþ τ̂iÞ,
sinh κiðxþ τ0iÞ ¼ �i cosh κiðxþ τ̂iÞ, where

τ̂i ¼ τi∓ 1

2κi
log

���� κj þ κi
κj − κi

����: ð3:18Þ

The effect of the limit τj → �∞ results then in the re-
duction of the reflectionless system Hnðx; κ1; τ1;…; κn; τnÞ
into the reflectionless system Ĥn−1, where the latter
Hamiltonian is given by the set of parameters κi and τ̂i
with i ¼ 1;…; j − 1; jþ 1;…; n. It is also easy to check
that the application of the limit κj → κjþ1, with j taking one
of the values from the set 1;…; n − 1, transforms Hn
into Hn−2, where the latter reflectionless Hamiltonian is
characterized by the parameters κi and τi with
i ¼ 1;…; j − 1; jþ 1;…; n. The same effect can be
obtained if we apply subsequently two limits, first τj →
þ∞ (or τj → −∞) and then τ̂j−1 → −∞ (or τ̂j−1 → þ∞),
i.e. sent the soliton j and the transformed one with index
j − 1 to infinity in the opposite directions.
Note here that, applying appropriately the described

limits with τj tending to þ∞ or −∞, we can reproduce
exactly the phases from (2.2), which correspond to the
soliton scattering picture in the n-soliton solution for the
KdV equation. Indeed, let us fix index i ¼ l, where

FIG. 1 (color online). In the limit τn → ∞, a topologically
nontrivial superpotentialWn (being also the corresponding scalar
Dirac potential) with asymptotic behavior limx→−∞WnðxÞ ¼
−limx→þ∞WnðxÞ ¼ κn > 0 transforms (asymptotically)
into a topologically trivial superpotential −Δn−1 such that
limx→−∞Δn−1ðxÞ ¼ limx→þ∞Δn−1ðxÞ ¼ κn > 0. This corre-
sponds to sending the nth kink to x ¼ −∞. The figure corre-
sponds to the case n ¼ 2 and shows the superpotential W2 as a
function of x and τ2.

FIG. 2 (color online). A topologically trivial superpotential Δn
transforms into a topologically nontrivial superpotential Wn
through the limit j~τnj → ∞, which is equivalent to the limit
C2 → κ2n. The figure illustrates the case when the kink-antikink
Dirac potential with n ¼ 1 transforms in the limit C → κ1 into the
antikink potential.

FIG. 3 (color online). For the particular case of n ¼ 2, the
figure illustrates the transformation of the Schrödinger n-soliton
potential Un into the ðn − 1Þ-soliton potential ~Un−1 in the
limit τn → ∞.

3The questions of redundancy of nonlinear supersymmetric
algebra in a general context were studied in [50]; see also the
recent review [54]. The very nontrivial picture of redundancy and
transmutations appearing in the completely isospectral super-
symmetric pairs of reflectionless systems was investigated in
detail in [34,35].
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1 ≤ l ≤ n. For the sake of generality, assume that
1 < l < n. Now, let us take a limit τn → þ∞. The
displaced value of τl will be given by the upper sign case
of Eq. (3.18) with i ¼ l and j ¼ n. Then we send
subsequently to þ∞ the soliton indexed by j ¼ n − 1,
then j ¼ n − 2, etc., till j ¼ lþ 1. Repeating the analogous
procedure with sending to −∞ first the soliton with j ¼ 1,
then with j ¼ 2, etc., till j ¼ l − 1, the resulting changed
translation parameter will be given exactly by Eq. (2.2)
corresponding to the case t → −∞ with τ0l changed for our
initial value τl. The minus sign in the limit t → −∞ (in
comparison with the sign in the limit τn → þ∞) is
associated with the minus sign appearing in Eq. (2.1)
before the term 4κ2kt.
Considering the pairs of reflectionless Hamiltonians

ðHn;Hn−1Þ or ðHn; ~HnÞ, the partners of which are related
by the first-order Darboux intertwining generators, we shall
see below that the limits τn → �∞ induce the trans-
mutation of the type of the supersymmetry, interchanging
the cases of the unbroken and broken supersymmetries.
On the other hand, the application of the limits τj → �∞
with j < n reduces only the number of the bound states
in the partner Hamiltonians but does not change the type
of the corresponding supersymmetry of the extended
reflectionless system.
The difference of the corresponding supersymmetries in

the two cases can be explained by the different nature of the
first-order Darboux intertwining generators. In the case of
the pairs ðHn;Hn−1Þ, the intertwining generators An and A

†
n

are constructed in terms of the superpotential Wn [see
Eq. (2.10)], for which WnðxÞ → ∓κn for x → �∞. This
superpotential takes asymptotically the constant values of

the opposite signs and is topologically nontrivial. The
Witten index for such an extended system takes a nonzero
value, and the associated first-order supersymmetry (see the
next section) is unbroken [24,25]. The isospectral partners
in the pairs ðHn; ~HnÞ are intertwined by the first-order
Darboux generators Xn and X†

n, constructed in terms of the
superpotential ΔnðCÞ; see Eq. (3.6) with n − 1 changed for
n. Since limx→þ∞Δn ¼ limx→−∞Δn ¼ C with C2 > κ2n > 0,
the superpotential ΔnðCÞ is topologically trivial, and the
corresponding first-order supersymmetry will be broken in
correspondence with the zero value of the Witten index.

IV. EXOTIC SUPERSYMMETRY OF
REFLECTIONLESS SYSTEMS WITH
THE FIRST-ORDER SUPERCHARGES

Consider now an extended 2 × 2 matrix Hamiltonian
H ¼ diagðH;H0Þ with H and H0 to be reflectionless
systems and identify Γ ¼ σ3 as a Z2-grading operator.
As it was shown in [34], in the general case such a system is
characterized by exotic nonlinear supersymmetry with two
pairs of supercharges, which are the matrix higher-order
derivative operators of the antidiagonal form, constructed
from the Darboux-Crum intertwiners. The symmetry struc-
ture ofH also has to include two higher-order Lax-Novikov
integrals of the subsystems H and H0. Within this class of
the extended reflectionless systems, there exist two
special families, for which a pair of fermionic integrals
are the first-order matrix differential operators of the form
Sa ¼ S†a ¼ σadiagðD;D†Þ, a ¼ 1; 2, which satisfy the
relations ½Sa;H� ¼ 0 and fSa; Sbg ¼ 2δabðHþ constÞ.
The operators D and D† in this case not only intertwine
the Hamiltonian operators H and H0, but also factorize
them, H ¼ D†Dþ const and H0 ¼ DD† þ const.4

Without loss of generality, one can chooseH ¼ Hn to be
a reflectionless Hamiltonian with an n-soliton potential.
Then there are only three possibilities to choose H0 such
that H and H0 can be related by the intertwining operators
of the first order. These possibilities are H0 ¼ Hn−1,
H0 ¼ Hnþ1, or H0 ¼ ~HnðCÞ. The trivial case of a free
particle, H0, is exceptional : for it there are only two
possibilities, H0 ¼ H1 and H0 ¼ H0, due to the translation
invariance of H0.
Having this picture in mind, we first consider a class of

the extended reflectionless ð2nþ 1Þ-parametric systems
composed from isospectral Hamiltonians each having n
bound states. It is convenient to shift the Hamiltonian
operators for an additive constant term and take

H̆n ¼
�
HC

n 0

0 ~HC
n

�
ð4:1Þ

FIG. 4 (color online). As an illustration for the second limit in
(3.9), the transformation is shown of the one-soliton potential
~U1ðx; CÞ into the zero potential of the free particle case in the limit
C → κ1. Note that in another limit C → ∞, we have ~Hn → Hn,
but the intertwining operator Xn blows up. Changing Xn for
the rescaled operator X̂n ¼ 1

CXn, we get in the indicated limit
the trivial operator X̂n → 1, as an intertwiner between the
two identical copies of the reflectionless Schrödinger
Hamiltonian Hn.

4The supercharges, which are the higher-order derivative
operators, factorize certain polynomials of the partner Hamil-
tonians in correspondence with relations of the form (2.18).
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as the extended Hamiltonian, where HC
n ¼ Hn þ C2,

~HC
n ¼ ~Hn þ C2. A real constant C is restricted here by

the condition C2 > κ2n, and ~Hn ¼ ~HnðCÞ is the reflection-
less system isospectral to Hn but with the parameters τi in
the n-soliton potential changed for the shifted set of
translation parameters ~τi given by Eq. (3.1). The spectra
of the isospectral partner Hamiltonians are

σðHC
nÞ ¼ σð ~HC

nÞ ¼ C2 − κ2n ∪ � � � ∪ C2 − κ21 ∪ ½C2;∞Þ:
Each discrete energy level C2 − κ2i , i ¼ 1;…; n, of the
extended system (4.1) as well as the energy level E ¼ C2 at
the edge of the continuous part of the spectrum are doubly
degenerate. At the same time, each energy level inside the
conduction band ðC2;∞Þ of H̆n is fourfold degenerate. The
set of the nontrivial integrals of motion (in addition to
the trivial integral Γ ¼ σ3) of the supersymmetric system
(4.1) consists of the two matrix differential operators of the
first order composed from the Darboux intertwining gen-
erators of the form (3.6) (with index n − 1 changed for n):

S̆n;1 ¼
�

0 Xn

X†
n 0

�
; S̆n;2 ¼ iσ3S̆n;1: ð4:2Þ

We have also two matrix integrals to be differential
operators of the order of 2n constructed from the inter-
twines (3.12):

Q̆n;1 ¼
�

0 Yn

Y†
n 0

�
; Q̆n;2 ¼ iσ3Q̆n;1: ð4:3Þ

In addition, the system is characterized by the two diagonal
matrix integrals constructed from the Lax-Novikov inte-
grals (2.19) of the subsystems, which are the differential
operators of the order of 2nþ 1:

P̆n;1 ¼
�
Ln 0

0 ~Ln

�
; P̆n;2 ¼ σ3P̆n;1: ð4:4Þ

With the chosen Z2-grading operator Γ ¼ σ3, operators
(4.2) and (4.3) are identified as the fermionic integrals, and
(4.4) are identified as the bosonic generators. They,
together with the Hamiltonian H̆n, generate the exotic
superalgebra, whose nonzero (anti)commutation relations
are given by

fS̆a; S̆bg ¼ 2δabH̆; fQ̆a; Q̆bg ¼ 2δabP̆
2;

fS̆a; Q̆bg ¼ 2δabCP̆þ 2ϵabP̆1; ð4:5Þ

½P̆2; S̆a� ¼ 2iðH̆Q̆a − CP̆S̆aÞ;
½P̆2; Q̆a� ¼ 2iP̆ðCQ̆a − P̆S̆aÞ; ð4:6Þ

where P̆n ¼
Q

n
j¼1ðH̆n − C2 þ κ2jÞ and to simplify the

expressions we omitted the index n in (4.5) and (4.6).

Though our construction with the two Schrödinger sub-
systems HC

n and ~HC
n corresponds to the usual N ¼ 2

supersymmetry generated by the two supercharges S̆n;a
to be matrix differential operators of the first order, we have
obtained the exotic supersymmetric structure with the two
additional supercharges Q̆n;a to be the higher-order differ-
ential operators. In addition, being the extended reflection-
less system, it also possesses two bosonic integrals of
motion. The peculiarity of the present exotic supersym-
metric structure is that the bosonic integral P̆n;1 commutes
with all the other integrals of motion and plays a role of the
central charge operator of the nonlinear superalgebra.5

Another bosonic integral P̆n;2 realizes a rotation of the
pairs of the supercharges S̆n;a and Q̆n;a by means of
the commutation relations (4.6) with the Hamiltonian-
dependent structure coefficients.
Since the doublet of the ground states of H̆n has positive

energy C2 − κ2n > 0, the first-order supercharges S̆n;a do not
annihilate them either, and the N ¼ 2 Lie subsuperalgebra
generated by S̆n;a and H̆n corresponds to the phase of the
broken supersymmetry. At the same time, according to
Eq. (2.20), the doublet of the ground states is annihilated by
the bosonic integrals P̆n;a. Because of the second relation
from (4.5), they are also annihilated by the higher-order
supercharges Q̆n;a. One can conclude therefore that the
obtained exotic nonlinear N ¼ 4 supersymmetry of the
extended reflectionless system H̆n is partially broken.
Let us apply now the limit C2 → κ2n, associated with the

soliton scattering, to the system H̆n. For the sake of
definiteness, let us assume that C is positive and consider
the limit C → κn, which corresponds to the limit ~τn → −∞
for the subsystem ~HC

n. In this limit, the Hamiltonian (4.1)
and integrals of motion are transformed into

Hn ¼
�
Hκn

n 0

0 Hκn
n−1

�
; Sn;1 ¼

�
0 An

A†
n 0

�
; ð4:7Þ

Qn;1 ¼
�

0 Bn

B†
n 0

�
; Pn;1 ¼

�
L2nþ1 0

0 Hκn
n−1L2n−1

�
;

ð4:8Þ

and the integrals with index a ¼ 2 are obtained by the same
rule as in (4.2)–(4.4), where the notations Hκn

n ¼ Hn þ κ2n
and Hκn

n−1 ¼ Hn−1 þ κ2n are used. To obtain the limit we
have taken into account the relations (3.7), (3.12), and
(2.16). The Hamiltonian Hn and its integrals of motion
generate the nonlinear superalgebra of the form similar to
(4.5) and (4.6), but with corresponding changes of the
operators on the right-hand sides, and with the C changed
for κn.

5This is not so in a general case of the extended system
composed from the two n-soliton Schrödinger subsystems; see
Ref. [34].

TRANSMUTATIONS OF SUPERSYMMETRY THROUGH … PHYSICAL REVIEW D 90, 025008 (2014)

025008-9



Note that the lower matrix element in the integral Pn;1
(and, similarly, in Pn;2) is factorized into the subsystem’s
Hamiltonian Hκn

n−1 and the corresponding Lax-Novikov
integral. The multiplicative factor Hκn

n−1 could be omitted
there without changing the property of commutativity of
the diagonal matrix operators with the Hamiltonian Hn.
However, this would change the property that the upper
and lower matrix elements in the integrals Pn;a are the
differential operators of the same order of 2nþ 1 and,
as a consequence, would complicate the form of the
superalgebra.
In spite of a similar form of the superalgebra (with C

changed for κn), the superextended system we have here is
essentially different from the previous one. Indeed, the
system Hn, unlike the H̆n, possesses now the nondegen-
erate ground state of zero energy, which corresponds to the
lowest bound state of the upper subsystemHκn

n . This state is
annihilated by all four supercharges and the two bosonic
integrals, and the exotic nonlinear supersymmetry we
have here corresponds to the unbroken phase. Therefore,
the limit we considered provokes the transmutation
of the partially broken exotic supersymmetry into the
unbroken one.
Also, there exists a limit, associated with the soliton

scattering, which transmutes the exotic nonlinear super-
symmetry from the unbroken phase into the partially
broken exotic supersymmetry. To see this, we apply to
the system (4.2) and (4.8) the limit τn → ∞, which
corresponds to sending the soliton with index n in the
subsystem Hκn

n to infinity. We find then with the help of
(3.15) and (3.16) that

Hn !
τn→∞

H̆⋄
n−1; Sn;a !

τn→∞
S̆⋄
n−1;a; ð4:9Þ

Pn;a !
τn→∞

H̆⋄
n−1P̆

⋄
n−1;a;

Qn;a !
τn→∞

− H̆⋄
n−1Q̆

⋄
n−1;a þ 2κnP̆

⋄
n−1S̆

⋄
n−1;a: ð4:10Þ

Here we have used the notation F⋄ ¼ σ2Fσ2, which
corresponds to a unitary transformation between the matrix
operators

F ¼
�
α β
γ δ

�
and F⋄ ¼

�
δ −γ
−β α

�
;

and imply that the operators indexed by n − 1 are given by
the same expressions as the operators associated with H̆n,
but with the parameter C changed in the structure of the
latter operators for C ¼ κn. As a consequence, we also
obtain a four-term chain of the limits

Hn !
τn→∞

H̆⋄
n−1 !

κn→κn−1
H⋄

n−1 !
τn−1→∞

H̆n−2: ð4:11Þ

Note that the multiplicative factor H̆⋄
n−1 in the limit of the

operatorsPn;a andQn;a in (4.10) corresponds to a reduction
of the order of the integrals that is related with the loss of
the one eigenvalue of zero energy in comparison with the
spectrum of the system Hn.

V. TRANSPARENT DIRAC SYSTEMS

We have discussed the Darboux-Crum transformations,
the exotic supersymmetric structure based on them, and
transmutations of supersymmetry in the reflectionless
systems described by the 2 × 2 matrix second-order
Schrödinger Hamiltonian operators. One can take one of
the two first-order Hermitian supercharges appearing in
these second-order systems and consider it as a first-order
matrix Hamiltonian for the ð1þ 1Þ-dimensional Dirac
system. We can identify then the Darboux-Crum gener-
ators, which intertwine such reflectionless first-order
matrix Hamiltonians. This opens a possibility to investigate
exotic supersymmetry and its transmutations in the trans-
parent Dirac systems.
Let us take the first-order supercharge S̆n;1 from (4.2)

and identify it as the Dirac Hamiltonian: H̆D
n ≡ S̆n;1. This

system corresponds to the ð1þ 1Þ-dimensional Dirac
particle in a scalar potential ΔnðxÞ ¼ Ωn − ~Ωn þ C with
asymptotic behavior ΔnðxÞ → C for x → �∞. Because of
the relation of commutativity ½S̆n;1; P̆n;1� ¼ 0, the potentials
of this form correspond to the solutions of the multikink-
antikink type for the stationary mKdV hierarchy [35].
The Dirac Hamiltonian H̆D

n has 2n bound states, and its
spectrum is symmetric:

σðH̆D
n Þ¼ð−∞;−C�∪ Ĕ−

1 ∪���∪ Ĕ−
n ∪ Ĕþ

n ∪ ���∪ Ĕþ
1 ∪ ½C;∞Þ;

ð5:1Þ

where Ĕ�
i ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 − κ2i

p
, i ¼ 1;…; n, and semi-infinite

intervals ½C;∞Þ and ð−∞;−C� correspond to the doubly
degenerate continuous parts of the spectrum. In the limit
C → κn, we have H̆

D
n → HD

n ¼ Sn;1, where Sn;1 is defined
in (4.7). A scalar potential takes here the form
WnðxÞ ¼ Ωn −Ωn−1, with WnðxÞ → ∓κn for x → �∞.
The potentials of this form are, again, the solutions of the
kink (or antikink) type for the stationary mKdV hierarchy
due to the relation ½Sn;1;Pn;1� ¼ 0. The spectrum of the
Dirac Hamiltonian HD

n has 2n − 1 bound states, including
one bound state of zero energy:

σðHD
n Þ ¼ ð−∞;−κn�∪ E−

1 ∪ � � � ∪ E−
n−1 ∪ 0∪ Eþ

n−1 ∪ � � � ∪ Eþ
1 ∪ ½κn;∞Þ; ð5:2Þ
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where E�
i ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2n − κ2i

p
, i ¼ 1;…; n − 1. The two discrete

energy levels Ĕ−
n and Ĕþ

n of the system H̆D
n merge in the

limit C → κn and transform into a nondegenerate zero
energy level of the bound state for the system HD

n .

A. First-order matrix Darboux intertwiners
for Dirac systems

Let us return to the identity (3.13),

Anðx; τiÞXn−1ðx; τi; CÞ ¼ Xnðx; τi; CÞAnðx; ~τiÞ; ð5:3Þ
where Xnðx; τi; CÞ ¼ d

dx þ Δnðx; τi; CÞ and

Δnðx; τi; CÞ ¼ Ωnðx; τiÞ −Ωnðx; ~τiÞ þ C;

~τi ¼ τi − φiðCÞ; φiðCÞ ¼
1

2κi
ln
C þ κi
C − κi

:

ð5:4Þ

If in (5.3) we change τi → τi þ φiðCÞ, then make a
replacement C → −C, and take into account that
φið−CÞ ¼ −φiðCÞ and that Xn satisfies the relation
Xnðx; τi − φiðCÞ;−CÞ ¼ −X†

nðx; τi; CÞ, we obtain the
identity

Anðx; ~τiÞX†
n−1ðx; τi; CÞ ¼ X†

nðx; τi; CÞAnðx; τiÞ: ð5:5Þ

By using the notations An ≡ Anðx; τiÞ, ~AnðCÞ≡ Anð~τiÞ, and
XnðCÞ≡ Xnðx; τi; CÞ, Eqs. (5.3)–(5.5) and their Hermitian
conjugate give us the relations

AnXn−1 ¼ Xn
~An; A†

nXn ¼ Xn−1 ~A
†
n; ð5:6Þ

~AnX
†
n−1 ¼ X†

nAn; ~A†
nX

†
n ¼ X†

n−1A
†
n: ð5:7Þ

Using these relations, we can define the intertwining
operator between the Dirac Hamiltonians H̆D

n and H̆D
n−1,

which also is the intertwining operator between the
extended (supersymmetric) Schrödinger Hamiltonians H̆n
and H̆n−1:

Ăn ¼
�
An 0

0 ~An

�
; ĂnH̆

D
n−1 ¼ H̆D

n Ăn;

ĂnH̆n−1 ¼ H̆nĂn: ð5:8Þ

In the limit C → κn, the relations in (5.6) are transformed
into the trivial identity AnXn−1ðκnÞ ¼ AnXn−1ðκnÞ, and the
relation

A†
nAn ¼ Xn−1ðκnÞX†

n−1ðκnÞ ¼ Hn−1 þ κ2n; ð5:9Þ

where we have used the limits (3.7). These identities allow
us to construct a new operator of intertwining between the
Dirac systems HD

n and H̆D
n−1 and between the superex-

tended Schrödinger Hamiltonians Hn and H̆n−1:

An ¼
�
An 0

0 Xn−1ðκnÞ

�
; AnH̆

D
n−1ðκnÞ¼HD

nAn;

AnH̆n−1ðκnÞ¼HnAn; ð5:10Þ

where we indicated a dependence of the corresponding
operators on κn ¼ C.
This construction corresponds here to the Darboux

transformations for reflectionless Dirac systems and,
particularly, gives us a possibility to construct analytically
the states of HD

n and H̆D
n in terms of the eigenstates Φ̆0 of

the matrix operator H̆D
0 ¼ −σ2pþ σ1C:

H̆D
0 ðCÞ ¼

�
0 d

dx þ C
− d

dx þ C 0

�
; ð5:11Þ

which corresponds to the Hamiltonian of the free massive
Dirac particle. The eigenstates Φ̆n of H̆D

n can be presented
in the form Φ̆n ¼ ĂnĂn−1…Ă1Φ̆0, while the eigenstates of
HD

n are constructed in the formΦn ¼ AnĂn−1Ăn−2…Ă1Φ̆0

in terms of the eigenstates Φ̆0 of the Dirac Hamiltonian
H̆D

0 ðκnÞ ¼ −σ2pþ σ1κn. The explicit forms of the scatter-
ing states and 2n bound states of the H̆D

n are given by

Φ̆ϵ
nðĔ�ðk2ÞÞ ¼

 
Ψϵ

nðk2Þ
�

ffiffiffiffiffiffiffiffiffi
C−iϵk
Cþiϵk

q
~Ψε
nðk2Þ

!
;

Φ̆nðĔ�
i Þ ¼

�
Ψnð−κ2i Þ
� ~Ψnð−κ2i Þ

�
; ð5:12Þ

where H̆D
n Φ̆nðĔÞ ¼ ĔΦ̆nðĔÞ, Ĕ�ðk2Þ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 þ k2

p
, Ĕ�

i ¼
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 − κ2i

p
, i ¼ 1;…; n, Ψn are Schrödinger eigenstates

defined in (2.8), and the parameter ϵ ¼ �1 corresponds to
the two possible directions in which the waves can
propagate. The two discrete energy levels Ĕ�

n ¼
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 − κ2n

p
merge in the limit C → κn, and two corre-

sponding eigenstates of H̆D
n reduce to the unique state of

zero energy of the Dirac Hamiltonian HD
n :

Φ̆nðĔ�
n Þ ¼

�
Ψnð−κ2nÞ
� ~Ψnð−κ2nÞ

�
→ Φnð0Þ ¼

�
Ψnð−κ2nÞ

0

�
:

ð5:13Þ

B. Exotic supersymmetry of reflectionless Dirac systems

The matrix operator P̆n;1 and the Dirac Hamiltonian H̆D
n

correspond to the Lax pair for the nth member of the
stationary mKdV hierarchy, and the scalar Dirac potential
ΔnðxÞ is identified as the corresponding soliton (multikink-
antikink type) solution. Since ½P̆n;1; H̆

D
n � ¼ 0, the P̆n;1 is a

nontrivial integral for the Dirac system H̆D
n . It is the

Darboux-dressed momentum operator of the free Dirac
massive particle (5.11). The interesting point is that for the
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reflectionless Dirac system H̆D
n one can identify an addi-

tional integral of motion Γ̆, which satisfies the identity
Γ̆2 ¼ 1 and anticommutes with P̆n;1. As a consequence, the
reflectionless Dirac system H̆D

n can be characterized by the
proper exotic nonlinear supersymmetry. Indeed, consider
the operator Γ̆ ¼ Rσ3, whereR is the operator of reflection
in x, τi, and C, which satisfies the relations Rz ¼ −zR,
R2 ¼ 1, where z ¼ x; τi, or C. Because of the relations
½Γ̆; H̆D

n � ¼ 0 and fΓ̆; P̆n;1g ¼ 0, the H̆D
n and P̆n;1 are

identified as bosonic and fermionic operators, respectively.
They generate a nonlinear N ¼ 1 superalgebra

½P̆n;1;H̆
D
n �¼0; fP̆n;1;P̆n;1g¼2P2ð2nþ1ÞðH̆D

n Þ; ð5:14Þ

where

P2ð2nþ1ÞðH̆D
n Þ≡ ððH̆D

n Þ2 − C2Þ
Yn
j¼1

ððH̆D
n Þ2 − ðC2 − κ2jÞÞ2:

ð5:15Þ
The 2ðnþ 1Þ zeros of the polynomial in HD

n operator
(5.15) correspond to the energies of the singlet states of the
reflectionless Dirac system, where Ĕ�

i ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 − κi

p
,

i ¼ 1;…; n, are the energies of the bound states, while
�C correspond to the two singlet states at the edges of the
continuous parts of the spectrum.6 In accordance with (2.8),
the left- and right-moving waves in (5.12) of the scattering
sector, which correspond to doubly degenerate energy
levels Ĕ�ðk2Þ of H̆D

n , are distinguished by the supercharge
P̆n;1: they are its eigenstates of the opposite sign eigen-
values. By supplementing the integral P̆n;1 with a (non-
local) integral P̆n;2 ¼ iΓ̆P̆n;1, the N ¼ 1 exotic nonlinear
supersymmetry of the reflectionless Dirac system H̆D

n can
be extended to N ¼ 2: fP̆n;a; P̆n;bg ¼ 2δabP2ð2nþ1ÞðH̆D

n Þ.
Applying the limit C → κn, we identify the proper exotic

supersymmetric structure of HD
n . In this case, the zero

energy eigenstate (5.13) of HD
n is also the zero mode of the

supercharge Pn;1. In both Dirac reflectionless systems H̆D
n

and HD
n , the supercharges detect all the nondegenerate

eigenvalues of the Hamiltonians by annihilating the cor-
responding eigenstates, which are the bound states and the
states at the edges of the continuous parts of the spectra.
Since the zero energy eigenvalue belongs to the spectrum of
HD

n but is not present in the spectrum of H̆D
n , the proper

exotic supersymmetry of the Dirac system H̆D
n is of the

broken nature, while that of HD
n corresponds to the

unbroken phase. In correspondence with the second rela-
tion from (4.9), the limit τn → ∞ applied to the Dirac
systemHD

n with the unbroken proper exotic supersymmetry
will produce the system H̆⋄D

n−1 ¼ S̆⋄
n−1;1 [see Eq. (4.9)],

characterized by the broken exotic supersymmetry.

VI. DISCUSSION AND OUTLOOK

We have considered the two related families of the
ð1þ 1ÞD Dirac reflectionless systems. Each such system
corresponds to a fermion in a background of a multisoliton
solution (of the kink or kink-antikink type) of the mKdV
equation. In one of these two families, the n-soliton
potential VDðxÞ ¼ ΔnðxÞ or −ΔnðxÞ, where ΔnðxÞ ¼
Δnðx; κ1; τ1;…; κn; τn; CÞ, C2 > κ2n, is ð2nþ 1Þ parametric,
while in the second family the potential VDðxÞ is 2n
parametric and corresponds to the function WnðxÞ or
−WnðxÞ, where WnðxÞ ¼ Wnðx; κ1; τ1;…; κn; τnÞ. From
the viewpoint of the associated extended Schrödinger
systems, whose matrix 2 × 2 Hamiltonians are given by
a square of the corresponding Dirac Hamiltonian
HD ¼ iσ2

d
dx þ σ1VDðxÞ, the Dirac potential VDðxÞ is a

superpotential. The peculiarity of the considered reflection-
less families is that in the case of the supersymmetric
Schrödinger systems, in addition to the two first-order
supercharges HD and iσ3HD, they are characterized by the
two supercharges to be matrix differentials operators of the
order of 2n. Furthermore, they possess two nontrivial
bosonic integrals to be differential operators of the order
of 2nþ 1, which are constructed from the Lax-Novikov
integrals of the Schrödinger subsystems. One of these two
bosonic integrals is a central charge of the exotic nonlinear
superalgebra. The same higher-order central charge can be
identified as the supercharge (a fermionic generator) of the
proper exotic nonlinear supersymmetry of the reflectionless
Dirac system. In the case of VDðxÞ ¼ �ΔnðxÞ, the exotic
nonlinear supersymmetries of the Schrödinger and Dirac
systems are spontaneously broken, and the quantity
ðC2 − κ2nÞ > 0 measures the scale of the breaking. The
choices VDðxÞ ¼ �WnðxÞ correspond, on the other hand,
to the unbroken exotic supersymmetries. The interesting
point is that there exists a limit procedure, admitting the
interpretation in the context of a soliton scattering, which
relates the two indicated families of the exotic super-
symmetric reflectionless systems. One can define a kind
of a topological charge by a relation

q ¼ 1

2jVD
0 j
Z

∞

−∞
dx

dVDðxÞ
dx

;

where VD
0 ¼ limx→þ∞VDðxÞ. The case of the broken

supersymmetry with the kink-antikink type potential
VDðxÞ ¼ �ΔnðxÞ is characterized then by q ¼ 0, while
the cases of the kink, VDðxÞ ¼ −WnðxÞ, and antikink,
VDðxÞ ¼ WnðxÞ, type potentials of the unbroken exotic
supersymmetries correspond to q ¼ þ1 and q ¼ −1,
respectively. The quantity 2jVD

0 j gives the gap that sepa-
rates the upper and lower continuous bands in the spectrum
of the Dirac systems and can be treated as a doubled mass
parameter of a fermion in an external scalar potential. The
mentioned supercharge of the Dirac system annihilates
all its nondegenerate energy states and, being the

6Besides a bound state, each double root Ĕ�
i , i ¼ 1;…; n, of

the polynomial on the left-hand side of (5.15) corresponds also to
a nonphysical eigenstate of H̆D

n .
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Darboux-dressed momentum operator of the free Dirac
particle (zero-soliton case), distinguishes the left- and right-
moving eigenstates corresponding to the doubly degenerate
energy values in the continuum bands of the spectrum.
The described transparent potentials VDðxÞ appear in

many physical applications in the form of stationary
solutions for inhomogeneous fermion condensates. Such
self-consistent condensates are described by the equations

ði∂ − VDÞψα ¼ 0; VD ¼ −g2
XN
α¼1

X
occ

ψ̄αψα: ð6:1Þ

Here the first equation with a generalized flavor index α ¼
1;…; N represents a system of ð1þ 1ÞD Dirac equations,
the
P

N
α¼1 corresponds to summation in degenerate states,

and
P

occ corresponds to a sum over the completely filled
Dirac sea plus a sum over bound states, which usually are
partially occupied. Equations (6.1) appear particularly in
superconductivity, in the Gross-Neveu model, and in the
physics of conducting polymers. A famous method of
solution of (6.1) was realized by Dashen, Hasslacher, and
Neveu in [3], where this system of equations was rewritten
in terms of the scattering data for Schrödinger potentials
U� ¼ ðVDÞ2 � d

dx V
D − ðVD

0 Þ2, and as a result it was shown
that the reflection coefficient for both potentials U� has to
be equal to zero. For some applications of this result, see
[55–59]. Using the ideas of supersymmetry, this picture
is equivalent to the search of the first-order operators
D and D†, which intertwine and factorize corresponding
Schrödinger reflectionless Hamiltonians, Hþ ¼ DD† − E0

y H− ¼ D†D − E0. As we have shown, there are only two
situations where such a factorization is possible.

(i) WhenHþ andH− are completely isospectral, the VD

corresponds to the Dirac potentials characterized by
the topological charge q ¼ 0, which are given by
inhomogeneous condensates �Δn with asymptotic
behavior Δn → C for x → �∞.

(ii) In the other possible case, the spectra of Hþ and H−
are different in one bound state only, and the
inhomogeneous condensate takes here the form
VD ¼ −Wn or VD ¼ Wn, where Wn → ∓κn for
x → �∞, and the topological charge q takes the
values þ1 or −1.

On the other hand, the occupation fraction for each
nondegenerate state defines the energy of the bound states.
Using the method of resolvent, Feinberg showed in [4] that
for all static condensates the following equality is valid:

νi ¼
2

π
cot−1

�
κiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðVD
0 Þ2 − κ2i

p �
; i ¼ 1;…n; ð6:2Þ

where νi can take the values νi ¼ 0; 1N ;…
N−1
N ; 1. This

result was reproduced in [58] for complex kinks in the
context of the Bogoliubov–de Gennes and chiral Gross-
Neveu systems.

The case N ¼ 1, ν ¼ 0; 1 corresponds here to the
superconductivity. With these restrictions, the topologically
trivial homogeneous condensate is possible, VD ¼
�Δ0 ¼ �VD

0 , ν1 ¼ 1 (free Dirac massive particle), as well
as the topologically nontrivial inhomogeneous condensate,
VD ¼ �W1, ν1 ¼ 0, κ1 ¼ VD

0 .
The case N ¼ 2, ν ¼ 0; 1=2; 1, corresponds to polymer

conductors in the context of the Takayama–Lin-Liu–Maki
model [8]; in addition to VD ¼ �Δ0;�W1, also the case
ν1 ¼ 1=2, VD ¼ �Δ1, κ1 ¼ 1ffiffi

2
p jVD

0 j is possible. This last

solution is known as a polaron. The other topological
solution, which is kinkþ polaron (or antikinkþ polaron),
corresponds to VD ¼ ∓W2 (κ1 ¼ 1ffiffi

2
p jVD

0 j and κ2 ¼ jVD
0 j).

In the ’t Hooft limit N → ∞, the κi can take any value in
the interval 0 ≤ κi ≤ jVD

0 j, that makes it possible to have
any stationary soliton solution. So, we see that for
the Gross-Neveu model, the Darboux transformations
provide a general method to generate real inhomogeneous
condensates for (6.1).
Equations (5.8) and (5.10) allow us to obtain a super-

symmetric system described by the extended first-order
matrix Hamiltonian composed from the two Dirac
Hamiltonians. In such a way, we can get two different
families of the extended systems. The first one realizes the
unbroken exotic supersymmetry and is given by the
Hamiltonian of the form

HD ¼
�
HD

n 0

0 H̆D
n−1

�
: ð6:3Þ

The matrix integrals for (6.3) given by the first-order
differential operators are

SD
1 ¼

�
0 An

A†
n 0

�
; SD

2 ¼ iΣ3SD
1 ; ð6:4Þ

where Σ3 is a 4 × 4 diagonal matrix of the form Σ3 ¼
diagð12;−12Þ with 12 the unit 2 × 2matrix. Another family
is given by the Hamiltonian of the form

H̆D ¼
�
H̆D

n

0 H̆D
n−1

�
; ð6:5Þ

and its analogous integrals are

S̆D
1 ¼

�
0 Ăn

Ă†
n 0

�
; S̆D

2 ¼ iΣ3S̆
D
1 : ð6:6Þ

The grading operator Γ ¼ Σ3 identifies the extended Dirac
Hamiltonians to be bosonic generators, while (6.4) and
(6.6) are identified as the fermionic generators. Then we
find that the indicated operators satisfy the nonlinear
supersymmetry relations to be of the order of 2 in the
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corresponding Hamiltonians: fSD
a ;SD

b g ¼ 2δabðHDÞ2, and
fS̆D

a ; S̆
D
b g ¼ 2δabððH̆DÞ2 − C2 þ κ2nÞ. Besides, in each of

the two cases, there exist bosonic integrals to be the matrix
differential operators of the order of 2nþ 1 and fermionic
integrals of the order of 2n.
Also, it is possible to construct supersymmetric Dirac

type systems with nonlinear superalgebraic relations of the
form fS; Sg ¼ 2fððHDÞ2Þ, where f is a polynomial, by
taking in extended Hamiltonian HD a pair of reflectionless
Dirac Hamiltonians with distinct scattering data. The
picture has to be similar to that obtained in Ref. [34] for
the reflectionless Schrödinger systems.

We are going to present the detailed investigation of such
supersymmetric pictures with extended Dirac Hamiltonians
elsewhere.
Note also that the last relations in (5.8) and (5.10) can be

used to construct further supersymmetric extensions of the
reflectionless Schrödinger systems, in particular, given by
4 × 4 matrix Hamiltonians.
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Capı́tulo 5

Jerarqı́a de ecuaciones de Korteweg-de Vries modificadas, transformación

de Miura-Darboux y condensados estacionarios auto-consistentes para el

modelo de Gross-Neveu

Las soluciones de la Jerarquı́a de mKdV han sido conectadas con modelos de interacción

no lineal entre fermiones. El metodo supersimetrico nos a permitido construir familias infinitas de

Hamiltonianos de Schrödinger extendidos con una integral central, cuando una de las integrales

fermiónicas de dichas supersimetrı́a es de orden uno, es posible asociar la integral fermiónica y el

elemento central del superálgebra con la formulación de par de Lax de la jerarquı́a de ecuaciones

inhomogénea y estacionarias de Korteweg-de Vries modificadas.

Permitiendonos transportar el cuadro exactamente soluble desde los operadores de Schrödin-

ger a operadores de Dirac en 1+1D o de Bogoliubov-de Gennes con una integral de Lax-Novikov,

siendo posible entender estos operadores como raices cuadradas del Hamiltoniano de Schrödin-

ger extendido. Acontinuación se muestra como construir las soluciones en forma de condensados

escalares estacionarios más generales para modelo de Gross-Neveu.

La jerarquı́a inhomogénea de ecuaciones KdV modificadas (mKdV)

f̂n+1 =
dv

ds
(5.1)

es definida como sigue

f̂l = − i
2
f̂ ′l−1 + v ĝl, (5.2)

ĝl = i

∫ (
vf̂l−1 − v f̂l−1

)
dx+ cl (5.3)

f̂−1 = 0, f̂0 = v(x), ĝ0 = c0 = 1, c2j+1 = 0 (5.4)

los primeros casos de la jerarqı́a de ecuaciones en el caso estacionario f̂n+1(x) = 0 son

f̂−1(x) = 0,

f̂0(x) = v(x) = 0,

f̂1(x) = − i
2v
′ = 0,
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f̂2(x) = − 1
4 (v′′ − 2v3) + cD2 v = 0,

f̂3(x) = i
8 (v′′′ − 6v2v′)− ic2

2 v
′ = 0,

Esta jerarquı́a de ecuaciones es completamente integrable, y posee una formulación de par de

Lax que relaciona soluciones estacionarias de la Jerarquı́a de mKdV con integrales de movi-

miento para un operador de Dirac en una dimensión cuyo potencial es transparente o finite-gap.

Como veremos la interpretación de este Hamiltoniano como operador de Bogoliubov-de Gennes

relaciona los superpotenciales con soluciones estacionarias del modelo de Gross-Neveu.

En este caso el par de Lax toma la siguiente forma

PDn+1 =

n+1∑
`=0

 ĝ`(x) f̂`−1(x)

f̂∗`−1(x) ĝ`(x)

σ3H
Dn+1−`, (5.5)

HD =

 −i ddx v(x)

v(x) i ddx

 , HDΨ = EDΨ . (5.6)

cuya ecuación de Lax en el caso estacionario es

[PDn+1, H
D] =

 0 2f̂n+1(x)

−2f̂∗n+1(x) 0

 = 0, (5.7)

el operador 5.20 corresponde a un operador de Dirac con potencial escalar. Los coeficientes cDk
están relacionados con los bordes del espectro de esteo perador en la forma

cDk =

k∑
i=j0,j1,...,jn=0
j0+j1+..+jn=k

2−2k
2n+1∏
i=0

(2ji)!

(ji!)2(2ji − 1)
EDi

ji . (5.8)

Ambos operadores en el par de Lax cumplen una relación de tipo Burchnall-Chaundy

PDn+1
2 =

2n+1∏
`=0

(HD − E`), (5.9)

que define la siguiente curva hiper-éliptica

yD2 =

2n+1∏
`=0

(zD − ED` ), (5.10)

util en el método álgebro geométrico de solución de las ecuaciones de la jerarquı́a de mKdV.

5.1. Transformación de Miura

La transformación de Miura es definida por la ecuación de Riccati

u = v2 − vx (5.11)

entre las soluciones v de mKdV

f̂2n+1 = 0. (5.12)
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y soluciones u de KdV

fn,x = 0, (5.13)

la ecuación de mKdV (5.12) es invariante bajo el cambio v → −v, luego la transformación

(5.14) permite definir

u+ = v2 + vx, (5.14)

y

u− = v2 − vx. (5.15)

ambas soluciones de la ecuación de KdV en función de v que es solución de mKdV. Considere-

mos ahora las ecuaciones (5.14) y (5.15) desde otra perspectiva. Asumamos que tenemos una

solucón u+(x, s), y tratamos la ecuación (5.14) como una ecuación nolineal de Riccati que defi-

ne la función v. Sı́ nosotros asumimos que u+(x) satisface la ecuación de KdV (5.13), entonces

nosotros encontramos que la función v(x) definida por (5.14) satisface no mKdV, pero la ecuación

fn,x(u+) = i(2v + ∂x)f̂2n−1 = 0. (5.16)

Si en vez de (5.14) definimos una función v a partir de (5.15), y asumimos que u−(x, s) satis-

face la ecuación de KdV, entonces en vez de (5.16) nosotros obtenemos la ecuación

fn,x(u−) = i(2v − ∂x)f̂2n−1 = 0. (5.17)

Asumamos ahora que tenemos dos funciones u+(x) y u−(x) dadas por (5.14) y (5.15) en

terminos de una función v(x), y supongamos que ambas funciones u+ y u− satisfacen la ecuación

de KdV. En este caso v(x, s) debe satisfacer simultaneamente las dos ecuaciones (5.16) y (5.17).

Sumando estas dos ecuaciones obtenemos 4vf̂i = 0, que implca que v tiene que satisfacer la

ecuación de mKdV (5.12).

5.1.1. Modelo de Gross-Neveu y simetrias de la partı́cula de espı́n-1
2

relati-

vista en una linea

Esta esupersimetrı́a exótica con supercargas de orden uno e integrales de Lax-Novikov abre

nuevas maneras de construir condensados auto-consistenter basados en la ecuación de Bogoliubov-

de Gennes y asociado con ello nuevas soluciones al modelo de Gross-Neveu [30, 22, 36],[27]-

[24]. Estas corresponden a soluciones de tipo kink o kink-antikink en un fondo cuaci-periódico

en dependencia si la supersimetrı́a exótica es exacta o es espontáneamente rota. El modelo de

Gross-Neveu esta definido por el Lagrangiano

LGN = ψ̄i∂/ψ +
g2

2

(
ψ̄ψ
)2
, (5.18)
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corresponde a un modelo de interacción no lineal entre fermiones de distintos sabores, el cual en

limite t’Hooft N → ∞, g2N ∼ 1 es renormalizable y permite una generación dinámica de masa.

Una version efectiva de la acción asociada a dicho Lagragiano en función del condensado no

lineal de fermiones ∆ = −g2
(
ψ̄ψ
)

está dada por

Seff = − 1

2g2

∫
∆2 − iN ln det [i ∂/ −∆] ,

la variación de esta acción nos da la ecuación de consistencia

∆(x) = −iNg2trD,E
[
γ0R(x;E)

]
, (5.19)

γ0 = σ1 y γ2 = −iσ2. Áca, R(x;E) es la resolvente diagonal R(x;E) ≡ 〈x|(H − E)−1|x〉 [35] del

operador Hamiltoniano de tipo Bogoliubov de Gennes,

H =

 −i ddx ∆(x)

∆(x) i ddx

 , HΨ = EΨ . (5.20)

La resolvente es una matriz 2× 2 que satisface las sigentes propiedades algebraicas R = R†,

trD (Rσ3) = 0, detR = − 1
4 y tambien la ecuación de Dickey-Eilenberger

∂

∂x
Rσ3 = i

E −∆

∆ −E

 , R σ3

 , (5.21)

la expansión en serie de la resolvente diagonal R =
∑∞
n rn(x)/En puede ser truncada con el fin

de buscar soluciones para el condensado ∆(x).

Rn(x;E) = N (E)

n∑
l=0

En−l

 ĝl(x) f̂l−1(x)

f̂∗l−1(x) ĝl(x)

 . (5.22)

acá ĝl(x) y f̂l(x) están definidos recursivamente

f̂l = − i
2
f̂ ′l−1 + ∆ ĝl, ĝl = i

∫ (
f̂l−1 −∆ f̂∗l−1

)
dx+ cl

f̂−1 = 0, f̂0 = ∆(x), ĝ0 = c0 = 1. (5.23)

Si se exige que ∆(x) sea una solución de la jerarquı́a inhomogénea y estacionaria de mKdV la

ecuació n de consistencia 5.19 se convierte en un sistema de ecuaciones que define la ocupación

de las bandas y estados ligados por los fermiones de distinto sabor.

El conjunto de soluciones de la jerarquı́a estacionaria de mKdV está dado por los superpote-

ciales de las transformaciones de Darboux entre potenciales multisolitónicos transparentes o en

fondo finite-gap del operador Hamiltoniano de Schrödinger estudiados en los capı́tulos anterio-

res, debemos diferenciar entre dos posibles casos i) transformaciones auto Darboux , construidas

usando un estado de la banda prohibida más baja de Hg,l sin ceros y energı́a z̆1, el cual solo

crece o decrece exponencialmente en x y ii) cuando sumamos un solitón usando un estado sin
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ceros que es la mezcla de un estado creciente con un estado decreciente de la banda prohibi-

da más baja de Hg,l−1 con energı’a zl. estos casos corresponden a pares de transformaciones

de Miura ug,l − zl = vK2 − vKx y ug,l−1 − zl = vK2 + vKx ; y ug,l − z̆1 = vK−AK2 − vK−AKx y

ũr̆1g,l − z̆1 = vK−AK2 + vK−AKx respectivamente. Para el Hamiltoniano extendido una redefinición

de P1 y P̆1 juega el rol de carga central y por lo tanto de integral de movimiento para los operado-

res Hamiltonian de tipo Dirac Qa and Q̆a respectivamente, además la naturaleza de tipo kink del

superpotencial enQa genera una reducción de orden espontánea del operador de Lax-Novikov de

KdV extendido debido a que en este caso es posible escribir la factorización P1 ∝ Q1S1 que des-

de el punto de vista del operador de Dirac como Hamiltoniano permite la reducción P1 → S1. En el

caso en que el superpotencial o potencial de Dirac sea de forma kink-antikink la proporcionalidad

anterior no es valida siendo imposible la reducción de orden.

En el primer caso el Hamiltoniano extendido H̆ = diag(Hg,l, H̃
r̆1
g,l) define una integral de Lax-

Novikov en la forma

P̆1 =

 P2g+2l+1 0

0 P̃ r̆12g+2l+1

 , (5.24)

cuya condición 5.16 y 5.17 toma la forma

[P1, H̆ − z̆1] = [P1,Q1] = 0, (5.25)

lo que corresponde a la formulación de par de Lax de ambas jerarquı́as KdV y mKdV

Q̆1 =

 0 X1,l(r̆1)#

X1,l(r̆1) 0

 =

 0 − d
dx + vK−AKg,l

d
dx + vK−AKg,l 0

 , Q̆1 = ei
π
4 σ1HD

K−AKe
−iπ4 σ1 ,

(5.26)

HD
K−AK =

 −i ddx vK−AK

vK−AK i ddx

 , (5.27)

acá

v = ±vK−AK = ∓ d

dx
ln(Alψ(r̆1)), (5.28)

son soluciones de f̂2g+2l+1(v) = 0 cuyos coeficientes cDk están dados por las energı́as ∂σ(Q̆1),

σ(Q̆1) = (−∞,−
√
E0 − z̆1] ∪ [−

√
E1 − z̆1,−

√
E2 − z̆1] ∪ . . . (5.29)

∪ [−
√
E2n−1 − z̆1,−

√
E2n − z̆1] ∪ [

√
E2n − z̆1,

√
E2n−1 − z̆1] ∪ . . .

∪ [−
√
E2 − z̆1,−

√
E1 − z̆1] ∪ [

√
E0 − z̆1,∞)

∪lj=1 {−
√
zj − z̆1,

√
zj − z̆1},

acá {E0, . . . , E2n} = ∂σ(Hg,0) y zj = z(rj,1) = z(rj,2) son las energı́as del borde del espectro de

Hg,l note que para una base de autoestados común las energı́as ĔD de Q̆1 y las energı́as Ĕ de

H̆ están relacionadas en la forma ĔD2 = Ĕ − z̆1.
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Por otro lado en el caso ii) el Hamiltoniano extendido toma la forma H = diag(Hg,l, Hg,l−1) y

su integral de Lax-Novikov puede ser escrita en la forma

P1 =

 P2g+2l+1 0

0 (Hg,l−1 − zl)P2g+2l−1

 , P2 = σ3P1. (5.30)

En la definición de P introducimos el término (Hg,l−1 − zl), esto permite tener operadores del

mismo orden en los elementos diagonales lo cual sera necesario en el próximo análisis

Q1 =

 0 Al

A#
l 0

 =

 0 d
dx + vKg,l

− d
dx + vKg,l 0

 , Q1 = e−i
π
4 σ1HD

Ke
iπ4 σ1 , (5.31)

S1 =

 0 AlP2g+2l−1

P2g+2l−1A
#
l 0

 , S2 = iσ3S1, (5.32)

[P1,H− zl] = 0, [P1,Qa] = 0, (5.33)

para vK es facil mostrar que P1 = Q1S2 y entonces tomando Q1 como Hamiltoniano de Dirac su

integral de movimiento irreducible de tipo mKdV Lax-Novikov no es P1 sino que S1,

[Q1,S1] = 0. (5.34)

Acá

v = ±vK = ∓ d

dx
ln(Al−1ψal,1,al,2(rl,1, rl,2, x)), (5.35)

son soluciones de f̂2g+2l(v) = 0 con coeficientes cDk dados por los bordes del espectro de ∂σ(Q1),

σ(Q1) = (−∞,−
√
E0 − zl] ∪ [−

√
E1 − zl,−

√
E2 − zl] ∪ . . . (5.36)

∪ [−
√
E2n−1 − zl,−

√
E2n − zl] ∪ 0 ∪ [

√
E2n − zl,

√
E2n−1 − zl] ∪ . . .

∪ [−
√
E2 − zl,−

√
E1 − zl] ∪ [

√
E0 − zl,∞)

∪l−1
j=1 {−

√
zj − zl,

√
zj − zl}.

La existencia de un estado con energı́a cero está directamente relacionado con la naturaleza de

kink o antikink de ±vK , para una base común de estados las energı́as ED de Q1 y las energı́as

E de H están relacionadas por ED2 = E − zl.

La soluciones v de la jerarquı́a inhomogénea y stationary de mKdV tiene la propiedad carac-

teristica de que su espectro es siempre simétrico con respercto a ED = 0. Esto particularmente

nos permite relacionar estos sistemas de Dirac multi-kink-antikink en fondo finite-gap y caracteri-

zarlos por su carga topológica pudiendo ser cero o uno dependiendo si el fondo es de tipo kink

o kink-antikink. La existencia de esta integral no trivial para operadores de tipo Dirac permite una

construcción de supersimetrı́a no lineal extendida para pares de operadores Hamiltonianos de

Dirac multi-kink-antikink en fondo finite-gap crum darboux conectados. Los resultados obtenidos
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aqui pueden ser interesantes, particularmente, desde la perspectiva de sus aplicaciones de fı́sica

de nanoestructuras de carbono.

En muchas aplicaciones fı́sicas los potenciales transparentes y finite-gaps v(x) aparecen como

soluciones estacionarias para condensados auto-consistentes de fermiones. Estas estan dadas

por el sistema de ecuaciones de Dirac en (1+1)D

(i∂/− v)ψα = 0, (5.37)

sujeto a las condiciones

v = −g2
N∑
α=1

∑
occ

ψ̄αψα . (5.38)

Acá
∑N
α=1 corresponde a la suma en la degeneración de estados, con α denotando una gene-

ralización de sabores (posiblemente, incuyendo el espı́n), y
∑

occ es una suma sobre los niveles

de energı́a ocupados por cada sabor1. Particularmente, esta ecuación aparece en superconduc-

tividad, en fı́sica de conducción en polimeros, y el modelo de Gross-Neveu que estudiamos en

particular acá.

.

1Note la similitud entre (5.37) y (5.38) con la ecuación (1.39) y (1.32).
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Conclusiones

A lo largo de esta tesis hemos mostrado diversas manifestaciones de la transformación de Dar-

boux como el eje central de la existencia de simetrı́as en mecánica cuántica en una dimensión.

Mediante el mecanismo de cadenas de Darboux se estudian las integrales de Lax-Novikov para

los potenciales completamente transparentes y finite-gap [41, 7]. Por otro lado la transformación

de Darboux permite la construcción de mecánica cuántica supersimétrica y la contrucción recur-

siva de familias infinitas de sistemas exactamente solubles a partir de un sistema exactamente

soluble inicial. En esta tesis son observadas supersimetrı́as exóticas entre sistemas exactamente

solubles correspondiente a defectos solitónicos de la particula libre, el potencial de Lamé o los

potenciales en la forma de Its-Matveev.

Su generalización en forma de la transformación de Crum-Darboux permite una realización

no lineal de supersimetrı́a, lo cual es un objeto poco estudiado y talvez pueda cumplir un rol fun-

damental en teorı́as modernas, ya los coeficientes de estructura que conocemos de las álgebras

de Lie en este caso pasan a ser objetos dependientes de los generadores de la simetrı́a. Los

caminos necesarios a seguir para estudiar todos los aspectos de estas supersimetrı́as exóticas

vienen de la mano con generalizaciones de la transformación de Darboux para operadores Hamil-

tonianos en más dimensiones, siendo relevante, por ejemplo: una realización nolineal de alguna

super extención del grupo de Poincare en n+ 1 dimensiones, además de al menos dejar la duda

de como podrı́a afectar esta no linealidad en teorı́a cuántica de campos.

Lo interesante de este método es que las transforacińes de Darboux mediante el vestimiento

de Darboux preservan las simetrı́as pero en general deforman los coeficientes de estructura en

forma nolineal (supersimetrı́a). Estos sistemas son dependientes de los datos de dispersión de

los estados utilizados en las transformaciones de Darboux, siendo las simetrı́as de cada sistema

en particular suceptible a cambios considerables ante deformaciones en los datos espectrales

[5]. Pudiendo suceder reducciones espontáneas de orden de no linealidad en los coeficientes de

estructura además de rompimiento espontaneo de simetrı́a [8].

Es importante notar que las integrales de Lax-Novikov a nivel clásico no corresponden más

que a potencias del momento lineal dado que en este limite ~ → 0 lo que hace desaparecer

a todos estos potenciales reconstruyendo el Hamiltoniano de la partı́cula libre clásica en todos

estos casos. Es necesario un estudio más a fondo, pero cada uno de estos potenciales es una
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representación no lineal del álgebra de Lie asociada al grupo de simetrı́as de la partı́cula libre

[H,P ] = 0 (5.39)

La relación ı́ntima de estas simetrı́as con los sistemas integrables de KdV y mKdV conectan los

superpotenciales no singulares de la supersimetrı́a exótica acá mostrada, con diversos problemas

exactamente solubles en diversas áreas de la fı́sica, siendo posible relacionar algunos de estos

potenciales y superpotenciales con solitones en agua poco profunda, fraccionalización de carga,

modelos de conducción en poliacetileno, soluciones analı́ticas de conducción en grafeno, la pro-

pagación de la luz en fibra óptica y soluciones estacionarias del modelo de Gross-Neveu, entre

otros.

Se ha generalizado el proceso de construcción de defectos solitónicos en fondos finite-gap

tanto para operadores de Dirac con potencial escalar como para operadores de Schrödinger [4].

En el caso de la ecuación de KdV dependiente del tiempo se ha estudiado la propagación de

dichos defectos solitónicos. La propagación de solitones en el caso dela ecuación de mKdV ha

sido resuelto en detalles en el marco de este proyecto de tesis y puede ser encontrado en [9].

Se han construido potenciales transparentes y en fondo finite-gap para sistemas de fermióni-

cos los cuales presentan una integral de movimiento correspondiente al par de Lax de la jerarquı́a

de ecuaciones de mKdV [6]. La presencia de esta integral permite la extensión de la supersimetrı́a

exótica N = 4 para Hamiltonianos extendidos por dos copias de operadores de BdG o operadores

Hamiltonianos de Dirac en 1+1D.

El método supersimétrico ha mostrado ser útil para resolver problemas de interacción nolineal

entre bosones, y problemas de interacción no lineal entre fermiones. En esta dirección es intere-

sante buscar aplicaciones del métodos supersimétrico a problemas de interacción no lineal entre

bosones y fermiones.

Existe una generalización de la transformación de Darboux para operadores de Dirac en 1+1D.

A partir de Dicha generalización se pueden construir potenciales transparentes más generales

que los presentados aquı́, estos potenciales no son soluciones de la jerarquı́a de mKdV, sino que

de la jerarquı́a de ecuaciones de ZS-AKNS [54, 42], En general estos potenciales transparen-

tes corresponden a potenciales pseudo escalares, y para ellos también es posible constuir una

supersimetrı́a extendida N = 4 debido a la existencia de una formulación de par de Lax dicha

jerarquı́a de ecuaciones integrables. Los potenciales estacionarios asociados esta jerarquı́a co-

rresponderán a soluciones estacionarias del modelo de Gross-Neveu quiral o Nambu-jona-Lasinio

en 1+1D.
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